Khayyam J. Math. 8 (2022), no. 1, 17-24
DOI: 10.22034/KJM.2021.238888.1917

Khayyam Journal of [Vlathematics

emis.de/journals/KJM
kjm-math.org

SELF-CENTERED GRAPHS WITH DIAMETER 3

ELHAM IMANI' AND MADJID MIRZAVAZIRI'"

Communicated by B. Mashayekhy

ABSTRACT. A graph is called 3-self-centered if all of its vertices have eccen-
tricity three. In this article, we study some properties of the 3-self-centered
graphs and investigate the 3-self-centered graphs with girth six or seven. We
determine the vertex connectivity and regularity of such graphs. Moreover, we
show that if G is a 3-self-centered graph with girth seven, then G is regular.

1. INTRODUCTION AND PRELIMINARIES

In this article, we only consider finite undirected connected simple graphs. For
a vertex v of a graph G, the eccentricity of v, denoted by e(v), is the maximum
distance between v and other vertices of G. The maximum and minimum of
eccentricities among all vertices of G are called the diameter and the radius of
G, denoted by diam(G) and rad(G), respectively. The center of G is the set of
all vertices with the minimum eccentricity. A graph G is called self-centered if
its center consists of all its vertices and is called d-self-centered if diam(G) =
rad(G) = d. For brevity, we show d-self-centered by d-sc. Obviously, G is a 1-sc
graph if and only if G is a complete graph. In [8], it was characterized the edge-
minimal 2-sc¢ graphs. Stanic [9] investigated minimal self-centered graphs. For
the relation between self-centered graphs and chordal graphs, see [1,4]. For more
information, we refer the reader to the articles [3,5-7].

We denote the set of all vertices and edges of G by V(G) and E(G), respectively.
For a vertex v € V(G), the number of incident edges to it is called degree of v,
and is denoted by d(v). The minimum and maximum degrees of the vertices of
G are shown by 0(G) and A(G), respectively. The graph G is called r-regular if
the degree of every vertex of GG is r.
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If two vertices u,v € V(G) are adjacent, then we write u ~ v. For u,v € V(G),
d(u,v) denotes the length of the shortest path between u and v. If there is no
path between u and v, then d(u,v) = co. For an integer i, we define N;(v) = {u €
V(G)|d(u,v) = i}. For a path P, the length of P is defined as the number of its
edges and is denoted by ¢(P). The girth of G is the length of shortest cycle of G
and is denoted by girth(G). If G has no cycle, then the girth of G is infinite. An
(r, g)-cage graph is an r-regular graph of girth g with minimum possible number
of vertices. A Moore graph is a regular graph of diameter d and girth 2d + 1.

We remind that a uv-path is a path between v and v. Two wv-paths P and
Q are internally disjoint if V(P) N V(Q) = {u,v}. If G is a connected graph
with at least k vertices and by removing any arbitrary & — 1 vertices of G, it
remains connected, then G is called k-connected. If G is k-connected and is not
(k + 1)-connected, then the connectivity of G is defined to be k. We know that if
for any two distinct vertices u and v, there are at least k internally disjoint paths
between v and v, then G is k-connected.

There are many publications on 2-sc graphs; see, for example, [3,5,7,8]. Un-
fortunately, 3-sc graphs are not investigated yet. In this article, we focus on 3-sc
graphs and find some properties of these graphs. In section 2, we study some
basic properties of 3-sc graphs. In particular, we find the girth of graph and show
that a 3-sc graph has a cycle of length six or seven. In Section 3, we investigate
the connectivity of 3-sc graphs with girth six or seven, and show that the vertex
connectivity is at least 0(G). Moreover, we show that if G is a 3-sc graph with
girth seven, then G is regular.

2. SOME INSTANT OBSERVATIONS

In this section, we discover some basic properties of 3-sc graphs. Let us start
with the most important one, that is, the vertex degrees.

Proposition 2.1. Let G be a 3-sc graph on n vertices and let v € V(G). Then
n > 6, G is at least 2-connected and we have 2 < d(v) < n — 4.

Proof. First we show that n > 6. Since G is a 3-sc graph, there are two vertices
u,v € V(G) such that d(u,v) = 3. Assume that u ~ w ~ z ~ v is a path with
length three between u and v. Since G is a 3-sc graph, there must be at least two
other vertices with distance three from w and z.

Now, we prove that G is a 2-connected graph. On contrary, assume that G has a
cut vertex, say u. Therefore, by removing u from G, the new graph has at least
two components. Since G is a 3-sc graph, there must be a vertex with distance
three from w, say v. Suppose that u ~ w ~ z ~ v is a path between u and v.
In this case, the vertices w, z, and v belong to one component. Now, select one
vertex from other component, say x. Hence, d(v,x) > 3, which is a contradiction.
Since G is a 3-sc graph and G is a 2-connected, we deduce that 2 < d(v), for
v € V(G). Assume that there exists a vertex z € V(G) such that d(z) > n — 3.
If d(z) = n — 1, then rad(G) = 1. Now, let d(z) =n — 2 and let v ¢ N(z). Then
rad(G) < 2, which is a contradiction. If d(z) = n — 3, then |V(G) \ N(z)| = 2.
Suppose that u,v € V(G)\N(z). Since d(z,v) = d(z,u) = 2 leads a contradiction,
we assume that d(z,v) = 3 and that d(z,u) = 2. Therefore, there is y € V(G)
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such that z ~ y ~ u ~ v. On the other hand, for each vertex w € V(G),
d(w,y) < 3, which is a contradiction. O

Another, would be the girth, as we see below.
Proposition 2.2. Let G be a 3-sc graph. Then 3 < girth(G) < 7.

Proof. Since G is connected and d(v) > 2 for each vertex v, then G has to contain
a cycle. The lower bound is clear (and attainable by the 3-sc graph H; in Fig.
1), so we are only required to prove the upper bound. On contrary if there is a
3-sc graph G with girth(G) > 8, then, for each vertex of a cycle of length equal
to girth(G), there is another vertex whose distance from the first is more than
three. OJ

It must be reminded that the above proposition presents tight bounds on the
girth of a 3-sc graph; while C7 is itself a 3-sc graph with girth seven, the graph
H, (and also the graph Hs) drawn bellow is a 3-sc graph with girth three.

Proposition 2.3. The only 3-sc graph on siz vertices is Cg.

Proof. 1t is easy to check that Cg is a 3-sc graph. To show the uniqueness, let
G be a 3-sc graph on six vertices, and let {vq,...vg} be its set of vertices. Then
for vy, there is at least a vertex whose distance from it is three. Without loss of
generality, suppose that this vertex is vy, and we have the path v; ~ vy ~ v3 ~ vy
as an induced subgraph. By Proposition 2.1, we have d(vs) > 2, and since it
cannot be adjacent to vy or vy, there must be a vertex in V(G) \ {v1, v, v3, v4},
namely vs, such that it is adjacent to vy. The vertex vs cannot be adjacent to vy
because if it is, then the distance between v; and vy becomes less than 3. While
d(v1) > 2, there must be a vertex other than wvs,...,vs that vy is adjacent to.
Therefore, it has to be vg.

Note that by Proposition 2.1, d(vs) and d(vs) are both greater than two. If
vy is adjacent to vy or vg, then there is no vertex in V(G) \ {ve} whose distance
from vy is three. With the same reasoning, we can deduce that vg is adjacent to
neither vy nor v3. Therefore, the only possibility is that vs and vg are adjacent.

Consequently, we have (s as a subgraph of . Since any other adjacency
reduces the radius of GG, it can be deduced that G ~ C. O

Proposition 2.4. Fvery 3-sc graph contains a cycle of length sixz or seven.

Proof. Suppose that G is a 3-sc graph and that u € V(G). There exists a vertex
v € V(G) such that d(u,v) = 3. Assume that P a path u ~ w ~ z ~ v. Now,
select t € N(u) such that ¢ # w. Since G is a 3-sc graph, there is a path @
between t and v with the length at least two and at most three. Hence, the paths
P, @, and u ~ t form a cycle of length six or seven. OJ

Now, we characterize the 3-sc graphs with seven vertices.

Proposition 2.5. The only 3-sc graphs on seven vertices are Cy;, Hy, Hy, and

Proof. Suppose that G is a 3-sc graph on seven vertices. By Proposition 2.4, G
has a cycle of length six or seven. Now, consider the following two cases:
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Case 1. G has a cycle of length six. Assume that vertices vy,...,vs are on a
cycle C' of length six. Clearly, G has another vertex, namely v;. Since G is a
2-connected graph, the degree of v; is at least two. If d(v;) > 4, then e(v;) < 2.
Hence, we can assume that the degree of v is either two or three. First, suppose
that d(v7) = 2. In this case, if v7 is adjacent to two adjacent vertices of C, then G
is isomorphic to H;. If v; is adjacent to two vertices of C' with distance two, then
G is isomorphic to Hj. Second, suppose that d(v7) = 3. Therefore, v is adjacent
to three consecutive vertices of C' and G is isomorphic to Hs.

Case 2. G has no cycle of length six. Therefore G has a cycle of length seven.
Since G has seven vertices, we can arrange the vertices in a Hamiltonian cycle. If
G has a vertex of degree three, then there exists a cycle of length less than seven,
which is a contradiction. Thus G is isomorphic to C7. OJ

(O £ &3

F1GURE 1. The four 3-sc graphs on seven vertices are C7, Hy, Ho,
and Hj, respectively.

3. CONNECTIVITY AND REGULARITY

In the next theorem, we show that the 3-sc graphs of girth seven are ¢-
connected.

Theorem 3.1. Fvery 3-sc graph G with girth seven is §(G)-connected.

Proof. We show that for every two vertices u,v € V(G), there are k = 0(G)
internally disjoint uwv-paths. Since d(u,v) < 3, we consider the following three
cases:

Case 1. Suppose that d(u,v) = 1. Let Ny(u) = {v,us,...,ux} and Ny(v) =
{u,vq,...,vs}, with & < s. Proposition 2.1 implies that G has no leaf. Hence,
because girth(G) = 7, there exist k — 1 vertices u, € Ny(u;) \ {u}, for 2 <i < k;
see Fig. 2.
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FIGURE 2. The path between v; and u}, for 2 <i < k.

Let @; be the path w, ~ u; ~ u ~ v ~ v;. Since girth(G) = 7, we have
d(ul,v;) = 3. Let P; be the path of length three between u) and wv;, for each 1,
2 < ¢ < k. If there exists integer i (2 < i < k) such that V(P,) NV (Q;) # {u}, v},
then there is a cycle of length smaller than seven. Thus, V(P)NV(Q;) = {u}, v},
for each 4, 2 < ¢ < k. It is not difficult to see that V(P;) N V(P;) = 0, for



SELF-CENTERED GRAPHS WITH DIAMETER 3 21

1 # j. Hence, P; U Q; forms a cycle of length seven. Now, by removing the edge
wv € E(G), we have k — 1 internally disjoint paths between u and v. On the
other hand, the u ~ v is a path of length one. So, there are k internally disjoint
uv-paths.

Case 2. Assume that d(u,v) = 2. Let Ny(u) = {w,ug,...,u;} and let Ny(v) =
{w, vy, ... ,vs}, see Fig. 3.

U2 V2

Ug Uk

FI1GURE 3. The path between v; and u;, for 2 <i < k.

Since d(u;,v;) < 3 and girth(G) = 7, we have d(u;,v;) = 3. Let P; be the
path of length three between u; and v;,2 < i < k. Clearly, V(P;) N V(P;) = 0,
for ¢ # j. Each P; U Q; forms a cycle of length seven. Again, by removing the
path u ~ w ~ v, we have k — 1 paths between u and v. On the other hand, the
u ~ w ~ v is a path of length two. So, there are at least k internally disjoint
uv-paths.

Case 3. Consider d(u,v) = 3. Let u ~ w ~ w' ~ vandlet Ny(u) = {w,ug, ..., ux},
see Fig. 4
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FIGURE 4. The path between v and u;, for 2 <i < k.

Then d(u;,v) = 3, for every i, 2 < i < k. Hence, assume that P; is a path of
length three between u; and v, 2 < i < k. Clearly, V(P;)) N V(F;) = 0, for i # j.
In this case, P,U{u ~ u;} are k—1 internally disjoint paths between v and v. [

In the next theorem, we characterize the specific 3-sc graphs with girth seven.

Theorem 3.2. Let G be a 3-sc graph with girth seven and §(G) = 2. Then
G ~ 07.

Proof. 1t all vertices of G have degree two, then G ~ (. Thus, assume that G
has a vertex of degree at least three. Now, consider the following two cases:

Case 1. There are two adjacent vertices of degree two. Suppose that u; ~ ug ~
ug ~ ug, d(uy) > 3, and that d(ug) =d(us) = 2. For a vertex v € N3(uy) \ {u4},
we have v is adjacent to uy, or otherwise we have d(v,us) > 3, which is a con-
tradiction. Thus, u4 is adjacent to all members of N3(u;) \ {us} and the induced
subgraph on Ns(uy) is a star graph. Since d(u;) > 3, we have |No(u1) \ {us}| > 1.
Assume that w; and ws are two distinct elements of Na(uq)\ {us}. We know that
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d(wq,wy) < 3. While d(wy, ws) equaling one or two is not possible because of the
girth constraint, we must have d(wy,ws) = 3. Therefore, two vertices of N3(uy)
are adjacent and form a triangle with w4, which is a contradiction.

Case 2. There are no two adjacent vertices of degree two. Suppose that d(u) = 2
and that v,v" € Ny(u). Since d(v) > 3, there are two vertices w, z € N1 (v)NNa(u).
Now, consider s € Ny (w) N N3(u) and t € Ny(z) N N3(u). Since No(v) N N3(u) and
N(v")N N3(u) are independent sets and each vertex of these sets has at most one
neighbor in other set, we deduce that d(s,t) < 2. If d(s, t) is equal to one or two,
then G has a cycle of length five or six, respectively, which is a contradiction. [J

Now, we show that every 3-sc graph with girth 7 is regular.
Theorem 3.3. Let G be a 3-sc graph and girth(G) = 7. Then G is reqular.

Proof. If §(G) = 2, then Theorem 3.2 implies that G is isomorphic to C7 and
the assertion holds. Assume that §(G) > 3 and that v € V(G). Then N;(u) and
Ns(u) are two independent sets. Suppose that w; € Nj(u). Since the girth G is
seven, there exists wy € Ny(u) such that w; is not adjacent to wsy. If d(wy) #
d(ws), then consider the following two cases:

Case 1. d(w;) > d(ws). For each v € Nj(wy) N Na(u), we have d(v,ws) = 3.
Otherwise, we have a cycle of length less than seven. Thus, there is a vertex in
z € Ni(wg) N N3(u) such that it has two neighbors in Ny(wy) N N3(u). If 2z is
adjacent to two vertices of neighbors of v, then we have a cycle of length four.
Otherwise, we have a cycle of length six. In both cases, we get a contradiction.
Case 2. d(w;) < d(ws). For each v € Nj(wq) N N3(u), we have d(v,w;) = 3.
Because if d(v,w;) is equal to one or two, then we have a cycle of length five
or six, respectively. Thus, v is adjacent to at least one of vertices of Ny(wi) N
Nj(u). Since d(w;) < d(ws), there exists a vertex w € Ni(wi) N No(u) such
that |Nao(w) N Ny(wg)| > 2. Thus, we have a cycle of length less than seven,
which is a contradiction. Thus, all vertices of Nj(u) U No(u) have the same
degree. Now, choose two arbitrary vertices s,t € V(G). Suppose that d(s,t) =1
and select u € N(s) such that w # t. In this case, s,t € Nj(u) U No(u) and
have the same degree. If d(s,t) = 2, then select v € N(s) N N(t). Similarly,
s,t € Ny(u) U Ny(u) and have the same degree. Finally, if d(s,¢) = 3, then there
exist vertices a,b € V(G) such that s ~ a ~ b ~ t. It is sufficient to consider
u = a and the assertion holds. 0J

Suppose that G is a 3-sc graph of girth seven. Theorem 3.3 implies that G is r-
regular. If u € V(G), then |Ny(u)| = r, |Na(u)| = r(r—1), and | N3(u)| = r(r—1)2
Thus, for » > 3, we have

V()| =1+r+r({r—1)+r —1)°
Cor(r—1)3 -2
B r—2
The value above is a lower bound for the number of vertices of an (r,7)-cage

graph [2, Exercise 3.1.12]. Therefore, for r € {3,4,5,6}, the number of vertices

of (r,7)-cage graph is greater than % Hence, there is no an r-regular 3-sc

graph with girth seven, when r € {3,4,5,6}.
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Problem 3.4. Is there an r-regular 3-sc graph with degree at least three such
that its girth is seven?

It should be mentioned that girth(G) = 7 in Theorem 3.3 is not redundant
because the graph of Fig. 5. is a 3-sc graph of girth six, but is not regular.

FIGURE 5. A 3-sc graph of girth six that is not regular.

Next, we state a proposition about 3-sc graphs of girth six.

Proposition 3.5. Let G be a graph of girth siz. Then G is a 3-sc graph if and
only if every two vertices of G are on a cycle of length six or seven.

Proof. Suppose that G is a 3-sc graph and that u,v € V(G). Clearly, v and v are
on a cycle, and we may assume that C' is the smallest cycle that contains u and
v. If the length of cycle is greater than seven, then G is not a 3-sc graph. Since
the girth of G is six, we deduce that the length of cycle is either six or seven. [J

Next, we find the upper and lower bounds for the number of vertices, for 3-sc
graphs of girth six.

Proposition 3.6. If G is an r-reqular 3-sc graph with girth siz, then 2r*—2r+2 <
V(G| <r®—r+r+1.

Proof. Suppose that G is an r-regular 3-sc graph and that v € V(G). Clearly,
|N1(uw)| = r and |Ny(u)| = r(r — 1). The maximum number of vertices of N3(u) is
r(r — 1)2. Suppose that v € Ny(u). Since girth(G) = 6, we deduce that |N3(u) N
Ny(v)| = (r — 1)%. Hence, the minimum number of |N3(u)| is (r — 1)%. So, the
number of vertices G in this case equals 2r? — 2r + 2. O

Next, we show that the lower bound is sharp.

Theorem 3.7. There is an r-reqular 3-sc graph G of girth sixz such that |V (G)| =
2r? — 2r + 2.

Proof. If u € V(G) and |V(G)| = 2r* — 2r + 2, then Proposition 3.6 implies that
|INy(u)| =7, |[Na(u)| = r(r—1), and |N3(u)| = (r—1)%. For each vertex v € Ny(u),
we have |N3(u) N Ny(v)| = (r — 1)2. Since girth(G) = 6, each vertex of N3(u) has
just one neighbor in Np(v). From the fact that the number of v’s is equal to r,
the neighbors of each vertex of N3(u) are fixed. O

Now, we build a graph such that it satisfies in Theorem 3.7. Assume that u
is an arbitrary vertex of G' such that Ny(u) = {vy,...,v.} and Ny(v;) \ {u} =
{vig, ..., v}, for each 1 < 4 < r. Let w;;,2 < i,j < r be elements of N3(u).
Then, Theorem 3.7 implies that the vertices of each part N;(u),1 < i < 3 are
independent. It remains just to put edges between N3(u) and No(u). Now, two
vertices wg and vy, are adjacent if and only if £ = h. In this case, GG satisfies
Theorem 3.7.
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Example 3.8. Consider the 3-regular 3-sc graph Fig. 6. Here, girth(G) = 6,
r =3, and |V(G)| = 14 which satisfies the formula of Theorem 3.7.

FIGURE 6. A 3-regular 3-sc graph with girth six and minimum
number of vertices.
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