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Abstract. In this note, we study some spaces associated with a locally com-
pact group such that it has a positive action on the predual of a W ∗-algebra.
We investigate the existence of invariant means on these spaces and present
several characterizations when the group acts amenably on the predual of a
W ∗-algebra.

1. Introduction

Throughout G is a locally compact group with the unit and fixed left Haar-
measure. Suppose that L1(G) is the group algebra of G with the convolution
product as defined in [5]. We recall that the convolution product of two complex-
valued functions f and g on G is defined as follows:

f ∗ g(s) =
∫
G

f(t)g(t−1s) dt (s ∈ G),

when the integral makes sense. It is known that the Lebesgue space L∞(G),
equipped with the locally essential supremum norm, can be identified by the first
dual space of L1(G) under the pairing

〈x, ϕ〉 =
∫
G

x(s)ϕ(s) ds (x ∈ L∞(G), ϕ ∈ L1(G)).

A locally compact group G is called amenable if there is a mean on L∞(G), which
is left translation invariant.
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One of the most important objects of study in the category of harmonic analysis
is the Von-Neumann algebra. Many of the central objects of study in abstract
harmonic analysis, such as amenable theory, are in this class. Sakai (1971) showed
that Von-Neumann algebras can also be defined abstractly as W ∗-algebras. It is
known that the predual of a W ∗-algebra is in fact unique up to isomorphism.
On the other hand, amenability, which is a very distinctive property for locally
compact groups, was defined firstly for discrete groups by Von-Neumann [10]. The
definition of amenability for arbitrary locally compact groups was later given by
Day [2]. Especially after Day’s work, this subject has extended at a fast pace.
Amenable groups have been studied from various points of view. A general notion
of an amenable action on the predual of a W ∗-algebra developed by Stokke [9] in
2004.

The main motivation of this paper is the existence of a vast body of results on
equivalents of locally compact groups equipped with the amenable property. We
show that G acts amenably on the predual of a W ∗-algebra if and only if there
exists a weakly compact positive operator with some special properties.

2. The results

Let M be a W ∗-algebra with predual M∗ and the identity element eM. Let
also M∗ be a left Banach G-module through G×M∗ −→ M∗ by (s, ϕ) 7→ s·ϕ, as
defined in [7]. Then dual action makes M as the right G-module, not necessarily
Banach. Moreover, M∗ is a left neo-unital Banach L1(G)-module by the following
integral in the weak sense:

f · ϕ =

∫
G

s · ϕ f(s) ds (f ∈ L1(G), ϕ ∈ M∗).

Furthermore, M is a right Banach L1(G)-module, which is given by making in
turn the definition

〈x · f, ϕ〉 = 〈x, f · ϕ〉 (x ∈ M, f ∈ L1(G) andϕ ∈ M∗).

Note that L1(G) is a left Banach G-module with the action s · ϕ = ls−1ϕ for
all s ∈ G and ϕ ∈ L1(G), where ls−1ϕ is the left translation of ϕ by s−1. Using
this fact, Stokke [9] introduced a unified approach under which the standard
techniques used to develop the basic theory of amenable groups as follows. Before
dealing, we need to recall that a bounded linear functional M on M is said to be
a state if it satisfies ‖M‖ =M(eM) = 1.
Definition 2.1. A locally compact group G will be said to have positive action
on M∗ if M∗ is a left Banach G-module such that

(a) ‖s · ϕ‖ ≤ ‖ϕ‖ for all s ∈ G and ϕ ∈ M∗,
(b) s · ϕ ∈ (M∗)

+
1 for all s ∈ G and ϕ ∈ (M∗)

+
1 ,

where (M∗)
+
1 is the collection of normal states on M; that is, the collection of

all W ∗-continuous states on M∗.
The reader can see more known examples of Definition 2.1 in [9, Example 1.2].
Hereafter, throughout, M is a W ∗-algebra such that G has a positive action

on the predual M∗.
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Definition 2.2. An element x ∈ M is said to be
(a) uniformly continuous if the mapping G −→ (M, ‖.‖) that given by s 7→

x · s is continuous.
(b) weakly almost periodic if the {x · s | s ∈ G} is relatively weakly compact.

The collection of all uniformly continuous elements denotes UC(M), and the
collection of all weakly almost periodic elements denotes WAP (M).

Note that UC(M) and WAP (M) are norm closed and conjugate closed sub-
spaces of M containing eM. According to [7], x ∈ UC(M) if and only if the
mapping s 7→ x · s from G into M is weakly continuous. Moreover, we always
have UC(M) = M · L1(G); see [9]. This fact together with Mazur’s theorem
follows that x ∈ UC(M) if and only if x · ei −→ x, if and only if x · ei −→ x
with respect to the weak topology of M, where (ei) is the bounded approximate
identity of L1(G). Note that UC(M) is weak∗-dense in M.

Proposition 2.3. We always have WAP (M) ⊆ UC(M).

Proof. Let x ∈ WAP (M), and let X be the weak cluster of the set {x · s | s ∈ G}
in M. We claim that the mapping s 7→ x · s from G into X is weakly continuous.
Let si −→ s in G. Since M∗ is the left Banach G-module,

〈x · si, ϕ〉 = 〈x, si · ϕ〉 −→ 〈x, s · ϕ〉 = 〈x · s, ϕ〉
for all ϕ ∈ M∗. It means that x ·si −→ x ·s with respect to the weak∗ topology of
X (induced by M). As known, weak topology is stronger than weak∗ topology.
Also, X is compact with the stronger topology and Hausdorff with the weaker
one. So, as a general result, these two topologies agree on X. Therefore, the
proof is complete. □
Remark 2.4. One might be made conditions that the reverse inclusion holds in
Proposition 2.3. Here, we emphasize the following known examples as commuta-
tive and non-commutative W ∗-algebras. These provide a comprehensive under-
standing of the subject matter.

(a). Let M = L∞(G) and M∗ = L1(G) with s · ϕ = ls−1ϕ for all s ∈ G
and ϕ ∈ L1(G). Then UC(M) = LUC(G) and WAP (M) = WAP (G), where
LUC(G) and WAP (G) have their usual meaning; see, for example, [1]. It is well
known that LUC(G) = WAP (G) if and only if G is compact.

(b). Let (π, H) be a unitary representation of G as defined in [6], let M =
B(H), which consists of all bounded linear operators on H, and let M∗ = Tr(H),
which consists of all Trace class operators on H. Then it is also of interest to
note B(H) has a positive action on Tr(H) that given by

s · T = π(s)Tπ(s−1) (s ∈ G, T ∈ Tr(H)).

In this case, UC(M) = UCB(π) andWAP (M) = WAP (π). Moreover, UCB(π) =
WAP (π) if and only if the topological center induced by π is maximal; see [6] for
definitions and more details.

Definition 2.5. A state M on M is called
(a) an invariant mean if 〈M, x · s〉 = 〈M, x〉 for all x ∈ M and s ∈ G.
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(b) a topological invariant mean if 〈M, x · f〉 = 〈M, x〉 for all x ∈ M and
f ∈ L1(G)+1 , where

L1(G)+1 = {f ∈ L1(G) | f ≥ 0,

∫
G

f = 1}.

Also, we say that G acts amenably on M∗ if there exists an invariant mean on
M.

As mentioned in [9, Lemma 1.9], we have
(a) every topological invariant mean on M (resp. UC(M)) is an invariant

mean on M (resp. UC(M)),
(b) every invariant mean on UC(M) is a topological invariant mean on UC(M).

Considering Remark 2.4, we have respectively the following assertions:
(a) G acts amenably on L1(G) if and only if G is amenable.
(b) G acts amenably on Tr(H) if and only if (π, H) is amenable.

Note that part (a) of Definition 2.1 can be defined on every norm closed,
conjugate closed subspaceX of M containing eM such thatX·s ⊆ X for all s ∈ G.
Also, part (b) can be defined on every norm closed, conjugate closed subspaceX of
M containing eM such that X ·f ⊆ X for all f ∈ L1(G). When G acts amenably
on M∗, we can say that the positive action on M∗ is amenable. In fact, the
above notion, introduced and studied by Stokke [9], presents a unified approach
that develops the basic theory of amenable groups. Stokke [9, Proposition 1.10]
proved that the following statements are equivalent:

(a) There is a topological invariant mean on M,
(b) there is an invariant mean on M,
(c) there is an invariant mean on UC(M),
(d) there is a topological invariant mean on UC(M).

Theorem 2.6. A locally compact group G is amenable if and only if every positive
action of G on the predual of a W ∗-algebra M is amenable.

Proof. Suppose that G is amenable and that ϕ ∈ (M∗)
+
1 . For each x ∈ M, we

define the complex-valued function ψx on G by ψx(s) = 〈x, s · ϕ〉 for all s ∈ G.
Clearly, ψx is bounded, and since M∗ is a left Banach G-module, ψx is continuous.
Therefore, ψx ∈ L∞(G). Define now M : M −→ C by M(x) = m(ψx) for all
x ∈ M, where m is a left invariant mean on L∞(G). One can readily see that
M is an invariant mean on M. For the converse, we regard the W ∗-algebra
M = L∞(G) with M∗ = L1(G). □

The above theorem has also been proved in [9, Corollary 1.11] by Day’s fixed
theorem [3, Theorem 3.3.5].

For each M in the dual of M, we define the linear mapping ωM from M into
L∞(G) as follows:

〈ωM(x), f〉 = 〈M, x · f〉 (x ∈ M, f ∈ L1(G)).

One can easily see that ωM is bounded and ‖ωM‖ ≤ ‖M‖.
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Remark 2.7. Let x ∈ M and M ∈ M∗. As some useful features, we have the
following statements:

(a) ωM(x) ∈ LUC(G) if x ∈ UC(M).
(b) ωM(x) ∈ WAP (G) if x ∈ WAP (M).

To prove part (a), let si −→ s in G. Then
‖lsiωM(x)− lsωM(x)‖∞ = ‖ωM(x · si)− ωM(x · s)‖∞

≤ ‖M‖ ‖x · si − x · s‖.
It follows that part (a) holds. For the second one, note that

{lsωM(x) | s ∈ G} = ωM({x · s | s ∈ G}). (2.1)
Now, let x ∈ WAP (M) and M ∈ M∗. Then x ∈ UC(M) by Proposition
2.3, and so the set (2.1) lies in LUC(G) by part (a). On the other hand, ωM :
UC(M) −→ LUC(G) is also continuous when both UC(M) and LUC(G) carry
their weak topologies. So, a standard argument shows that every weak-closure
point of the set (2.1) can be seen by ωM(y) for some y in the weak-closure of
{x · s | s ∈ G}. It readily yields that part (b) holds.
Proposition 2.8. There always exists an invariant mean on WAP (M).
Proof. Suppose that M ∈ M∗ and that x ∈ M. Using the fact that every state in
M∗ can be approximated by normal states in M∗ in weak∗-topology, [9, Lemma
1.3, part (1)], the mapping ωM possesses the following properties:

(a) ωM(x) ≥ 0 if x ≥ 0,
(b) ωM(x · s) = lsωM(x).

Also, eM · f = eM for all f ∈ L1(G)+1 by [9, Lemma 1.3, part (2)], and so

eM · f = eM

∫
G

f(s) ds (f ∈ L1(G)).

It follows that ωM(eM) = 1. On the other hand, Remark 2.7 ensures that
ωM(WAP (M)) ⊆ WAP (G). Now, let m be the unique invariant mean on
WAP (G). Then one can readily check that m ◦ ωM is an invariant mean on
WAP (M). □

Unlike WAP (G), as observed in the proof of Proposition 2.8, WAP (M) may
admits more than one invariant mean. In [1], it is seen that there exists a unique
invariant mean on WAP (π) if and only if (π,H) is irreducible. However, we do
not know yet for which M is the invariant mean on WAP (M) unique.
Proposition 2.9. Let for each x ∈ UC(M), the map f 7→ x · f from L1(G) into
UC(M) be weakly compact. Then G acts amenably on M∗.
Proof. According to [4, Corollary 3.4, (i)], the norm closure of the convex hull of
the set {x · s | s ∈ G} is equal to the norm cluster of the set {x · f |f ∈ L1(G)+1 }.
This fact follows that

{x · s | s ∈ G}−w ⊆ {x · f |f ∈ L1(G), ‖f‖1 ≤ 1}−w.

Therefore, x ∈ WAP (M). So, UC(M) = WAP (M). Now, Proposition 2.8
completes the proof. □
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The converse of the above proposition is not valid, in general; for example,
when M = L∞(G) for each non-compact amenable group G.

Note that a bounded linear functional M on M (or UC(M)) is a state if and
only if M satisfies in any pair of the following conditions:

(a) M is positive; that is, M(x) ≥ 0 for all positive elements x ∈ M,
(b) M(eM) = 1,
(c) ‖M‖ = 1.

Theorem 2.10. The following statements are equivalent:
(a) G acts amenably on M∗,
(b) There exists a weakly compact positive operator ω : M −→ L∞(G) of

norm 1 such that ω(x · s) = lsω(x) for all x ∈ M and s ∈ G.

Proof. (a) =⇒ (b). Suppose that G acts amenably on M∗. Then there exists an
invariant mean M on M. Define ω(x) = M(x)1 for all x ∈ M. So, m ◦ ω =
m(1)M for all m ∈ L1(G)∗∗. It follows effortlessly that

ω∗∗(x∗∗) = x∗∗(M)1 ∈ L∞(G) (x∗∗ ∈ M∗∗).

So, ω is weakly compact by [8, Theorem 3.5.8 ]. One can easily see that ‖ω‖ =
‖M‖ = 1. Note that since M is a state, ω is positive by the above result. Also,
one can readily see that ω(x · s) = lsω(x) for all x ∈ M and s ∈ G.

(b) =⇒ (a). By assumption, for each x ∈ M
{lsω(x)| s ∈ G} = {ω(x · s)| s ∈ G}

is relatively weakly compact in the weak topology of L∞(G). It follows that
ω(x) ∈ WAP (G). It is known that there exists a unique left invariant mean on
WAP (G); see, for example, [3]. We define 〈M, x〉 = 〈m, ω(x)〉 for all x ∈ M.
Then M is the invariant mean on M. □

We end the work with the following result.

Theorem 2.11. The following statements are equivalent:
(a) G acts amenably on M∗,
(b) There exists a weakly compact positive operator ω : UC(M) −→ LUC(G)

of norm 1 such that ω(x ·f) = ω(x) ·f for all x ∈ UC(M) and f ∈ L1(G).

Proof. Let M ∈ UC(M)∗. Regard ωM : UC(M) −→ LUC(G). As noted earlier,
‖ωM‖ ≤ ‖M‖. To prove the reverse inequality, let (ei) be an approximate identity
of L1(G) bounded to 1. Then for each x ∈ UC(M), we have

‖x · ei − x‖ −→ 0,

and so
|ωM(x)(ei)| −→ |〈M, x〉|.

Furthermore, for each i, we have
‖ωM(x)‖∞ ≥ |ωM(x)(ei)|.

Consequently, ‖ωM‖ ≥ ‖M‖. So, ‖ωM‖ = ‖M‖.
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Now, let G act amenably on M∗. Choose a topological invariant mean M on
UC(M) by [9, Proposition 1.10]. Then

〈ωM(x), f〉 = 〈M, x〉 (x ∈ M, f ∈ L1(G)+1 ).

So, ωM(x) ≥ 0 if x ≥ 0; that is, ωM is positive. Similar to the proof of Theorem
2.10, ωM is weakly compact, and also one can easily see that ωM(x ·f) = ωM(x) ·f
for all x ∈ M and f ∈ L1(G). So, part (a) implies (b). The converse is similar
to the proof of Theorem 2.10, and the fact that the unique invariant mean on
WAP (G) is also a topological left invariant on WAP (G). □
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