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ABSTRACT. In this paper, we study the ideal of strongly (p,o)-continuous
polynomials that extends the nowadays well-known ideal of Cohen strongly p-
summing polynomials to the more general setting of the interpolated ideals of
polynomials. We give an analogue of the Pietsch domination theorem among
other results. Also, we introduce the polynomial ideal of factorable strongly
(p, 0, q, v)-nuclear polynomials in order to characterize those polynomials whose
linearizations are (p, 0, q, v)-nuclear.

1. INTRODUCTION

Matter [17] introduced the concept of (p,o)-absolutely continuous operators
for 1 <p < ooand 0 <o < 1. This notion serves as a crucial analytical tool for
examining properties such as super reflexivity within Banach spaces. Its devel-
opment stems from an interpolation method pioneered by Jarchow and Matter
[15]. The class of (p,o)-absolutely continuous operators can be seen as an in-
termediate class situated between continuous operators and the well-known class
of absolutely p-summing operators, offering a distinctive blend of characteristics
from both. In the past decade, there has been a notable focus on exploring the
extension of this concept into nonlinear frameworks (see, for instance, [3, 5, 12]).

In a recent paper [9], a new approach to (p,o)-absolutely continuous opera-
tors was presented. The paper introduces and investigates the concept of (p, o)-
absolute continuity within the context of Bloch maps.
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The ideal of strongly (p, o)-continuous linear operators, initially introduced and
expanded into the multilinear context by Achour et al. [4], stands as an inter-
polated ideal situated between the ideal D, of Cohen strongly p-summing linear
operators and the ideal of all continuous operators. These operators characterize
the adjoints of (p, o)-absolutely continuous operators.

Pietsch [21] brought forth a multilinear approach to the theory of absolutely
summing operators. Afterward, a multitude of papers have pursued this line of
investigation, leading to the emergence of different summability concepts we men-
tioned [4, 10, 12, 14, 19]. Yet, extending summability properties into a non-linear
context has presented challenges and sparked interest. The literature investigates
various extensions of absolutely p-summing linear operators into the multilinear
setting. Rueda and Sanchez Pérez [22] isolate the class of p-dominated polyno-
mials that factor through a subspace of an L,-space with the L, norm, and based
on this class, Pellegrino, Rueda, and Sanchez Pérez [19] introduced factorable
strongly p-summing multilinear operators. These operators effectively maintain
numerous fundamental properties from linear theory that previous extensions
failed to capture. Building upon this achievement, Achour et al. [1] utilized simi-
lar ideas of factorable strongly summing polynomials/multilinear mappings. They
defined the notion of factorable strongly p-nuclear m-homogeneous polynomials
as a generalization of the ideal of Cohen p-nuclear linear operators introduced by
Cohen [11].

The paper is intended to fulfill two objectives: Firstly, it introduces and in-
vestigates a polynomial version of the class of strongly (p,o)-continuous linear
operators. Secondly, it aims to define the class of factorable strongly (p, o, q, v)-
nuclear homogeneous polynomials, establishing a significant connection to linear
theory through polynomial linearization. It crucially establishes the relationship:
a homogeneous polynomial is factorable strongly (p, o, ¢, v)-nuclear if and only if
its linearization is a Cohen (p, o, ¢, v)-nuclear operator.

The paper is organized as follows: Section 2 is devoted to fixing the notation
and recalling some definitions and basic facts. In Section 3, we expand the no-
tion of strongly (p, o)-continuous linear operators to the polynomial context. We
show that this resulting class forms a polynomial ideal generated through the
composition method. Additionally, we establish connections between these oper-
ators and their corresponding symmetric multilinear maps, while also comparing
them to other well-known polynomial ideals. In Section 4, our focus is directed to
the introduction and study of factorable strongly (p, o, ¢, v)-nuclear homogeneous
polynomials. We describe these polynomials using polynomial linearizations and
establish domination/factorization theorems for this class. Additionally, we char-
acterize the adjoint operator related to these polynomials, alongside other results.

2. NOTATION AND BACKGROUND

We use a standard notation on Banach spaces. Let n,nq,ny and m be positive
integers, and let X, X1,...,X,,,Y be Banach spaces over the same scalar-field
K = R or C. The closed unit ball of X is denoted Bx. We work with 1 < p < oo,
and p* denotes the conjugate of p; that is, % + }% = 1. As usual, [}(X) is the
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Banach space of all sequences (;),;, in X with the norm

)iz ll, = (ZH%H”) ,

and [(X) denotes the Banach space of all sequences (z;),;, in X with the

norm
. :
)il = sup (Zm,x*w) ,

T*EBx*

where X* is the topological dual of X.

We now turn our attention to multilinear mappings. Let Xi,..., X,,, Y be
Banach spaces. We denote by £ (X1,..., X,,;Y) the Banach space of all bounded
m-linear operators 17: X; x --- x X,,, = Y endowed with the norm

1T = sup 1T (1, -
lz1lI<1,.lem (<1

If Y =K, we write £(X1,...,X,,). When Xj = --- = X, = X we simply
write £("X;Y).

As usual, X; ®---® X,, denotes the m-fold tensor product of X;, ..., X,,, and
if X1 =---=X,, =X, we use the shorter notation "X =X ®---® X. The
projective norm m on X; ® - - - ® X, is defined by

= inf{zp\i\ i 2] u = Z/\zle @...@x;"},
i=1

i=1

where the infimum is taken over all representations of u € X; ® --- ® X,,. The

completion of X; ®---® X,, when endowed with 7 is denoted by X; Rr - D X

It is well know that, if T': X; x --- x X, — Y is a bounded m-linear operator,
then there exists only one bounded linear operator

TL X1®7T' ®ﬂXm %Y7

such that

17, (:1:11®®$;”) :T(a:;,...,a:;ﬁ),
for all 27 € X;,7 =1,...,m. Moreover, |T|| = ||T%||. In other words, the map-
ping T < Ty, from L£(Xq,...,X,;Y) to L (X1(§J7r . ~(§JWXm;Y) is an isometric
isomorphism onto.

In particular, the spaces £ (Xy,...,X,,) and (X1(§>7T e ®me)* are isometri-
cally isomorphic. For more details we refer to [23].

Consider now a Banach space X and the symmetric m-fold tensor product
®™*X, defined as the linear span of the elements r ® --- ® = in ®™X with
x € X. We will require the following norm on this space:

The projective s-tensor norm m, given by

k k
= inf {Z Al flz]|™ 2 = ZAixi Q- ®Iz} ;
i=1 1=1

for z € ™% X. By @Z’SX we mean the completion of ®7*X.
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A map P: X — Y is an m-homogeneous polynomial if there exists an m-linear
operator A : X x---x X — Y such that P(z) = A(z, ™), z) for every z € X. The
space of all continuous m-homogeneous polynomials from X to Y is denoted by
P(mX;Y)(P(™X) when Y = K), and becomes a Banach space when endowed
with the norm || P|| = sup || P(z)]].

rEBx
When m = 1 the space P (!X;Y) is nothing but £(X;Y), the space of all
bounded linear operators from X to Y. For the general theory of homogeneous
polynomials we refer to [18].
There are several useful mappings associated to a polynomial P € P ("X;Y):

e The m-linear symmetric mapping associated to P is the unique symmetric
m-linear operator P : X x ---x X — Y such that P(z) = P(z, ™, z) for
every © € X. The value of P is given by the polarization formula:

~ 1
P(xy,...,20p) = —— Z €1 enP(e1x1 + - + €pTy)

for all x¢,..., 2, € X.

e The adjoint of P is the linear operator P* : Y* — P (™X) given by
P*(y*) () := y*(P(z)), for y* € Y* and z € X. It is well known that
(uo P)* = P*ou*, for all u € L(Y; Z), where Z is a Banach space.

e The linearization of P is the unique linear operator Py, : @Z’SX — Y such
that Pr(z ® --- ® ) = P(z), for all x € X. Ryan [23] proved that the
correspondence P <+ P; establishes an isometric isomorphism between
the space P (™X) and the strong dual of &, X.

Consider the canonical m-homogeneous polynomial 9,, : X — @Z’SX defined by
Om(x) = 2®- - -@, that is, P = Ppod,,. The scalar case deserves special attention:
when YV = K we call 4, : P("X) — (@::SX )* the isometric isomorphism
A, (P) = Pp for all P € P(™X). Note that Al = 6%,

The space of (p, 0)-weakly summable sequences was introduced in [16] by Lépez
Molina and Sanchez Pérez. We recall some properties of this space. Let 1 < p <
oo and let 0 < o < 1. Let (2;);_, C X. Define

1—0o

P (@i)i) = b (Z(|<xz-,x*>rl‘”uxiu")l”) p

Cﬂ*eBx* i=1
and
Hpo(X) = {(zi)i=y € X : 0pq ((w3)i2y) < 00}
For the extreme cases ¢ = 1 and p = oo, we define also for all 0 < ¢ <1 and
1<g<o
Og,1 ((i)i=1) = oo (%)i=,)

= sup [lzill = [[(2i);is1 ]l -
1<i<n
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The sequence (z;);_, is said to be (p, o)-weakly summable if it belongs to the
vector space 77(X) = span (H, (X)), equipped with the norm:

k

k
H(xi>?:1”p,g = inf {Zép,a ((xﬁ):ol xl i=1 Z 1 17 i i=1 € HP70<X)} :
=1

=1

The completion will be denoted as usual by ﬁp"’(X ). We have the inclusions

with

ﬁﬁ(X) C fp’J(X) C gﬁ,w(X)

)il e < M@)izall, e < @il o,
—o ’ 1—0o

for all (z;);_, € {2 (X).
We recall some known concepts related to summability of linear and some
non-linear operators.

e [17] Let XY be Banach spaces, let 1 < p < oo, and let 0 < o < 1.

We say that T' € L£(X,Y) is a (p, 0)-absolutely continuous, in the symbol
T ell,,(X,Y), if there exists C' > 0 such that for every (l‘z) _, C X we

have
(T () )iz ll 2 < Cbpo (wi)iy) (2.1)
The norm of T is defined by
Tpo(T) = inf{C > 0: satisfying the inequality (2.1) }.

[4] Let 1 < p,r < oo and let 0 < o < 1 be such that + 11)_*" = 1. An
operator T' € L(X,Y') between Banach spaces is strongly (p, o)-continuous
if there is a constant C' > 0 such that for every (z;)7_, C X and (y});_, C
Y™ the following inequality holds

1T (), wi))isally < Cll(@a)iz I, 0pe o ((07)iZ1) - (2.2)
The class of all strongly (p, o)-continuous linear operators from X into
Y is denoted by D7 (X,Y) and by d7(T) the strongly (p,o)-continuous
norm, which is defined by d7(T) = inf C, where the infimum is taken
over all constants C' satisfying the inequality (2.2). This class is as an
interpolated ideal positioned between the ideal D, of Cohen strongly p-
summing linear operators, introduced by Cohen [11], and the ideal of
all continuous linear operators. Furthermore, it characterizes operators
whose adjoints are (p*, o)-absolutely continuous; that is,

D7 = (e o)™ = {T € LIX,Y) : T* € 10, (Y* X}

P
[]Let1<p,7’<ooand0<a<1suchthat1 =~ = 1. An m-linear
mapping 7' : X; X -+ x X,,, = Y is strongly (p, o)-continuous if there is
a constant C' > 0 such that for any a7, ... 23 € X;, (1 <j<m)and any
Y, ..., yr € Y", we have

[T @) ), < (ZHIWH) )

=1 j=1
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for all choices of n € N. The collection of all strongly (p, o)-continuous m-
linear maps X x - -+ X X,;, = Y will be denoted by D)7 (X, ..., X,;Y)
e According to [13], a linear operator T € L(X,Y) is (p,o,q,v)-nuclear

(1 <p,g<ooand0<o,v<1such that 1_—"~|—1;”:1> if there exists

a constant C' > 0 such that for every (z;);_, C X and (y;);_, C Y* the
following inequality holds:

1T (@) ) )izally < Cdpo ((20)i1) g0 (47)i21) (2.3)

The class of all (p, g, g, v)-nuclear operators between X and Y is denoted

by Npogw(X,Y). The infimum of all the constant C' in the inequality (2.3)
defines a norm on N, 54.(X,Y’) denoted by N7,

e [6] A polynomial P € P ("X;Y) is Cohen strongly p-summing if there is a

constant C' > 0 such that for n, all z;,..., 2, € X and all yj, ...,y € Y,

Z| (i) ,y; |<C(ZH$ZI|’”’”> 1yl

The class of such polynomials is denoted PZ , (™X,Y) and endowed
with the norm d, given by the smallest constant C' > 0 satisfying the
above inequality.

o [l]Let Pe P("X;Y) and let 1 < p < oo. We say that P is factorable
strongly p-nuclear if there exists a constant C' > 0 such that for all ny, ny €
N, all (#i4)1 <<y 1<pen, © X5 all (Yi)1<pen, C Y™, and all scalars A; g, for
1 <i<ng1<k<n,, wehave

%
> 1Y)

)\Z P (x;, <(C su

; )il llall<1, qEI;’ (mX) (;
The class of all factorable strongly p-nuclear m-homogeneous polynomials
from X to Y is denoted by 731]; v (MX;Y) and endowed with the norm 7r£SN
given by the infimum of all constants C' as above.

e 2] Let P € P("X;Y) and let 1 < p < oco. We say that P is Cohen
p-nuclear if there is a constant C' > 0 such that for all n, all z1,...,x, €
X and all yi,...,yr € Y™,

Z| WIC sup (Zuxi,x*ﬂm”)pum o (24)

>

k=1

Z)‘kq xlk

=1

T*EBxx*

The class of such polynomials is denoted by Py v ("X, Y’). The infimum
of the constants C' > 0 such that inequality (2.4) holds, defines a norm
TN on Pr oy (MX,Y).

The following results show how the aforementioned concepts are related.

Proposition 2.1. [7, Theorem 2| Let 1 < p,r < 0o and 0 < o < 1 be such that
¢ =1 and let T € L(X;Y). Then

L. Npo (X, Y) C 1L, ,(X,Y),
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2. Npogn(X,Y) C DE(X,Y).

Proposition 2.2. Let 1 <p <oo and P € P("X;Y). Then
L Ppy (X0Y) € Pl ("),
: Pp7 (MX;Y)C P, ("X Y).

3. STRONGLY (p, 0)-CONTINUOUS m-HOMOGENEOUS POLYNOMIALS

In this section, we broaden the notion of strongly (p, o)-continuous linear op-
erators to polynomial context, for which the resulting vector space Py ("X;Y)
of strongly (p, o)-continuous m-homogeneous polynomials is a normed (Banach)
ideal of polynomials. Furthermore, we bring forth Pietsch’s domination theorem
within this class. We conclude that the generation of P is achieved through the
utilization of the composition method derived from the operator ideal D; of all
strongly (p, o)-continuous linear operators.

Definition 3.1. Let 1 < p,r < oo and 0 < ¢ < 1, such that %—1— lp_f’ =1 and
let m € N. An m-homogeneous polynomial P : X — Y is called strongly (p, o)-
continuous if there is a constant C' > 0 such that for any x,...,z, € X and any
yr, ..., yr € YY", we have

r

ZI (z:),y7)] < C (ZH%HW) o ((Y7)iy) - (3.1)

Let P7 (™ X;Y) denote the space of all strongly (p, o)-continuous m-homogeneous
polynomial, which is a Banach space with the norm d7, the smallest constant C

such that (3.1) holds. If ¢ = 0, we have P) ("X;Y) = P ("X, Y).

Let us first give an example of a strongly (p,o)- continuous m-homogeneous
polynomial. Let 1 < p,r < oo and 0 < ¢ < 1, such that 1 =1, let m € N,

let u: X — Y be a strongly (p, o)-continuous linear operator, and let ¢ € X™.
The polynomial P: X — Y : P(z) = ™ }(z)u(x) is strongly (p, o)-continuous.
Indeed, for zq,...,2, € X,9],...,y; € Y™,

Z\ (x:) yll—zwmlwz ()}
= Z:; |<U (@mfl () 371) 7yz*>‘

n 1/r
< dy (u) [ ol™ (Z ||l’z'||mr) Ope.o ((47)i=1) -
=1

So, P is a strongly (p, o)-continuous m-homogeneous polynomial and d7(P) <

ll™ =" dp (u).
The polynomial version of the Pietsch domination theorem goes as follows.
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Theorem 3.2. Let 1 < p,r < oo and 0 < o < 1 be such that % + l;f’ = 1.
Let m € N. An m-homogeneous polynomial P € P ("X,Y) is strongly (p,o0)-

continuous if and only if there is a Radon probability measure j1 on Bys« and
C > 0 such that, for allz € X and y* € Y*

—o
*

r<P<x>,y*>\scuxum(L (r<y*,so>rl—“uy*u”>f’3du(y**>)p. (3:2)

Moreover, in this case dJ(P) = inf{C > 0: C satisfies (3.2)}.

YRk

Proof. Suppose that P is strongly (p,o)-continuous. We will apply an unified
abstract version of Piestch domination theorem (see [20, Theorem 4.6]). For it,
consider the functions

S:P(MXY)xRx X xY*—1[0,00), S(Pbuaxy")=|(P(x),y")

Rl : BY** X R X X — [07 00)7 R1(907b7 QT) = Hme>
and
Ry : By— xR xY* = [0,00), Ralp,0,y") = [y", )" [yl

Then P is Ry-Ry-S-abstract (r, £=)-summing (see [20, Definition 4.4]) since

1—0o

Zn:S<P7 bia L, y:)

i=1

= > PG, u0)

1 l1—0c
< dj(P) (Z H%Hm’”> sup (Z(Ryf,@ll_”\IyJH")”)
i=1 @E By xx =1
l. A
= d;(P) (Z Ri(p, b, I@)r> sup <Z Ry (e, bu?ﬁ)lp")
i=1 pEBy = \ ;T
< dJ(P) sup (Z Rl(@,bi7$i>r> sup (Z RQ(gp’b“y;)f’_t,)
PEBy *x i1 PE By #x —

Then, by [20, Theorem 4.6], there exist C' > 0 and Borel regular probability
measures g and A on By« such that

S (P.b2y7) <C ( R x)fdA(y*ﬂ)
Byws

1—0c

x (/ Ry(, b, y*)lp-ffdu(y**))
By«
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For all b in R, x in X and y* in Y*, and therefore

1-0o

(P(),y)] < Clla|™ ( [0 1) dn <y**>) -

For all x in X and y* in Y*. Furthermore, we have

YRk

1—0o

(P(a), )] < d(P)]je|™ ( / (. o) " 17) = dp <y**>) "

for all x in X and y* in Y™*.
Conversely, if (3.2) holds, then given n € N, xy,...,z, € X; y7,...,y: € Y.
Then the Holder’s inequality gives

> 1P|

Y o**

<ol ([ (el 1) dnr)
i=1 By**
<C ZH@H"”’) (Z/B (I(yf,<p>|1_”||y3||”)”du(y**)>
=1 =1 y**
=C ZH%HW) (/B > (o) IIyQ‘II")“’du(y**)>
=1 Y** =1

T

<c Zna:inm*) S (U1)1)
=1

Hence P € P ("X;Y) with d7(P) < C.

A direct consequence of the previous theorem is the following corollary.
Corollary 3.3. If 1 <p < ¢ < oo, then Py ("X;Y) C Py ("X;Y).

The next proposition follows from Corollary 3.6 combined with [4, Proposition
4.5] and [8, Proposition 3.2].

Proposition 3.4. The polynomial P € P ("X,Y) is strongly (p,o)-continuous
if and only if its associated symmetric m-linear operator P € L (™X,Y) is also
strongly (p, o)-continuous.

We show in what follows that the polynomial ideal generated by the compo-
sition method from the operator ideal Dj coincides with the space of strongly
(p, o)-continuous m-homogeneous polynomials.

Proposition 3.5. Let 1 < p,r < oo and 0 < o < 1 be such that % + 1p_—f =1.
Let P € P("X;Y) and let Py, be its linearization. The following properties are
equivalent:

(i) The polynomial P belongs to Py (" X;Y).
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.. ~m,s

(ii) The operator P, belongs to Dy (®: X,Y).
In this case, d7(P) = dJ(Pp).

Proof. Suppose that P, € Dy (@Z’SX, Y). For zy,...,z, € X and yj,...,y} €
Y™, we have

D P (@), u)| = ZI(PL(:BZ-®---®%),?JI>I

a7 (Py) (Zm 5 ® --@xir) e (41)7)

T

< dJ(Py) (Z ||:vz||”””> o ((W)is) -

So P € Py ("X;Y) and dJ(P) < d7(PL).
Conversely, suppose that P is strongly (p, o)-continuous. Let v € ®7*X and

IN

let y* € Y*. Suppose that v = > z; ® ... ® ;. Then
i=1

(Pe(o),y)] < D WP (), y7)]

/ (. )= 1717) ™ due (™)

N
g
ok
E
&
E

< anznm (B/ o) ) T e ()

Taking the infimum over all representations of v we obtain

(PL(0), 5] < d (P, (o) ( R e du(y**)) .

Therefore, Py, is strongly (p, o)-continuous and d7(Pr) < df(P). O

As an immediate consequence of the preceding proposition, we get the following
corollary.

Corollary 3.6. The polynomial P is strongly (p, o)-continuous if and only if
there exist a strongly (p, o)-continuous operator u and a polynomial Q) such that
P=uoQ, that is, PJ ("X;Y) =Dg o P ("X;Y).

Corollary 3.7. The class of strongly (p,o)-continuous m-homogeneous polyno-

mials constitutes a Banach ideal of m-homogeneous polynomials.

The application of Proposition 3.5 enables us to establish links between the
class of strongly (p,o)-continuous m-homogeneous polynomials and other well-
known classes.
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Theorem 3.8. Let 1 < p,r < oo and 0 < o <1 be such that = 1 =1 and let
PeP(™X;Y).

(1) If P € PE,, (MX,Y), then P € P7 ("X,Y) and dj(P) < dy(P).

(2) If Pe Py (MX,Y), then P € Py ("X,Y) and dJ(P) < 7, n(P).

fS m o (m o fs
(3) If P € Pl ("X;Y), then P € P ("X,Y) and d(P) < 7} (P).

Proof. (1) Suppose that P is a Cohen strongly p-summing m-homogeneous poly-
nomial. According to [6, Proposition 3.2], P is Cohen strongly p-summing.
Additionally, [4, Proposition 3.6] implies that Py, is strongly (p,o)-continuous.
Applying Proposition 3.5, we deduce that P is strongly (p, o)-continuous.

(2) Since Py \ ("X, Y) C P, ("X,Y), the result directly follows from (1).

(3) Con81der P as a factorable strongly p-nuclear m-homogeneous polyno-
mial. According to [, Theorem 3.6], P, is Cohen p-nuclear. By combining [11,
Theorem 2.2.1] with [4, Proposition 3.6], we deduce that Py, is strongly (p,o)-
continuous. By Proposition 3.5, we conclude that P is a strongly (p, o)-continuous
m-homogeneous polynomial. 0

Achour et al. [4, Theorem 4.8] established that a linear operator is strongly
(p, o)-continuous if and only if its adjoint is absolutely (p*, o)-continuous. The
following result is a polynomial counterpart to this theorem.

Theorem 3.9. Let 1 < p,r < oo and 0 < o < 1 be such that % + 1};" = 1.

A polynomial P € P("X;Y) is strongly (p,o)-continuous if and only if the
adjoint operator P* : Y* — P (™X) is (p*, 0)-absolutely continuous. In this case,
dg(P) = Mpe o (P7).

As a consequence of the above and [4, Corollary 3.8, we get the following
result.

Corollary 3.10. Let 1 < p,r < 00 and 0 < o < 1 be such that + + 1;*0 -
1. A polynomial P € P(MX;Y) is strongly (p,o)-continuous if and only if
the operator P** : P (™X)" — Y** is strongly (p,o)-continuous. In this case,

do(P) = dz (P*™).

4. FACTORABLE STRONGLY (p,0,(, V)-NUCLEAR m-HOMOGENEOUS
POLYNOMIALS

In this section, we introduce the class of factorable strongly (p, o, ¢, v)-nuclear
homogeneous polynomials. The goal is to describe, in terms of summability, ho-
mogeneous polynomials whose linearizations are (p, o, ¢, v)-nuclear. This charac-
terization establishes a robust connection between the theory of (p, o, ¢, v)-nuclear
linear operators and non-linear factorable strongly (p,o,q,v)-nuclear homoge-
neous polynomials, marking a notable improvement over previous approaches.

Definition 4.1. Let P € P("X;Y), let 1 < p,¢g < o0 and 0 < 0,0 < 1
be such that 1_7" + I_T” = 1, and let m > 1. We say that P is factorable

strongly (p, o, q,v)-nuclear if there exists a constant C' > 0 such that for all
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ni,ne € Ny all (k)i cicpy1cpen, © Xo all (Up)1cpen, C Y7, and all scalars
1l <i<mng, 1<k<ng, wehave

ni

2

k=1

xzk >

1—0o

= P

-0 na o\ 1-¢
<C sup Z (Z |)\2‘ ||95zk||m)
i=1

¢eBpmx) \ 1—1

X0qu ((yZ)Zil) .

The class of all factorable strongly (p, o, ¢, v)-nuclear m-homogeneous polyno-

mials from X to Y is denoted by P  (™X;Y) and endowed with the norm
Fst

oy Siven by the infimum of all constants C' > 0 as above.

Zw (ik)

i=1

From the definition, the ensuing statements become readily apparent:

(1) If we set m = ny = 1, then we regain the class of (p, 0, ¢, v)-nuclear linear
operators Ny ». 4. (X1,Y).
(2) When o = v = 0, we obtain P, o v ("X;Y) = Pﬁ\, (mX;Y).

P
The following result justifies the introduction of factorable strongly (p, o, q, v)-
nuclear polynomials by establishing a direct connection with their linearizations.

Theorem 4.2. Let 1 < p,q < 0o and 0 < o,v < 1 be such that 1’7" + 1%“ =1,

let m>1, and let P € P (™X;Y). The following assertions are equivalent:
(i) P is factorable strongly (p, o, q,v)-nuclear.
(ii) Pr:®, X =Y is (p,a,q,v)-nuclear.

In this case, NJy (PL) = N3t ,(P).

P.0vq,V
Proof. (i) = (i1) Suppose that P is a factorable strongly (p, o, ¢, v)-nuclear poly-
nomial, and take (ug),<;c,, C ®™°X and (Y;),<p<,, C Y. Then, completing
the sum with zeros if necessary, there is a natural number ny so that we can write
each u; = Z?jl }cxlk ® -+ @ x;1 for some z;;, € X and scalars e, Let e > 0.
Choose representations of u; such that

n2

D I el ™ < o () + €.

i=1
Since P is factorable strongly (p, 0, ¢, v)-nuclear it follows that

ni

[(Pr (uk) s yi)|

k=1

k=1 |:=1
NFst (P)

p70q7
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_p
1—-0 na o l1—0o
(Z %] ||$i,k:”m>
=1

1—0o
p i=a

l1-0o s P
(s (ug) + e)”)

> Xo (i)

=1

dEBp(mx)

ni
X  sup Z
k=1

X Oq. ((YR)pt1)
<NFst (P)

p,o,q,v

Zw:czk

X sup
PEBp(mx) \ k=1

X Oq (i)t
— NFst (P)

p,o,q,V

P
ni ng 1-0o 1o P
X sup Z ( oL (Z )\%&Ui,k Q& xi,k) (7Ts (uk) + 6)0)

d’LEB(@;@SX)* k=1 i=1

X O (Yr)ls) -
Letting € tend to 0, we get
ni

> WP (w) )

k=1

< Npgw(P)  sup (Z(m ()" s (uk)")lp”) p
x)*

¢L€B(®m,s k=1

s

X(;qw ((?/Z)Z;) .

By the density of ®™*X in @X\)m’sX, we conclude that the operator Py, is (p, 0, q, v)-
nuclear and N7 (Pp) < lefrt% (P). .

(i1) = (i) Let us suppose that the linearization P, : ®, "X — Y is (p,0,q,v)-
nuclear. Take (xi,k)gigng@gkgm c X, (y}:)lgkgm C Y’f and scalars ()‘fc)gigng,gkgnl'
Ihen, for each 1 < k < ny the element v, = ijl WTik @ -+ @ 2, belongs to
R X,

Since P, : ® "X =Y is (p,0,q,v)-nuclear, we have

ni

2

k=1

mzk >

= ZI(PL (ur) » yg)|

< NJJ(Pr)  sup ( (|¢L(uzc)|l_g7rs(u;c)a)l_pa> p Oqu (Yi)ily)
)

d)LEB(@m,sX *

Ts

= N, (Pr)
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1-0o

P
n1 l1—0o 1-o

X sup Z

PLEB (Gmex) \ k=1

X 0q0 ((Wh)esr)
<Ny (Pr)

P
. ny 10 /ny o\ 7o\ P
x sp |5 ¢L(zxzxi,k®~~®xi,k) (Z|Aa|||xi,k||)
¢L€B(Am’sx)* k=1 i=1 i=1

3,

X 561,1/ ((92)21:1)

Tg (uk)g

n2
7 <Z MNiZifg @+ @ xlk)
=1

1—0o

i )\W (l“zk;)

1=

ni

p€Bpmx) \ k=1

l1—0o no . o ﬁ P
(zlmuuxi,kn ) )
X(Sq,u ((3/;):1:1) .

Hence P is factorable strongly (p, o, ¢, v)-nuclear and N}% (P) < N7¥(Pp). O

p7U’q7V

The following corollary directly follows from the former theorem.

Corollary 4.3. Let P € P(™X,Y). Then P is factorable strongly (p,o,q,v)-
nuclear if and only if there exist a (p, o, q, v)-nuclear operator u and a polynomial
Q such that P =wuo Q, that is, PLs v ("X;Y) = Nyogw o P ("X;Y).

p,0,q,v,N
The following result follows from combining Theorem 4.2 with [8, Proposition

3.7].

Proposition 4.4. The class of factorable strongly (p, o, q, v)-nuclear homogeneous
polynomials constitutes a Banach ideal of m-homogeneous polynomials.

Another consequence derived from Theorem 4.2 is the following outcome (in
the linear case, the same result is proven, as outlined in [13, Theorem 4]).

Corollary 4.5 (Factorization Theorem). Let X,Y be Banach spaces. Then
Pl v ("X;Y) =Dl oll,, 0P ("X;Y).

p,0,9,

Now, we aim to describe factorable strongly (p,o,q,v)-nuclearity through a
domination inequality.

Proposition 4.6. Given P € P("X;Y), let 1 < p,q < oo and 0 < o,v < 1 be
such that 1;% + l%q” =1, and let m > 1. Then P is factorable strongly (p,o,q,v)-
nuclear if and only if there are a constant C > 0 and reqular probability measures
p on Bpmxy and X on By« (both endowed with the weak star topology) such that
for all (z;),,.,, C X and y* € Y™, the following relation holds:

<l 1 ( (= xﬂ)g)lpaduw)

1—0c

P

:1 ¢ (%)

(2
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<\ S (e @Iy 1) ™ dAy™) | - @

By**

Moreover, NI'st (P)=inf{C > 0: C satisfies the inequality (4.1) }.

p7o-7q7l/

Proof. By Theorem 4.2, P is factorable strongly (p, o, ¢, v)-nuclear if and only if
its linearization Pr: @Z:’SX — Y is (p,0,q,v)-nuclear. In this case Nggij’y(P) =
NZ¥(Pr). By the Pietsch domination theorem [13, Theorem 4 (iii)], there are

C > 0 and regular probability measures p on B(@m,s x)’ and A on By« such that

for all u € @Z?SX and y* € Y*, we have

(Pe(u).y)| < C / (6n ()] 70 (u)") 7 dpu(0)
B(®;,?SX)*

([ et W) ae) T a

Moreover, N7v (Pr) is the infimum of the constants C. Let (z;),,., in X.
Applying (4.2) to the tensor u =3 " z; ® --- ® x;, we get

n n 1—0o n o % I_TU
S Py < x| ( b (@) (z|\xi|rm)> au(9)
i=1 Bpmx) \l#=1 =1
x Bf (I ) Ny ") = dA(y™)
]

Now, in the upcoming proposition, we establish a connection between the class
of factorable strongly (p, o, ¢, v)-nuclear polynomials and that of strongly (¢*, v)-
continuous polynomials.

Proposition 4.7. Consider 1 < p,q < oo and 0 < o,v < 1 be such that 1_7" +
1%” =1, and let m > 1. We then have PIs (mX;Y) C Pq”* (mX;Y).

p’U?q7V?N

Moreover, di.(P) < Nfst (P) such that P € PFst  \("X;Y).

P,0,q,V p,0,q,V,N

Proof. Suppose that P is a factorable strongly (p, o, ¢, v)-nuclear polynomial. Ac-
cording to Theorem 4.2, it follows that this is equivalent to Pj, being (p, o, q,v)-
nuclear. Additionally, applying [7, Theorem 2 (i)] in the linear case, we deduce
that Py, is strongly (¢*,v)-continuous. Finally, Proposition 3.5 gives the result,

additionally, d.(p) < N[5 ,(p). O

p,o,q,v

In the next theorem, we characterize the adjoint operator for the class of fac-
torable strongly (p, o, ¢, v)-nuclear m-homogeneous polynomials.
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Theorem 4.8. Let1 < p,q < oo and0 < o,v < 1 be such that I_T"—l-l%” =1, and

let m > 1. A polynomial P € P (™X;Y) is factorable strongly (p,o,q,v)-nuclear

if and only if the adjoint operator P* :Y* — P (" X) is (q,v, p,o)-nuclear.
Moreover, NF3' (P) = N7 (P*).

p,0,q,V

Proof. Assume first that P : X — Y is factorable strongly (p,o,q,v)-nuclear.
By Theorem 4.2 its linearization Py, : @Z’SX — Y is (p,0,q,v)nuclear. By
[13, Theorem 5] its adjoint P; : Y* — (@,rmsX)* is a (g, v, p,o)-nuclear opera-
tor. Consider the isometric isomorphism A,, : P ("X) — (@Z”X )* given by
A, (P) = Pr. Since P = Py, 04,,, by duality we get P* = ¢}, 0 P} = At o P;.
The ideal property ensures that P* is (g, v, p, o)-nuclear.

Conversely, assume that P* is (¢, v, p, o)-nuclear. Then the equality P} = A,, 0
P* and the ideal property gives that P; is (¢, v, p, o)-nuclear. Again, [13, Theorem
5] gives that Py, is (p, 0, q, v)-nuclear, and by Theorem 4.2 we conclude that P is

factorable strongly (p, o, ¢, v)-nuclear. Furthermore, NJ3 (P) = Ny 7(P*). O

Corollary 4.9. Let1 < p,q < 0o and0 < g,v < 1 be such that %+% =1, and
let m > 1. A polynomial P € P (™X;Y) is factorable strongly (p,o,q,v)-nuclear
if and only if the linear operator P** : P (™X)" — Y** is (p,0,q,v)-nuclear. In
this case, Nf3' (P) = NJ¥(P*).

p,0,q,V

In [7, Corollary 4] the authors proved that the (p, o, ¢, v)-nuclear operators can
be described in terms of a suitable tensor product. That is,

'/\/‘p,O',q,U<X7 Y) = (X ®g(o’,u) Y*) 9 (4.3)

(p,q)

(o)

where Yipa)

(.) is a reasonable cross norm on X ® Y defined by

G (1) = Inf {80 ((@)1=y) 04 (0i)i=y)}
the infimum being taken over all representations of u =" ;@ y; € X ® Y.

From Theorem 4.2 and the isometric isomorphism (4.3) we extend this to m-
homogeneous factorable strongly (p, o, ¢, v)-nuclear polynomials.

Corollary 4.10. The spaces PLst ("X;Y) and (@Z’SX ® (o) Y*) are 150-

D,0,q,V,N
(p,a)

metrically isomorphic.

Acknowledgement. The authors express profound gratitude to Pilar Rueda
for her invaluable contributions and enlightening discussions, which greatly en-
hanced the quality of this article. They also thank the referee for her/his impor-
tant suggestions that helped to improve the paper. All the authors acknowledge
with thanks the support of the General Direction of Scientific Research and Tech-
nological Development (DGRSDT), Algeria.

REFERENCES

1. D. Achour, A. Alouani, P. Rueda and K. Saadi, Factorable strongly p-nuclear m-
homogeneous polynomials, Rev. R. Acad. Cienc. Exactas Fis. Nat. Ser. A Mat. 113 (2019),
no. 2, 969-986.



272

2.

3.

4.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

O. DJERIBIA, A. BELACEL, A. BOUGOUTAIA

D. Achour, A. Alouani, P. Rueda and E.A. Sanchez Pérez, Tensor characterizations of
summing polynomials, Mediterr. J. Math. 15 (2018), no. 3, Paper No. 127, 12 pp.

D. Achour, E. Dahia, P. Rueda and E.A. Sanchez Pérez, Factorization of absolutely con-
tinuous polynomials, J. Math. Anal. Appl. 405 (2013), no. 1, 259-270.

D. Achour, E. Dahia, P. Rueda and E.A. Sénchez Pérez, Factorization of strongly (p,o)-
continuous multilinear operators, Linear and Multilinear Algebra 62 (2014), no. 12, 1649—
1670.

D. Achour, P. Rueda and R. Yahi, (p, o)-absolutely Lipschitz operators, Ann. Funct. Anal.
8 (2017), no. 1, 38-50.

D. Achour and K. Saadi, A polynomial characterization of Hilbert spaces, Collect. Math.
61 (2010), no. 3, 291-301.

A. Belacel, A. Bougoutaia, A. Macedo and P. Rueda, Intermediate classes of nuclear mul-
tilinear operators, Bull. Braz. Math. Soc. (N.S.) 54 (2023), no. 4, Paper No. 51, 19 pp.

G. Botelho, D. Pellegrino and P. Rueda, On composition ideals of multilinear mappings and
homogeneous polynomials, Publ. Res. Inst. Math. Sci. 43 (2007), no. 4, 1139-1155.

A. Bougoutaia, A. Belacel, O. Djeribia and A. Jiménez-Vargas, (p,o)-absolute continuity
of Bloch maps, Banach J. Math. Anal. 18 (2024), no. 2, Paper No. 29, 25 pp.

E. Caligkan and D. Pellegrino, On the multilinear generalizations of the concept of absolutely
summing operators, Rocky Mt. J. Math. 37 (2007), no. 4, 1137-1154.

J.S. Cohen, Absolutely p-summing, p-nuclear operators and their conjugates, Math. Ann.
201 (1973), no. 3, 177-200.

E. Dahia, D. Achour and E.A. Sanchez Pérez, Absolutely continuous multilinear operators,
J. Math. Anal. Appl. 397 (2013), no. 1, 205-224.

E. Dahia, R. Soualmia and D. Achour, Banach space of strongly (p, q, o)-summable sequences
and applications, Rend. Circ. Mat. Palermo, II. Ser. 71 (2022), no. 2, 793-806.

V. Dimant, Strongly p-summing multilinear operators, J. Math. Anal. Appl. 278 (2003),
no. 1, 182-193.

H. Jarchow and U. Matter, Interpolative construction for operator ideals, Note Mat. 8
(1988), no. 1, 45-56.

J. A. Lépez Molina and E.A. Sanchez Pérez, Ideals of absolutely continuous operators, Rev.
R. Acad. Cienc. Exactas Fis. Nat. Madr. 87 (1993), no. 2-3, 349-378.

U. Matter, Absolute continuous operators and super-reflexivity, Math. Nachr. 130 (1987),
no. 1, 193-216.

J. Mujica, Complex analysis in Banach spaces, Dover Publications, New York, 2010.

D. Pellegrino, P. Rueda and E.A. Sanchez Pérez, Surveying the spirit of absolute summability
on multilinear operators and homogeneous polynomials, Rev. R. Acad. Cienc. Exactas Fis.
Nat. Ser. A Mat. 110 (2016), no. 1, 285-302.

D. Pellegrino, J. Santos and J. Seoane-Sepulveda, Some techniques on nonlinear analysis
and applications, Adv. Math. 229 (2012), no. 2, 1235-1265.

A. Pietsch, Ideals of multilinear functionals (designs of a theory), Proc. Second Int. Conf.
on Operator Algebras, Ideals and Their Appl. in Theor. Phys. Teubner-Texte Math. 67
(1984), 185-199.

P. Rueda and E.A. Sdnchez Pérez, Factorization of p-dominated polynomials through LP
-spaces, Mich. Math. J. 63 (2014), no. 2, 345-353.

A. Ryan, Applications of topological tensor products to infinite dimensional holomorphy,
Ph. D. Thesis, Trinity College, Dublin, 1980.

! LABORATORY OF PURE AND APPLIED MATHEMATICS (LPAM), AMAR TELIDJI UNI-
VERSITY OF LAGHOUAT, LAGHOUAT, ALGERIA.

Email address: o.djeribia.math@lagh-univ.dz; a.belacel@lagh-univ.dz;
a.bougoutaia@lagh-univ.dz



	1. Introduction
	2. Notation and background
	3. Strongly (p,)-continuous m-homogeneous polynomials
	4. Factorable strongly (p,,q,)-nuclear m-homogeneous polynomials
	References

