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ABSTRACT. The aim of this present investigation is establishing Minkowski
fractional integral inequalities and certain other fractional integral inequalities
by employing the constant proportional fractional integral operator. The in-
equalities presented in this paper are more general than the existing classical
inequalities cited.

1. INTRODUCTION

The concept of classical calculus of derivatives and integrals for integer orders
is recently extended to be fractional calculus, which is a generalized form of classi-
cal integrals and derivatives in case of non-integer order. In last few decades, the
fractional calculus theory receives more attention due to significant applications
in various fields, such as computer networking, biology, physics, fluid dynamics,
signal processing, image processing, control theory, and other fields; see, for ex-
ample, [7, 10, 13, 11, 36, 40]. Because of the importance of fractional calculus,
many researchers have shown their intense interest in this see [5, 12, 17]. One
of the widespread approaches among authors is the use of fractional integrals
and derivatives operators. As a consequence, many different kinds of fractional
integrals and derivatives have been realized, such as the Riemann—Liouville, con-
formable, Weyl types, Liouville, Saigo, Hadamard, Katugampola, and some other
types can be found in Kilbas, Srivastava, and Trujillo [21].
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Integral inequalities have potential application in several areas of science: Tech-
nology, mathematics, chemistry, among others; especially, we point out initial
value problems, the stability of linear transformation, integral differential equa-
tions, and impulse equations [14, 22, 23, 24, 25, 26, 28, 29]. Variants regard-
ing fractional integral operators are of use in significant strategies amongst re-
searchers and accumulate fertile functional applications in various areas of science;
see [1, 2, 18, 19, 20, 31, 34]. On account of their potential results to be utilized
for the presence of nontrivial and positive solutions of a distinct kind of fractional
differential equations, our findings concerning fractional integrals are appreciable
and essential.

In classical integral and differential equations, mathematical inequalities play
a very dependable role and in the past several years, a number of useful and
important mathematical inequalities invented by many authors. Inequalities,
which involves fractional integrals and derivatives, are crucial in the study of a
number of differential and integral equations, among which we mention [3, 4, 33,
39]. One of the most renowned and important integral inequality is given by
Hermann Minkowski, which states that, for [ > 1, if

d d
O</ nh(2)dz < 0o and O</ % (2)dzoo,

(i) <([400) )

In the last few decades, this inequality has received considerable attention
from many authors, and several articles have appeared in the literature. In
2006, Bougofa [8] presented an integral inequality concerning some reverse of
Minkowski’s inequality. In 2010, Dahmani [9] gave the reverse Minkowski and
Hermite-Hadamard inequalities by mean of Riemann-Liouville fractional inte-
gral. In 2010, Set, Ozdemir, and Dragomir [30] studied the inequalities of reverse
Minkowski and Hermite-Hadamard involving two functions using the classical
Riemann integral. In 2013, Chinchane and Pachpatte [15] and Taf and Brahim
[37], established the reverse Minkowski’s inequality via Saigo and the Hadamard
fractional integral, respectively. In 2018 , da Vanterler, Sousa, and Capelas de
Oliveira [16] presented the reverse Minkowski inequalities and some other re-
lated inequalities by mean of Katugampola fractional integral. In 2019, Rahman
et al. [27] employed the generalized proportional fractional integral operators
to establish the reverse Minkowski’s inequality and other fractional inequalities.
Very recently, in 2020, Set and Ozdemir [32] presented the reverse Minkowski in-
equalities and some other related inequalities associated with mixed conformable
fractional integral. More survey of some of the earlier and recent developments
related to the inequality mentioned above can be found in [15, 27, 35, 38].

Motivated by the above mentioned background, our purpose in this paper is
to use constant proportional fractional integral operator which is the classical
Riemann-Liouville fractional integral of any function with respect to another
function to establish and investigate some new fractional integral inequalities of

then
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Minkowski’s type. Moreover, we establish some new fractional inequalities related
to reverse Minkowski’s inequality via constant proportional fractional integral
operator.

The article is organized as follows: In section 2, we recollect some notations,
definitions, results and preliminary facts, which are used throughout this paper.
In section 3, we give our main results of reverse Minkowski’s inequality. In section
4, we present some other related results involving constant proportional fractional
integral operator.

2. PRELIMINARIES

Now, in this section, we give some basic definitions and properties of fractional
integrals used to obtain and discuss our new results.

Definition 2.1. Let n € L[a, b]. The Riemann-Liouville fractional integrals J¢, n
and J{' n of order a > 0 with @ > 0 are defined by

mew:§5/7m4wﬂww,x>m

and
1

b
mmwzﬁg/a—@“Wm@ r<b,

respectively, where (o) = [° e *u®"'du. Here is J9, n(z) = J)_n(z) = n(x).

Dahmani [9] used the Riemann-Liouville fractional integrals to prove the fol-
lowing reverse Minkowski inequalities.

Theorem 2.2. [9] Let o > 0, let p > 1, and let ny,my be two positive functions
on [0,00), such that for all t > 0, J*n{(t) < oo and J*n5(t) < co. If0 < ¢ <

L <, 7 e[0,t], then

< 1+ (¢ +2)
T W+ +1)
Theorem 2.3. [9] Let a > 0, let p > 1, and let ny,m2 be two positive functions on
0, 00), such that for allt > 0, J*n7(t) < oo, Jonh(t) < oco. If 0 < < Z;—Eg <,
T € [0,t], then

W%@ﬁ+W%@ﬁz(

3 =
SEE
Q=

[Jom ()] + I (1))

[J% (1 +m2)P ()]

WD o) o) e

In [6], the following proportional derivative operator was defined:

"Daf(t) = Ki(a,t) f(t) + Ko(a, t) (1),

where K; and K, are functions of a € [0,1] and ¢ € R satisfying certain con-
ditions, and where f is a differentiable function of ¢ € R. This operator arises
naturally in control theory, and it relates to the large and expanding theory of
conformable derivatives.
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Furthermore, we recall from [] the following general non-fractional differential
operator, which has been called “proportional” or “conformable”:

PDaf<t) = Kl(c“7t)f(t) + KO(O‘7t)f/<t>7

where Ky and K; are functions of the variable ¢t and the parameter « € [0, 1],
which satisfy the following conditions for all ¢ € R:

lim Ko(a,t) =0; lim Ko(a,t) =1; Ko(a,t) #0, a € (0,1]; (2.1)
a—0t a—1~
lim Ki(a,t) =1; lim Ki(a,t) =0; Ki(a,t) #0, a€]0,1). (2.2)
a—0t a—1-

This can be seen as a generalization of the standard differentiation operator
Df(t) = f'(t), depending on an arbitrary parameter «, which is useful in control
theory [6].

We shall also be interested in the particular case where the functions K, and
K are constant with respect to t, depending only on «. Let us denote this case
by CP for “constant proportional”:

PDof(t) = Ki(a) f(t) + Ko(a) f'(1).
Lemma 2.4. [6] The inverse of the proportional derivative operator ' D,, is given

by
iz o[- [ s

and this satisfies the following inversion relations:

PDLPTL () = f(t), TI.TDaf(t) — exp (— %d) f(a).

Particularly, for the constant-coefficient operator “ZD,, the integral formula

L0 = 1y [ o [ e ) (23)

and the inversion relations are

DL = 0, D) = £ -ew (N @) fla)

Note that, if f(a) = 0, then the operators ¥ D,, 7, and “*D,, “°T, form
pairs of two-sided inverses to each other.

3. REVERSE MINKOWSKI INEQUALITY INVOLVING CONSTANT PROPORTIONAL
FRACTIONAL INTEGRAL OPERATORS

In this section, we use the constant proportional fractional integral operator to
develop reverse Minkowski integral inequalities.
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Theorem 3.1. Let « € [0,1], let p > 1, and let n1,m2 be two positive functions
n [0,00), such that for allt > 0, “PZn(t) < oo and “FPI,nh(t) < oo. If
0 < <O <y for forallTe [0,t], then the following inequality holds:

n2(7)
(PLARW) + (CT0) < (T mP0) (31)
with ror — U(p+1)+ T +1
T+ T+
Proof. Using the condition Z E ; U, 7 €[0,t], t >0, we can write
(W + 107 (7) < WP(m(7) + 1m2(7))". (3.2)
1(a)

1
Multiplying by Ko@) exp [ Kola )(t - )} both sides of (3.2) and integrating

with respect to the variable 7, we have

T o [
()

pP /t [ Ki(a ]
< exp | — t—7 + n9)P(7)dT, 3.3
KU(CY) 0 P Ko(Oé)( ) (771 772) ( ) ( )
which can be written as
P
CcP Y4 < CP p
TR < gy Tl + 0. (3.4)
Consequently, we can write
1 Y 1
(“TZanf(1)” < ] (“PZalm +m2)P (1)) (3.5)
On the other hand, as ¥ (1) < ny(7), we have
1\? 1\?
(1+3) B = (3) o)+ mioy (36

Kola) > _M -7 oth sides o an
Ko() p[ Ko(a)(t )}bth des of (3.6) and

integrating with respect to the variable 7, we have

Furthermore, multiplying by

1 1 1
PLh) < —— (P, 2 :
(Lt ))7 < g (T Zalm 4 )" (0) " (3.7)
Adding the inequalities (3.5) and (3.7), we obtain the inequality (3.1). O]

Eq. (3.1) is the so-called reverse Minkowski’s inequality associated with the
constant proportional fractional integral.

Theorem 3.2. Let « € [0,1], let p > 1, and let n1,m2 be two positive functions
n [0,00), such that for allt > 0, “PZ,n}(t) < oo and “FInh(t) < oco. If
0<y < Z;—Eg <, for for all T €[0,t], then

(CPLl () + (CPTanb(1)) > ra (CPLaf ()7 (CPTanf(1))

hSAl

(3.8)
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(U +1)(¢+1)
v
Proof. Carrying out the product between (3.5) and (3.7), we have

(‘If + 1zp(w + 1) (CPIan;gl?(t))% (CPIaﬂg(t))% < (CPIa(nl -+ nz)p(t))% . (39)

Using the Minkowski’s inequality, on the right side of (3.9), we have
(\Ij + 1)(¢ + 1) 1 1 1 1y 2
o (P )7 (PTanp(0)” < ((TLaf(0)” + (CLab0)”)
10)

with ke = — 2.

So, from (3.10), we conclude that
U+1)(y+1 1 1 2 2
(B —2) (P Laf)? (PTag0)F < (PTaf(0)F + (P L)
0J

4. OTHER RELATED INEQUALITIES VIA CONSTANT PROPORTIONAL
FRACTIONAL INTEGRAL OPERATOR

This section is devoted to deriving certain related inequalities involving con-
stant proportional fractional integral operator.

Theorem 4.1. Let o € [0,1], let p > 1, let i —i—% =1, and let ny,my be two
positive functions on [0,00), such that “FZ,n(t) < co and “FT(t) < co. If

0<y < Z;—Eg <, for for all T € [0,t], then the following inequality holds:

L)} (o) < (§) g (mtordo). @

(G
Proof. Using the condition Z;E:; < W, 7 €0,t] with t > 0, we have
1 )1
m(r) < Wip(r) = n3 (1) = U anf (7). (4.2)
1
Multiplying by n{ (7) both sides of (4.2), we can rewrite it as follows:
1 1 .
nf (7)1 (1) 2 U am(7). (4.3)

Now, multiplying by exp {— K@) (t — 7)] both sides of (4.3) and inte-

K()(Oé) Ko(Oé)

grating with respect to the variable 7, we have

1
U g /t { Ki(a) ]

exp |— t—1 T)dT

Kofa) Jo O | Kot )

1 ¢ |: K1<04) 1 1 1
< exp |— t—71) | ni(T)ns (T)dT. 4.4
< g | o |t =) i ) (4.4

So, the inequality follows

U (L)} < (T 0k 0) (4.5)
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On the other hand, we have
1 1
Vg (1) < mf (), ¢ > 0. (4.6)

Multiplying by 14 (7) both sides of (4.6) and using the relation % + % =1, we
have

) 1 1
vrma(T) < i (7)ns (7). (4.7)

K
Multiplying by Ko@) exp [— K;EZ% (t — 7'):| both sides of (4.7) and integrating

with respect to the variable 7, we have

U (CPLa(t)+ < (CPI (o (Ond <t>>) g (4

Evaluating the product between (4.5) and (4.8) and using the relation %—i— é =1,
we conclude that

(P Tam (1) (PTan(t)) 7 < (%) (CPI (n? (t)ng <t>>);.

Q=

O

Theorem 4.2. Let o € [0,1], let p > 1, let % —1—% =1, and let ny,me be two
positive functions on [0,00), such that “TL,n(t) < oo and “FIn5(t) < co. If

0<y < :’llgT < W, for for all T € 0,t], then the following inequality holds:

PLam(Oma(t) < ks (CLa(ff +05)(1) + ke (TTZa(nf +n3)(1)) (4.9)
2p—Lyp 2¢-1
1y T
Proof. Using the hypothesis, we have the following identity:
(W +1)"n7 () < WP(m + n2)? (7). (4.10)
1 (o
Ko(a) [ Ko(a

with respect to the variable 7, we get

g
(xp+1 { K
-

with k3 =

Multiplying by —— ;( )} both sides of (4.10) and integrating

2

(¢~ 7| it

S %

(¢= )| on + w1
In this way, we have

PLR@) < ESD

On the other hand, as 0 < ) < Z;Eg, 7 € (0,t), we have

(¥ + 1)Ing(7) < (m +n2)*(7). (4.12)

PLa(m +m)(t). (4.11)
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Kl(Od) ] . .
t — 7)| both sides of (4.12) and in-
=) (112)

tegrating with respect to the variable 7, we get

L0 < gy Talm o+ m)(0), (1.13)

Considering Young’s inequality, [23]

1
Again, multiplying by m exp [—
o\

+ : (4.14)

1(a)

1
multiplying by ——— ) exp [ (a)( )} both sides of (4.14) and integrating

with respect to the variable 7, we have

1 1
op I (771772 (CPI ) + a (CPIang(t)) . (415)
Thus, using (4.11), (4.13) and (4.15), we get
1 1
PLy(mm)(t) < 5(0131 m(t) + = . (“PZan3 (1))
S o (CPT 4 ) (0)
— p(¥+ 1) “
1 cP
+— Zo(m +n2)4(t)) . 4.16
e Tt wr0). )
Using the following inequality, (a + b)" < 2P~ 1(a" +b"), 7 > 1, a,b > 0, we get
PLalm +m)(t) < 27 L0 +mh) (1) (4.17)
and
PLa(m +m2)(t) < 2771 PL(nf +03)(1). (4.18)
Thus, replacing (4.17) and (4.18) at (4.16), we conclude that
2p—Lyp 201

OPL(mme)(t) < (PLa(f +5)(1)) + (“PZa(ni +n3)(1)) -

O

p(¥ +1)P q(ip+1)a

Theorem 4.3. Let o € [0, 1], let p > 1, and let ny, 1y be two positive functions on
[0,00), such that “TTn}(t) < oo and “TImh(t) < oco. If 0 <c<th < Z;—Eg <V,
for for all T € [0,t], then the following inequality holds:

b L) — @) < (CPTaf0)F + (CTTab(o)?
< L) - en ) - (419

Proof. By the hypothesis 0 < ¢ < ¥ < ¥, so
Ye<Ve= e+ <tpe+ V¥ < Ve+ V= (V+1)(¢p—c) < (p+1)(V—c).
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Thus, we conclude that
v+1 < v+1

U—c ¢Yp—c

Also, we have

N 172(7) B “
which implies
(m(7) —em(D)? _ (m (1) — emp(7))P
Ty S (7)< o (4.20)
Again, we have
1 _mp(r) 1 _ Y—c_m()—cplr) V-c
TS S0 @ S enn) S e
which implies
(22) ) = em@r <at < (52,) () = ey a2

Multiplying by

K
Ko(a) exp [— K;EZ; (t — 7)} both sides of (4.20) and integrating

with respect to the variable 7, we have

(U — c)lpKo(a) /Ot exp [_ 2%25 (t— T)} (m(7) — ena(7))Pdr

i o0 [t o

<

1 t _Kl(a) -7 T) — eno(T))Pdr
< i | oo || ) - emtrypar
In this way, we obtain

T (PL(m () — (1))

SIS
AN
—
Q
|
N
=
N
—~
~
~—
~—
S =

<
<
Realizing the same procedure as in (4.21), we have

T (L)~ en0)) < (L)’

IA

Adding (4.22) and (4.23), we conclude that

YL L0~ em(®)P)F < (PLaED) + (PLaog)?
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Theorem 4.4. Let o € [0,1], let p > 1, and let n1,m2 be two positive functions
on [0,00), such that “PT,nl(t) < oo and “FInh(t) < oco. If 0 <a <m(1) < A
and 0 < b < (1) < B for for all T € [0,t], then the following inequality holds:

(Lo ()" + (“TLam (1) " < s (T Lalm +m2)" (1)) 7 (4.24)
. _ A(a+B)+B(A+0b)
W s = T A B (a+ B)
Proof. By hypothesis, it follows that
1 1 1
— < Z .
B O (4.25)
Realizing the product between (4.25) and 0 < a < (1) < A, we have
a _m(r) A
Z < < 4.26
B mp(r) T b (426
From (4.26), we get
B p
#0 < (775) 0+ moy (1.27)
and
A p
0 < (555) O+ mr)P (429

1 Kl (CY) . . .
Ko@) exp [— Ko(a) (t — 7')} both sides of (4.27) and integrating

with respect to the variable 7, we have

i, o [t o

= <a fs)p Kol(a) /Ot eXp {_ 28 (t - T)] (m(7) + na(7))Pdr.

Thus, it follows that

B

3=

(PLABO) < e (CPTa( + ) (0) (4.29)
Similarly, we perform the calculations for (4.28), we get
cp N A o :
Z Pl — T t))r 4.30
( mU)_b+A( (m +m)P(t)) 7. (4.30)

Adding (4.29) and (4.30), we conclude that

A(a+ B) + B(b+ A)
(a+ B)(b+ A)

3=

(CPLl ()" + (CPTanb(1))” < (CP T (m +m)P(2)) 7.
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Theorem 4.5. Let « € [0,1], let p > 1, and let n1,m2 be two positive functions
on [0,00), such that “TI,n{(t) < oo and “FInh(t) < oco. If 0 < 9p < m T) <,
for for all T € [0,t], then

1

5 (TTan(Om(0) < 1

(CPIa(m +1m2)%(t)) < " (CPI m(t)na(t)) -
(4.31)

1
(Y+1)(v+1)

Proof. Being 0 < 1) < Z; < U, we have

m2(T) (¥ + 1) < na(7) + 1 (1) < () (W + 1), (4.32)

Also, it follows that ¢ < Z?Eg <1 +» Which implies

) (o) mnem@ <) (). @
Evaluating the product between (4.32) and (4.33), we have
m(T)na(r) _ (m2(7) +m(r)* _ m(m)na(7) (4.34)

voooT @+ @+y) T 9
Kl(O./)

K()(Oé) |: KQ(O[)
with respect to the variable 7, we have

\I/Kt(a) /Ot xp {— Z]EZ; (t— 7)} 1 (T)ne(7)dT

1 ' Kl(a) 2
< G T, o TR ) o) o

/ot o |~ o)~ ) mirmtrlie

Multiplying by (t — 7')} both sides of (4.34) and integrating

1
<
~ YKo(a)
Thus, we conclude that

1

7 (TZam(Ome(t)) < (V" Zam (Dma(t)) -

OJ

: P 2 1
(+ 1) (T + 1) (“PZa(m +m2)*(t)) < ;

Theorem 4.6. Let « € [0,1], let p > 1, and let n1,m2 be two positive functz’ons
on [0,00), such that “PZ,ni(t) < oo and “FZ,nh(t) < oo. If 0 <¢p < 771( ; <,
for for all T € [0,t], then the following inequality holds:

(PLR)” + (TLang®)” <2 (TLanf (e ()"
where n3(n1 (1), m2(7)) = max {\If [(% + 1> m(r) — \11772(7)} ’ (\I/+¢)7721(pr)—m(r) }

Proof. From the hypothesis 0 < 1) < Z;—E:; < W, for all 7 € [0,t], we have

3 =

0<¢gw+¢—$g§ (4.35)
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and

~—

m (T

VY m

<. (4.36)

3

Thus, using (4.35) and (4.36), we get

772<7_> < (‘II + W%;;’) — T (T)

where 75 (1 (7), 72(7)) = masc { W [ (£ 4+ 1) iy (7) = Wip(r) |, LreD=nO .
ing the hypothesis, it follows that 0 < % <

< n3(m(7),m2(7)), (4.37)

Z"l’ET) < 1. In this way, we obtain

0=y
1 _1 1 )
T < 7 + 2 me) (4.38)
and L " 1
TN Ty 439
Then, from (4.38) and (4.39), we have
1 (Er)ne -
v m(r) G
which can be rewritten as
() < (54 g ) mle) - wn)
(W )(1) — UPny(7)
— T
= (E_’_l) (1) — Uny(T)
= » m 2
= U {(% + 1) m(r) — \11772(7)]
< n3(m(7), (7). (4.40)
Thus, using (4.37) and (4.40), we can write
m (1) < ms(m(7),me(7)) (4.41)
and
(1) < n5(m(7), (7). (4.42)
Multiplying by %@ exp {— Ifégz; (t — 7')] both sides of (4.41) and integrating

with respect to the variable 7, we have
1 t Ky («) }
exp |— t—7)| n(r)dr
o [ e |- e ]
1

Bb(a)]ﬁaaq){‘?;(a)““7?}n§0h(7%7h(7»d7-
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In this way, we obtain

(“CZar (1) 7 < (“TZan (ma(t), m2(1))) (4.43)
Using the same procedure as above, for (4.42), we have
1 1
(“PZamy (1) < (“TZani (m (1), ma())) 7 - (4.44)

Thus, using (4.43) and (4.44), we conclude that

D=

(CPIanjlj(t))% + (CPIan;S(t))% <2 (CPIang(m (t), 772(t)))
Il
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