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ABSTRACT. In this paper, we study the existence results for a parabolic prob-
lem of the following form:

Qu 4 (—A)u=f inQx/(0,T),
u=0 in (R™\Q) x (0,7),
u(z,0) = uo(x) in €,

where Q@ C R", and (—A); is the fractional p-Laplacian. Under appropriate

assumptions concerning the main functions, the existence of weak solutions is
obtained by applying the Galerkin method combined with the theory of Young
measures.

1. INTRODUCTION

The study of fractional Laplacian and nonlocal operators has received a lot of
interest in recent years. This kind of operator arises in various applications such
as population dynamics, continuum mechanics, image process, phase transition
phenomena, Lévy processes, and game theory [4, 9, 10, 11, 22]. For this reason,
it is particularly important to study equations where such nonlocal operators are
involved. When the fractional p-Laplacian is concerned, the elliptic and parabolic
cases have been actively studied in [15, 24, 25, 19, 27, 29] and many others.
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In this paper, we take into account the following parabolic problem:

u (—A)pu=[f inQr,

u=>0 in (R"\Q) x (0,7, (1.1)
u(z,0) = ug(x) in
where €2 is a bounded open domain of R", T > 0 is constant, Qr = ) X

- and LP(0,T;Wy) is a dual space
of LP(0,T;W,), in which Wy will be introduced in Section 2. The fractional
p-Laplacian operator (—A) u is defined as follows:

Ju(a.t) — uly. )P 2(ul.t) - u(y.0)
o =y

/ . * /I _ P
(OaT)a f belongs to L? (O7Ta WO)7 p = p—

(=A)u(z,t) = PV

Rn

dy, x€R",

where P.V, which stands for “in the principal value sense”, is a frequently used
abbreviation; for more information on these operators, see [9].

There are a large number of references in the literature studying problem (1.1)
where the second member belongs to different spaces. Among all of them, the
authors in [2] proved the existence of weak solutions if (f,ug) € L' (Qr) x LY(Q),
and has a nonnegative entropy solution if f and ug are nonnegative. Abdellaoui [1]
proved the asymptotic behavior result of entropy solutions when the right-hand
side does not depend on time.

When p = 2, several authors have studied the elliptic and parabolic cases: For
the elliptic case, see [3, 16]; for the parabolic case, the authors in [18] studied the
existence of solutions to problem same to (1.1), using duality and approximation
arguments.

In [21], for p # 2 and f = 0, the authors obtained the existence and uniqueness
of strong solutions for all uy € L?(2) and also studied the asymptotic behavior
of these solutions as ¢ tends to co. We also refer to [28] for more details.

The idea of studying the fractional problem (1.1) inspired in the classical case,

% —divo(z,t,u, Du) + g(z,t,u, Du) = f, (1.2)
where the source term f is assumed to belong to L¥' (O, T, W‘Lp'(Q; Rm)) The
problem (1.2) has been studied in [6]. The authors obtained the existence of a
weak solution using the theory of Young measures. In the theory of nonlinear
partial differential equations and in the calculus of variations, Young measures
have recently become an increasingly important tool to establish the existence
of solutions; see [13, 26] for more information on this theory. To the best of our
knowledge, the parabolic problem (1.1) has never been studied by the theory of
Young measures. We suggest readers to consult [5, 6, 7], which have been applied
to some elliptic and parabolic problems. Balaadich and Azroul [8] proved the
existence of weak solutions to the problem of the form (—A)su = f(z,u) equipped
with a Dirichlet boundary condition. They used the Galerkin approximation and
Young measures to get the needed result.

Motivated by all of the results above, especially the elliptical case in [8], we
will investigate the existence of weak solutions to the parabolic problem (1.1) by
using the theory of Young measures and the Galerkin approximation.



ON THE FRACTIONAL P-LAPLACIAN PROBLEM 339

This article is organized into three sections. In section 2, we give some back-
ground information on fractional Sobolev spaces and a review of the theory of the
Young measures. The last section is devoted to the Galerkin approximation and
necessary a priori estimates, and we finish by passing to the limit and proving
the main results.

2. PRELIMINARIES AND NOTATIONS

In this part, we present some notations, definitions, and properties of functional
spaces, which will be used in what follows.

Let s, p be two real numbers such that 0 < s < 1 and 1 < p < co. We define
pi the fractional critical exponent as follows:

. o if ps > n,

Ps = {np/(n —ps) if ps < n.
Let © be an open set in R" let Qq = (R™ x R™)\(R"\Q x R"\Q), and let
Qr = Q2 x (0,7) for all 7 € (0,7T]. It is clear that Q x € is strictly contained in
Qq. Also, W is a linear space of Lebesgue measurable functions from R" to R™

that satisfies two conditions: Their restriction on 2 belongs to LP(; R™) and
they satisfy the following inequality'

u(y)|P
7 dudx <
I, et < oo

In this context, W has a norm defined as follows:

)|p %
= P(QR™) —————dyd .
lullw = llullr @ (//QQ ,m_y,mps 5'7

Moreover, there exists a closed linear subspace of W denoted by Wy, consisting
of the elements u of W that satisfy the following condition

u = 0 almost everywhere in R™\(.

In the subspace Wy, a norm can also be defined as follows:

al
l|ullw, = (//Q |x— |n+ps ————————dydx | .

It is well known that the pair (Wo, || - ||w,) is a uniformly convex reflexive Banach
space (see [30]).

In what follows, let 2 < p < 2 and let Cj, ¢« = 1,2,... be positive constants
that vary from line to line and are independent of the terms involved in any limit
process. We note the following functional space L”(0,T; Wj), is a Banach space
endowed with the norm

1
T P
| Lo 0,m0) = (/ ||U||%/0dt>
0

Lemma 2.1. [11] C§° (;R™) is a space of infinitely differentiable functions with
compact support on  which is dense in Wy.
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Lemma 2.2. [20] The following embedding Wy — L (Q; R™) is compact for all
0 € [1,p%) and continuous for all 6 € [1, pt].

In the following, Cy (R™) stands for the space of continuous functions on R™
with compact support with regard to the || - ||oo-norm. The space of signed Radon
measures with finite mass is denoted by M (R™). The corresponding duality is
given by

{1, p) = /m p(A)dp(N).

Definition 2.3. [8] Let a bounded sequence be denoted by {2;},, in L* (; R™).
Then there exist a subsequence {2} C {z;} and a Borel probability measure /i,
on R™ for almost every z € (2, such that for a. e p € C (R™) we have p(z;) =" p
weakly in L>(Q), where p(x) = (fig, p) = [gm pP(N)dpz(X)  for ae. z € Q.

Lemma 2.4. [13] Let Q C R™ be Lebesgue measurable (not necessarily bounded)
and let z; from € to R™, with j € N, be a sequence of Lebesgue measurable
functions. Then there exist a subsequence zy, and a family { .} of nonnegative
Radon measures on R™, such that

1) el jpymy = Jgm dita(N) < 1 for almost x € Q,
ii) p(zx) =% p weakly in L>°(Q2) for all Co (R™), where p = (fis, p),
iii) If for all M >0

€

lim sup |{z € QN By (0) : |zx(z)| > N} | =0, (2.1)
N—0oo peN
then ||pz|| = 1 for a.e. x € Q, and for any measurable ' C Q we have

p(z1) = p = (g, p) weakly in L* (V) for continuous function p provided
the sequence p (zy) is weakly precompact in L' ().
3. EXISTENCE OF WEAK SOLUTIONS
In this part, we will define a weak solution for the problem (1.1).
Definition 3.1. A function u € L?(0,T; Wy) with % € L¥(0,T; Wy) is called a

weak solution of (1.1) if

qbd:vdt
Or at

o J) e — O Ll =0 0, 1) — o, )yt
Qa v "

P, t)pind,
Qr

holds for all ¢ € LP (0,1 Wy).

The aim of this work is to prove the Theorem 3.2 below. The technique is
structured as follows: We use the Galerkin method to build the approximation
solution and the tool of Young measures to pass through the limit. We will prove
the following existence theorem:
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Theorem 3.2. Let ug € Wy and let f be assumed to belong to LP (0,T; W).
Then, the problem (1.1) has at least one weak solution in the sense of Definition
3.1.

Proof. Step 1: Galerkin approximation:
Similar to that in [17, 23], we take {¢;}.., an orthonormal basis in L% (Q;R™)

such that {1;},., C C5° (G R™) C Uy VkCl(Q), where Vj, = span {¢1, ..., }.
Remark that since ug € Wy, we can find a sequence 0y (x) € Vj such that
Ok(z) = ug(x) in Wy as k — oo.

Indeed, for ug € Wy, there exists a sequence 7 in C§° (€2; R™) such that verifies
that
Nk — up in Wy as k — oo.

: T —— (1)
Since {ne} C C5° (4 R™) C Upsy Vi
Uars1 Vi such that

, there exists a sequence {77,2} -

n — n in C* (Q;Rm) as 1 — 00.

For 2%, there exists i, > 1 such that

Therefore ' '
Hn;@"' _ uoHWU < Hn;; _ Wk”cl(fz) + [l — uollyy, -
Hence

mE = up in Wy as k — oo.

We set u, = 77,1’“. Since u; € Ule Vi, there exists Vyy, such that u, € Vi, .
Without loss of generality, we assume that Vi, C Vi, as My < M,. We suppose
that M; > 1 and define 9, as follows:

5k(1’)20, kzl,...,Ml—l,
(5k(3:):u1, k’:Ml,...,Mg—l,
5k(l'):U2, k:MQ,...,M3_17

We obtain the desired sequence {d;} such that
0 — up in Wy as k — oo.

Let Hy be a function of [0, T') x R* with these values in R*, where k is fixed and
1=1,..., k. We define Hj, as

S (), (@) = S0y (s(8)5(y)
(.9 = | /Q |

FEFIE

p—2

x (Z (55(8); () = D (55(0); ¢ (?ﬂ) (%i(x) — i(y)) dady.

j=1 j=1
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The function Hj(t,<) is continuous in ¢t and . Now, we shall construct the
approximating solutions for (1.1) as follows:
k
() =Y (a;(1)); ¥5(2), (3.1)
j=1

where unknown functions (a(t)); are determined by the following system of ordi-
nary differential equation:

a'(t) + Hg(t,a(t) =Gy, 0<t<T, (3.2)
a(0) = My(0), '
where
(Gl = [ fuud, (Mu(0), = [ du(a)ida,
Q )
and
dp(x) — ug in Wy as k — oo, where dx(x) € Vj,
and
fr — fin L' (0,T; W)
Multiplying (3.2) by a(t), we arrive at the equality
d'a+ Hy(t,a)a = Gya. (3.3)
Here
p—2
[0 (as(8)), (@) = 25y (a5 (1) 5(0)
Hy(t,a)a —//
% ERIEE

k k
X (Z (ai(t)), ¥i(z) — Z (ai(t))i%‘(y)) dxdy = 0.

From (3.3), (3.4), and Young’s inequality, we conclude that
1d
2dt

By integrating the above inequality, we get

la(t)] < Ck —l—/o la(s)?ds.

According to Gronwall’s inequality, we can infer that |a(t)| < C(T). Put

1 1
a(t)l? < |Gral < SIGuP + 5al?

Fr = max |G — Hi(t,a)] and s = min {T, (1) } :
t€[0,7] Fi
Since Hy(t,a) is continuous in ¢t and a, using [12, Peano theorem|, we get that
problem (3.2) has a C! solution on [0, s]. We put l; = s, and let a (I;) be an
initial value; then we can repeat the above process and get C'* solution on [l1, o],
with Iy = I+ 8. which means the existence of an interval [I;_1,l; 5] C [0, 7], such
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that (3.2) has a solution on [l;_1,l;_s|, where l; = l;_1+sp,i=1,... N—1,Ixy =T.
Therefore, we get a solution ax(t) € C*([0,T]). Consequently, we arrive at the
Galerkin approximation solution mentioned in (3.1).

Step 2: A priori estimates

By (3.2), for each t € [0,7] and 1 < ¢ < k, we have

auk ¢de

// |k () — u(y, PP (un(2,t) — wi(y, 1))

o =y

(Vi(x) — ¥ily))dady  (3.5)

= /Q [z, t)de.

Remark 3.3. By (3.5), the following equality holds for all ¢ € C*(0,T; Vy) (N <

/ / %qﬁdmdt

/ //Q Jur (2, t) — up(y, )P (wn (2, 1) — wi(y, ))(qﬁ(x,t) — ¢(y, t))dzdydt

|z — y[mtes
:/0 /Qf(x,t)gbdxdt.

Multiplying (3.5) by (a(t)); and summing with respect to ¢ and integrating
with respect to ¢ from 0 to 7 (7 € (0,7]), we arrive at

/ //Q lug(x,t) — ug(y, )|p_2(uk(x7 t) — uk(y; 1)) (ug(x,t) — ug(y, t))dxdydt

o — g
< ||f||Ll" 0,7;W5)

Ukl o 0.rw5)-
(3.6)
Since ug(z,0) — wug in Wy, in particular ug(z,0) — ug in L*(Q,R™), then

ui(z,0)dr < Cy. Moreover [Nl o orswgy < C3; we deduce that

Q
ug(x, 7) d:v—l—/ U

<Cy (] ’UkHLP 0w + 1)
According to (3.7), we get
lwrllLeo.rwe) < Cs (3.8)

and

| tusta )Pz < € (39)
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Now, we are in the position to pass to the limit

Assertion 3 : Passage to the limit

From the estimations in (3.7), the sequence (ug)y is bounded in LP(0,T; Wy)
and L>(0,T; L*(Q; R™)). Therefore, there exists a subsequence (still denoted by
(ug)k) such that

U — u in Lp(O, T; Wo),
up —* w in L=(0,T; L*(; R™)).

Let ¢ € LP(0,T;Wy); then there exists a sequence ¢, € C1(0,T;V;) such that
Or — gb in LP(0,T; Wy). By virtue of Remark 3.3 and Holder’s inequality, we get

%d)kdwdt‘

ur(z, 1) — up(y, )P (ur (2, t) — ur(y, t))
|z — y[tre

Q

—/0 /Qf(x,t)qbkdxdt‘

<C7|| Pk e 0,70

Therefore, |

HLp (0.7:W5) < Cg. Consequently

0 /
% —x in L? (0,T;Wy) (for a subsequence).

0 0
Let ¢ € C§° (Qr; R™), by letting & — oo in / ﬂgadxdt = —/ ukidxdt.
o, Ot op Ot

dp
dedt = — ZF dxdt.
/Txgpm /Tuat X

This implies y = %. Furthermore, since / ug(z, T)?dx < Cg, then ug(z, T) — 1

We arrive at

Q
in L?(€;R™) (for a subsequence), where 4 in L* (€;R™). Moreover, for any
a(t) € CY([0,T]) and ¢ € C5°(£2), such that

Ou da
/QT Eacbda:dt /Quk(x,T)CL(T)de$—/Quk($,0)a(0)¢d$—/QT up - ddadt.

Tending k to oo, we get

/ (@ —u(z,T)) a(T)pdx — / (up(z) — u(z,0)) a(0)pdx = 0.
Q Q
We choosing a(T) = 1, a(0) = 0 or a(T) = 0, a(0) = 1, we have & = u(z,T)
and ug(x) = u(zx,0).
The Young measure is a tool used for fixing problems that may arise when
weak convergence does not behave as desired. We consider the following lemma,
which gives the weak convergence of approximation solution.
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Lemma 3.4. Assume that (3.8) is holds. Then, there exists a Young
measure iz generated by %L‘ff’i(yt) € LP (Qq x (0,T)) such that
z—y|P
1) H'“(Ivy’t)HM(Rm) =1 for a.e. (z,y,t) € Qqa x (0,T), that is, zys s a
probability measure.

2) <u($,y7t),id> = /R Adpi(zy 1) (A) is the weak L*-limit of w.

|z—y| P

3) (fayt),id) = “’“(‘”)—%’iyt for a.e. (z,y,t) € Qq x (0,T).

|lz—y|P
Proof. 1) We consider
& —y|7*

Since By = B(0, M) is the ball of radius M and of center 0, we know
that for any M > 0, (2N BM)2 COxN%Qq. Let N € R such that

Qv ={(z,y,t) € QN By x QN By x (0,7T) : |ug(z,y,t)| > N}.

vz, y,t) = € LP(Qq x (0,T);R™). (3.10)

Using (3.8), we get

lug(x,t) — ug(y, t)|P
10kl 000 x (0.7)) / / /Q PR drdydt = |0 7,y < M.
Q

Consequently, there exists Cy > 0 such that

Cy > / / o (2, y, D) diedy > / / (., O dedy > N?|Qy], (3.11)
QQX(O,T) N

where |@Qy] is the Lebesgue measure of QQn. According to (3.11), the
sequence (vy) satisfies (2.1). Hence, a Young measure denoted by fi(z.¢)
is generated by v; such that ||“(x:y¢)HM(Rm) =1 for a.e. (z,y,t) € Qq X
0,7).

2) By (3.8), there exists a subsequence still denoted by (v) that convergences
in L? (Qq x (0,T);R™). Since L? (Qq x (0,T);R™) is reflexive (p > 1),
then vy, is weakly convergent in L' (Qq x (0,7); R™). By the third asser-
tion in Lemma 2.4, we replace the function p by the identity function, and
we then have

Ok = Py, id) = / Adpizy0(N) weakly in L' (Qq x (0,T);R™).

3) According to (3.8), vy is bounded in L? (Qq x (0,T);R™). Then there
exists a subsequence such that vy — v in L? (Qq x (0,7);R™). Owing to
the previous arguments, we get from the uniqueness of limits that

u(z,t) —u(y,t)

TRl frae (100 €Qox (OT)
r—1y|r

<,LL (z,y,t)» Zd> —’U(J?,g,t) =
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Now, let {vx} be the sequence given in (3.10), that is,

Uk<x>yvt) = (l |n+p(s :
r—1y|l »

According to weak convergence given in Lemma 3.4, we have

[on(@, 5, P Pon(@,y,1) = [ AP Adpagn (V)
Rm

= [v(z,y,t)P~*v(z, y, 1) (3.12)
_ Julz,t) — uly, t)|”_2(u(% t) —u(y, 1))
o=y 7

weakly in L' (Qq x (0,T);R™). Since LP is reflexive and |vg(x, y, t)|P2vk(z, v, t)
is bounded in L¥ (Qq x (0, T'); R™), the sequence |vg(z, y, t)[P~2vx(z, y, t) converges
in L¥ (Qq x (0,T); R™). Hence its weak L¥-limit is also |v(x,y,t)|P"2v(z,y,t).
Thus, for any ¢ € LP(0,T; W) we have

t) — t

ntps
lz—y|l >

According to weak limit in (3.12), we arrive at

. |k (2, ) — un(y, P> (un(2,t) — wi(y, t))
lim / //QQ 7 — g (p(z,t) — p(y,t))dxdydt

k—o0
/ // u(w,t) = uly, O (@) =@, ) gy oy 1) dudydt

o =yl

for every ¢ € LP(0,T; Wy).
According to Remark 3.3, for all ¢ € C'(0,T;Vy), N < k, we have

/ %god dt
T

/ // s (2, 0) = iy, O (e, ) = WD)y oy )yt

o =yl

[z, t)pdzdt.

Qr
For N tend to oo, from the discussion above, we get
8—ug0dxdt
u(x,t) y, )P 2 (u(x,t) —u(y,t
/1// W) =05 (o, ) — oy, )y
Qo ‘33 - y‘

= f(z, t)pdxdt.
“r (3.13)

Then, (3.13) holds for all ¢ € LP(0,T; W), according to the density of the set
CH0,T; Upr=1Var) in LP(0, T; Wy). O
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