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ABSTRACT. The aim of this study is to examine a nonlinear elliptic equation
subjected to singular boundary conditions. By employing the techniques of sub-
and super-solutions, we demonstrate that the problem under discussion has
only one positive solution and explore the asymptotic behavior of the solution
obtained. In addition, we illustrate our theoretical results with some useful
examples.

1. INTRODUCTION

Consider E = B,(0) the ball of radius p > 0 centered at 0. We attempt to study
the problem:
—A,w =l —a(z)w? in E,
w >0 in F, (1.1)
w = 00 on OF,

with A >0,1<1; <p-—1<ly, aisa continuous and strictly positive function
on B,(0), and Ayw = div(|Vw[P~2Vw) is the p-Laplacian operator. Boundary
value problems involving the p-Laplacian operator appear in the study of several
physical models as the reaction-diffusion systems, nonlinear elasticity, astronomy,
glaciology, propagation through porous media, and so on. For example, problem
(1.1) arises when modeling non-Newtonian fluids (see, e.g., [I, 17]) and non-
Newtonian filtration [9]. The real number p in problem (1.1) characterizes the
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medium. When p > 2, it is called dilatant fluids and when p = 2, they represent
Newtonian fluid. If p = 2, then (1.1) becomes

—Aw = " —a(z)w? in E,
w >0 in E, (1.2)
w = 00 on OF,

and is known as the logistic equation. If A = 0 and a = 1, then the problem
(1.2) was studied in [12, 15]. The case where A = 0 and a is a positive continuous

function such that a and — are bounded, was studied in [2, 14]. If A = 0 and

a
a(x) > 0, then the problem (1.2) was concerned by [11]. In [3], the authors
examined the problem (1.2) when A = 1 and a = 1. The paper [22] considered
the following problem:

—Aw = Mww —a(z)wn  in E,
w >0 in E, (1.3)
w = 00 on OF,

wherep >m > 1, A >0, and a : E — R™" is a continuous function. The author of
[22] showed under some conditions on the function a, that problem (1.3) admits a
unique solution, and established the blow-up rate of this solution. When \ € R,
[y =1 and a(x) > 0 in E, problem (1.2) was discussed in [21, 20, 16, 24, 8, 19].
For example, in [8] the author considered the semilinear equation:

—Aw = Aw — a(z)w?. (1.4)

They studied the existence, nonexistence, and uniqueness of nonnegative solutions
to (1.4) on both compact Riemannian manifolds and bounded smooth domains in
RY under homogeneous Dirichlet boundary conditions. In the case when p > 2,
A =0, and a = 1, problem (1.1) was investigated in [10]. The work [18] dealt
with the following problem:

Apw =a(z)g(w) in E,

w >0 in F, (1.5)
w = 00 on OF.

He proved boundary asymptotics to solutions of (1.5) under some conditions on a
and the nonlinearity g. Also, the uniqueness of solutions of problem (1.5) would
follow as a consequence. If p>2 A >0,l; =p—1, and a(z) > 0 in E, problem
(1.1) was discussed by [25].

Here, we focus our interesting into problem (1.1) under the assumptions:

(H1) There is a real number M such that

:MOZ]-a

where K(r) = /p a(s) ds and K*(r) = /p K(s) ds.

r
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K(r)
a(r)

We will establish that (1.1) has only one positive solution by employing the tech-
niques of sub- and super-solutions. We investigate also the asymptotic behavior
of the obtained solution via the use of a suitable couple of sub-solution and super-
solution. In addition, we will give some examples of applications for our theoret-
ical results. Note that the novelty and the originality of our work are presented
not only on the consideration of the p-Laplacian operator but also can be viewed
in the complexity of the behavior of the nonlinear source term in the right-hand
side of the equation in (1.1). Another difficulty comeback from the considerations
of the sub- and super-solutions methods. Since this method requires the knowl-
edge of a suitable couple of functions that are often more complicated to be built.
We mention that we will validate our main result via the construction of sub- and
super-solution to (1.1). This later will give to the readers a feasible approach to
build the so-called sub- and super-solutions not only to problem (1.1) but also to
a more general class of nonlinear elliptic partial differential equations.

We have structured our paper as follows. In section 2, we present some auxiliary
results that will be utilized in the proof of primary findings. We will introduce a
nonlinear elliptic problem with nonhomogeneous Dirichlet boundary conditions.
We define the notions of the solution, sub- and super-solutions. After that, we
show the existence of a large solution. Section 3 is devoted to presenting the main
result of this work. We start by enunciating our main theorem. Thereafter, we
give the demonstration of the main result into three subsections. In the first one,
we give a technical construction of an ordered couple of sub- and super-solutions.
In the second, we establish the existence of a solution to the considered problem,
and we examine the asymptotic behavior of the obtained solution. The third
subsection will be reserved to show the uniqueness result. In section 4, we will
give some applications to illustrate our results. In section 5, we give a conclusion
concerning the main results obtained.

(Hz2) The function belongs to C1([0, p]).

2. AUXILIARY RESULTS

Here, we give some interesting results used in the demonstration of our main
result. Let ¢ be a positive function in C'(OF), and assume the (H;) and (H3)
hold true. Consider

—A,w = w" —a(z)w? in E, (2.1)
w= on OF. '

The primary outcome of this section will be based on the sub- and super-solution
methods. To the reader’s convenience, we give in the following definitions the
notion of weak solutions sub- and super-solution to be considered in the resolution
of problem (2.1).
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Definition 2.1. A function w defined on F and taking values in R is a solution
to (2.1) if it belongs to C'(F) and satisfies

/ IVw|P2VwVe dor = )\/wl1¢ dz — /a(x)wbqﬁ dz,
E E E
w=pon OF,

for every test function ¢ € C°(F).

Definition 2.2. e A function w defined on E and taking values in R is a
sub-solution to problem (2.1), if it belongs to C'(E) and satisfies

/|Vw|p_2VQV¢ dz < /\/wllgb dz — /a(m)wl% dz,
B

J J (2.2)

w<ypon JE,
for all nonnegative test function ¢ € C°(E).
e A function w defined on E and taking values in R is a super-solution to

(2.1) if it belongs to C'(FE) and satisfies the inequality (2.2) in which (<)
is replaced by (>).

Before enunciating the main result of this section, we recall an interesting
lemma, which is often known as the comparison principle.

Lemma 2.3 ([25]). Let wy,wy € CY(E) be both positive in E such that

—Ayw; < Ml —a(z)w?  in B,
—Aywy > Mk —a(z)wh in E,

(2.3)

ﬂLtisﬁed in the sense of distribution, and w; < ¢ < wy on OE. Thenw, < wy on

E.

Lemma 2.4. Let (2,%Z) be a couple of positive function belonging in C1(E) such
that

(4)

[IVz[P2V2Vedr < X [2h¢ dz — [ a(z)z2¢ dx,
Q . a Q _ Q _ (24)
[|Vz|P2VzVe de > X [Zh¢ do — [a(x)z2¢ dx,
Q Q Q
for all nonnegative test functions ¢ € C:°(E).
(17) lim z(z) = lim Z(x) = oo.
d(z)—0 d(z)—0

Then, there is at least one solution z € C'(E) to problem (1.2) that satisfies
z < z <Z, where d(z) := dist(x,0F) is the distance between x and OF.

Proof. To prove the result of Lemma 2.4, we will follow the ideas presented in
the works [26, 27]. We first of all start by considering for all n € N the domains

1
E, = E|d —1.
(o€ Bl d@)> ——)
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For any fixed n € N, we introduce the following problem:

(P) {—Apz = ((z, 2) in E,,

z2=2z n 0FE,,

where ((x,2) = A\2!' —a(x)z"2. To assure the well-posedness of problem (P,,), we
consider the following energy functional:

T(2) = 1/\%\? dx—l—/\lf(x,w) dz, (2.5)

where U(z,z) = [ ((x,s) ds. We give the demonstration in four steps.

0
Step 1: We show that, for any n > 1, problem (P,) admits a solution.

Let z,(x) = z(2)9p,. We can verify easily that 7, is coercive and weakly lower
semi-continuous in Y, = z,, + VVO1 P(E). Thus J, has a nontrivial minimum point
zn. Consequently, one may deduce that z, is the solution of (P,).

Step 2: Our aim in this steps is to show that every solution z, of problem (P,)
satisfies the inequality z < z, < Z in E,. To do this, let us observe that z is
a sub-solution to problem (P,). Then, by the result of Lemma 2.3, we get that
z(z) < z,(z) a.e in E,, for every n € N. On the other hand, as z,(x) = z(x) on
OFE,, we have z,(x) < z,y1(z) on OE,, for every n € N. Using again the result
of Lemma 2.3, we obtain z,(z) < z,41(z) a.e in E,, for all n € N. Now, starting
the fact that Z(z) is a super-solution with Z(x) > z(x) for any x € E, we have
Z(z) > z(z) for x € OFE,. Since z(z) = z,(z) on OF,, we have z,(z) < Z(z) on
OF,. Thanks to the result of Lemma 2.3, we get z,(z) < Z(z) a.e in E,, for all
n € N. Then, we obtain z < 2z, <Z a.e in E,,.

Step 3: On E,, the set {z, : n > 2} is uniformly bounded by z(x) and Z(x). Let
us use the first equation in problem (P,,), we get

/|Vzn|p dor = /Czn dz. (2.6)
E2 EQ

As z(z) and Z(z) are bounded on Es, there are K; > 0 and K, > 0 such that
| 2 [|oo ()< K1 and || (@, 2n) || oo () < Ko, for all m > 2. (2.7)
Consequently, using (2.6), (2.7), and the Holder’s inequality, we get

/|Vzn|p dz = /C(x,zn)zn dz

FEo Ey

<l €2 2) Il / 2] da
Eo (28)

< Kg/\zn\ dz

Es

_b
< I (meas E) 7= || zn || 1o(m) -
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By the Poincaré inequality, we know that there exists C'g, > 0 such that

| 20 ll2r ) < Cr, |l Vau lrs,) - (2.9)

By employing (2.8) and (2.9), there exists My > 0 such that || z, ||W01,p(E2)§ M.
Now, we have two cases to discuss:

e If 1 < p < N, then we know that W,"(E,) is continuously embedded in

LN]%(EQ). Then, it result that z, is also bounded in L~ (Es5). Therefore
from [13, Theorem 7.1], there exists M; > 0 such that

sup{|zn| : © € Ey} < Ms. (2.10)

o If p > N, then we use the Sobolev embedding theorem, and therefore we
deduce that (2.10) holds true.

Consequently by [13, Theorem 1.1], we get 2, € C*(F,) and there exists M, that
satisfies || 2, [|co(g,) < My, where o is a real number such that 0 < o < 1. From
[23, Proposition 3.7], we see that z, € CV*(E},), and there exists M5 such that
|| zn |lere< Ms. According to the above, we conclude the existence of a real
number L > 0 such that ||z,[/ci+em,) < L, for all n > 2. Furthermore, it is
known that C'**(E;) — C!(E;) is compact. Hence, there is a subsequence of
{zn}n named by {z,,, }x, which converges in C'(E;). We put z;(z) = lim z,,

k—+o00
for any x € E;. Thus z; is a solution to

~Apz = A" — a(x)2", (2.11)

with z(z) < z1(z) < Z(z).

Step 4: We proceed as in Step 1. We derive the existence of a subsequence
{2, i, which converges in C!(E3) to wy. Hence likewise zy is a solution of (2.11)
and zy |g, = z1. We repeat Step 1 again on Ej3, Fs3, and so on. We get a sequence
{2, }x, which converges in C'(E;) and is a subsequence {z,, ., }r- Let 2 =

khrf Zn,.- Consequently, z; is a solution to (2.11) in C'(E;) and Zilp, | = Zi-1-
— 400 i

Step 5: By a diagonal process, {zp,, }j=1,2... is a subsequence of {z,,, } for all k.
Consequently, for any 7, we have

lim z,, (v)=z(r), forallze E;.

j—+oo
Consequently, if we define z(x) = ‘liIle Zn;,; (), then z(z) is a solution to (2.11)
j—+oo
and z(x) < z(x) < Z(x) because z(z) < z(x) < Z(x), for all 4. O

3. MAIN RESULT
In this theorem, we articulate the main result presented in our paper.

Theorem 3.1. Under the assumptions (H1) and (Hz), (1.1) has only one radially
solution w(r). Also,

im0 _

li o = L (3.1)

where
L =[(p = 1)y (v + D)Mo — D)(Moap)) 5] = (3.2)
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and
7= m (3.3)
To show the results of Theorem 3.1, we will consider the problem:
— [(Jw'[P~2w") + B2 ! P20’ = Mt — a(r)w' in (0, p),
lim w(r) = oo, (3.4)
w'(0) = 0.

As the first step of our proof, we will need construction of sub- and super-solutions
to problem (3.4). This will be done in the following subsection.

3.1. Construction of super- and sub-solutions.

The main objective of this part is to build a suitable sub- and super-solutions to
(3.4). In the first lemma, we will give a typical construction of a super-solution
o (3.4). Afterward, we will build a sub-solution to (3.4) in the second lemma.

Lemma 3.2. For every o > 0,

Tolr) =+ B (;) ()™

is a super-solution of problem (3.4), where a > 0 is a sufficiently large real number

and
1

f=(1+0) [(p =D (v + Mo — 1)(/\40&@))%71 SR
Proof. By a direct computation, we have

’ T

W (r) = 2675 (K°(1)) + 28 (;) K(r) (K7 ()7
T (r) = 25% (1 () + 489 T (€ (1) (3.5)

Fo(r+ )8 (2)2/@(@ (I (1) = 8 (;)() (e ()"

As lim K*(r) = 0, then lim@,(r) = oo, and as w,(0) = 0, then W,(r) is a
r—p r—p
super-solution of (3.4) if and only if
7 _9_/ / N -1 7 _9_/ —1 —1

= | (@ (M)W, (1)) + — [, () ["™"@, (r) | = Awg (r) — a(r)wg (). (3.6)

Consequently,
’ -2, N -1 ’ -1
~p=1) (W) w0 - S (@) = AT — )T (). (37)

Using (3.5), the inequality (3.7) becomes
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p—2

—(p—1) (26? (K(r)) " +8 <;) K(r) (K*(r)) "~ )

l2

— alr) (a 43 (£>2 </c*(r)w> . (3.8)

Multiplying the two members of inequality (3.8) by
W(IC*(T))(’Y—H)@_”—H and replacing v by 5

(l, +1—p)
L’C*(T) r 2\
Sy (2%2 i () )

<[ () ezt o )
(r)

, we obtain

a<r>n*<r>)’2’ : (
— (a(r)) 2 a((r)"+ 8| -
()5 (M) (atcr o (L
Letting r — p in (3.9) and taking into account that lim K*(r) = 0,
r—p
. K(r) . K(r) . o (K(r))?
lim ——= = lim —— = 0 (by the Hospital rul dl = >1
lim ) lim () 0 (by the Hospital rule), an lim K (r)a(r) M,
we get

1

B2 (0= 17" (3 + )Mo — D(Moalp)) ] =7
Consequently, by choosing

p

8= (140) [0 =17 (3 + )Mo = D(Moa())t ] *
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inequality (3.9) holsd in (p — 7, p] for some n > 0. Then, by the choice of « large
enough, (3.9) is verified in the whole interval [0, p] because Iy > [ and the fact
that K*(r) is bounded away from zero in [0, p — 7). O

Lemma 3.3. For o > 0 sufficiently small, we have
2
w,(r) = max {0, P+Q (%) (/C*(T))”}

is a sub-solution of problem (3.4), where P <0 and

1

Q=(1-0) |(p= 17"} ((7 + DMo — D(Maa(p)5 77

Proof. Let us consider

he(r) = P+Q (;) ()™

Hence,

hp(r) = 2@% (K*(r)) " +7Q <£) K(r) (K*(r)) 77 >0 in (0,p).  (3.10)

Consequently, the function hp(-) is strictly increasing and

limhp(r) =400 and limhp(r) =P <0.
r—=p r—0

Hence, by the intermediate value theorem and the continuity of hp(-), there exists
a unique Ry = Ry (P) € (0, p) such that

P+Q (g) (K*(r) " <0 in[0,Ri(P)), -

r
p

Furthermore, Ry (P) is decreasing and

Pg@m Ri(P))=p and 11312}) Ry(P) =0,

P+Q ( >2 (K*(r))™" >0 in [Ry(P), p.

Using the definition of w,(r) and R;(P), we deduce
w,(r)=0 in0,R(P)).
Consequently, it is clear that the inequality
’ / N - 1
- [ﬂwg(rnp-?wg(r»' +
holds true in [0, R1(P)). Now, it remains to show that (3.12) is it also satisfied
in [Ry(P), p]. From (3.10), (3.11), and the definition of w,(r), we have

N —1 / -1
(w (r))p <0< )@f}(r) for all r € [Ry(P), p).

le;(r)lp_@;(r) < Awg (r) = a(r)we (r) (3.12)

—0

r
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Hence (3.12) is satisfied in [R1(P), p] if

—(p—1) (g;(r)>p_2 w, (r) < —a(r)w2(r) forall r € [Ry(P),p]. (3.13)

g

The above inequality is equivalent to

1) (2@5 (K (1) +4Q (;) K(r) (K" (7)) ) (3.14)
< [2@% (1 ()7 + 4Q1 2K () (K (1) (3.15)

+1(+1)Q (g)er) (' (1) = 1Q (g)zam @] 316)

< —a(r) <P+ Q (;) </c*<r>>—”) (3.17)

As in Lemma 3.2, multiplying the two members of inequality (3.14) by
1
(K*(r))0+D@=D+1 and replacing v by

(K(r))»
o r Ko (r) Y
b =1 (QQPQ K(r) e (P) )

X [262% (K*(r)>2 + 4%%/0(7“) +7(r+ 1)@ (%)2

S we get
2([2 + 1 —p)’

p—2

p? \ K(r) K(r)
B r > a(r)K(r)
e (p) (K(r)?

< ()t (e >)§‘3 (P(K*W +Q (;)) e

Taking r» — p in (3.18), it becomes

@< [(p — DY (v + )Mo — 1)(/\40@(@)%_1] .
Consequently, by the following choice
Q= (1-0) [(p = 1177 (3 + 1My ~ (Moal)) ] 777

inequality (3.18) hold in (p — 7, p] for some n = n(o) > 0. Hence, choosing P
such that Ry(P) = p — n, thus w,_(r) is a sub-solution of (3.4). O



BLOW-UP RATE OF RADIAL SOLUTIONS 359

3.2. Existence results and asymptotic behavior at p.

By Lemmas 3.2 and 3.3, we know that there is a couple of functions (w_, w,) sub-
and super-solutions to problem (3.4) such that w_(r) < w,(r). As a consequence,
the results of Lemma 2.4 means that (3.4) has a solution w, (r) such that w,_ (1) <
Wy (r) < Wy(r). Furthermore, since

w,(r) L We(r)

1—O'<11H1—7 ghm—i < 1—|—0',
r=p L(K#(r))™" ~r=e L(K*(r))™"
then
1 — o < liminf Lr)_ < limsup Lr)_ <1l+o. (3.19)
r=o L(K*(r))" r—p L (KC*(r))™"
Letting 0 — 0 in (3.19), we get
im0y (3.20)

3.3. Uniqueness results.

In this paragraph, we will establish that (3.4) has only one solution. To do this,
we consider w; and ws two solutions to problem (3.4). From the result of (3.20),
. wy ()

we have lim
dp(x)—0 U)Q(l’)
o > 0, there exists n such that

= 1, where dg(z) = dist(z,0B,(0)). Consequently, for any

(1 —o0)ws(x) S wi(x) < (14 0)wy(z), when 0 <dg(x) <. (3.21)
Let

v =w in 0B,_,(0).

Q) {—Apv = " — a(z)v™ in B,_,(0),

As w; is a solution of problem (1.1) and by using the fact that ¢ — §* is decreasing
if0<d<landly <p—1<ly, we have

—A[(1 =0 wy] = —(1 = o)P 1 Apwy = A1 — o) wlt — (1 — o)PLa(x)wh
<A1 = o)wa]™ — a(2)[(1 — o)w,]™.

Hence, v = (1—0)w;y is a sub-solution of problem (Q), and by a similar argument,
we get that ¥ = (1 + o)wy provides us with a super-solution of problem (Q).
Consequently by Lemma 2.4, it follows that

(1 —o0)ws(z) <v(z) < (14 0)we(x), in B,_y(0).

The uniqueness of v implies that v = wy in B,_,(0), and taking into account
(3.21), we obtain

(1 —o0)wy(z) < wi(x) < (14 o0)wa(x), in B,(0).

Then, by letting o — 0, we obtain w;(z) = we(z). This finishes the proof.
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4. APPLICATIONS OF OUR RESULTS

In this section, we shall give some examples to validate the theoretical results
of our work.

Example 4.1. We take a(r) = C > 0. It is easy to see that a(-) satisfies the
hypotheses (#H;) and (Hz). On the other hand, a simple computation yields that

K(r)=Clp—r),
k) = S p )"
My =2.

Thus by employing our main result, Theorem 3.1, we conclude that problem (1.1)
has a unique w(r) radial solution such that

wr) o [0~ Dy 2y + )2y ] - o

Example 4.2. We consider a(r) =+ 1. As a first step, we will determine the
explicit expressions of the functions K(-), £*(-), and again this of M. Using
direct computations, we derive that

K= (o) |04 +1].

1 1 1
* _ - 2 (= - -
My = 2.

Again, thanks to Theorem 3.1, we deduce that the problem (1.1) has only one
radial solution w(r), and

1

w(r) ~ | (= D77 (27 + Do+ 257 T ()
5. CONCLUSION

In the present paper, we studied the following singular problem:

— [(Jw'P2w’) + B2 w20’ = dw' — a(r)w®2 in (0, p), p >0,
limw(r) = oo,
r—=p
w'(0) =0,
(5.1)

with A > 0,1 <[l; <p—1< Iy and a is a continuous and strictly positive
function on [0, p].

The study is based on the method of sub- and super-solutions. More precisely,
we were able to construct a sub-solution and a super-solution of the problem (5.1),
hence the existence of a unique positive solution w that converges to infinity in the
neighborhood of p. In addition, we have specified the exact explosion rate of the
solution w of problem (5.1). Afterwards, we have given two interesting examples,
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which depend on the expression of the function a and ensure the theoretical
results obtained.

In the end, it should be noted that the case Iy > p — 1 > I > 1 remains an

open question, which will be raised in future research work.
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