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ABSTRACT. We consider an eigenvalue problem for the Sturm-Liouville equa-
tion with retarded argument, subject to the mixed type boundary conditions
and an eigenvalue parameter in transmission conditions. We investigate the
spectrum, asymptotics of characteristic function and eigenvalues, oscillation of
eigenfunctions, solution of an inverse nodal problem and trace of the differential
operator of the related problem.

1. INTRODUCTION AND PRELIMINARIES

The problem under consideration is defined by the differential expression

u”(t) 4+ q(t)u(t — A(t)) + Nu(t) =0 (1.1)
on the interval A = [0, g) U (g, 7r] subject to the general boundary conditions
u(0) cosa + u' (0) sinaw = 0, (1.2)
u(m) cos B+ u' (m)sin f =0, (1.3)
and eigenvalue-dependent transmission conditions
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where the real-valued function ¢ (¢) is continuous in A and has finite limits
q(3+0) = lim ,z40¢(t), the real-valued function A(t) > 0 is continuous in
A and has finite limits A (5 +0) = limy,z10A(2), t —A(t) > 0if t € A, Nis a
spectral parameter; a, 5, and & # 0 are arbitrary real numbers.

Transmission conditions for boundary-value-transmission problems arise in ther-
mal conduction problems for a thin laminated plate (i.e., a plate composed by
materials with different characteristics piled in the thickness). In this class of
problems, transmission conditions across the interfaces should be added since the
plate is laminated [20, 24]. The study of the structure of the solution in the
matching region of the layer with the basis solution in the plate leads to con-
sideration of an eigenvalue problem for a second-order differential operator with
piecewise continuous coefficients and transmission conditions [21, 36]. It must
be also noted that recently boundary value problems with transmission condi-
tions attracted much attention in connection with the inverse acoustic scattering
problem (see, e.g., [2, 6, 9]).

As for the differential equations with retarded argument, it can be stated that
these kinds of equations describe processes with aftereffect, and thus they find
many applications, particularly in the theory of automatic control, in the theory
of self-oscillatory systems, in the study of problems connected with combustion
in rocket engines (e.g., combustion in the chamber of a liquid propellant rocket
engine and vibrations of the hammer in an electromagnetic circuit breaker), in a
number of problems in economics, biophysics, and many other fields (see [10, 15,
18, 25, 34]).

The articles [1, 29, 30, 28, 37] are devoted to the study of asymptotics of
eigenvalues and eigenfunctions of the Sturm-Liouville problems with retarded
argument and with the potential having discontinuity of the first kind in the
domain of definition of the solution and classical (local) type boundaru condi-
tions. However, in the paper [31], equivalent formulas were obtained for non-local
boundary conditions for a continuous Sturm-Liouville problem with retarded ar-
gument. Asymptotic formulas for eigenvalues and eigenfunctions of boundary-
value-transmission problems without retarded argument (the case A = 0) are
obtained in [3, 12, 17, 19, 23, 32, 35, 39].

In papers [28, 37], oscillation of eigenfunctions, solution of an inverse nodal
problem, and trace of a discontinuous differential operator with retarded argu-
ment were obtained. The papers [7, 8, 14, 33, 37, 38] are devoted to study
of inverse nodal problems of Sturm-Liouville type boundary-value-transmission
problems. The papers [4, 16, 26] only deals with trace of a differential opera-
tor with retarded argument. It must be noted that studies on trace formulas
for the Sturm-Liouville operators began with the work of Gelfand and Levitan
[13]. The literature is voluminous, and we only refer to [5, 11, 22, 27] and the
references therein. However, within this paper, spectrum, asymptotics of charac-
teristic function and eigenvalues, oscillation of eigenfunctions, solution of inverse
nodal problem, and regularized trace of the boundary-value-transmission problem
(1.1)—(1.5) are investigated.
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2. THE SPECTRUM
Let ¢1(t,\) be a solution of (1.1) on A~ = [0, ], satisfying the initial condi-
tions

¢1(0,\) =sina and ¢} (0,\) = —cosa. (2.1)

The conditions (2.1) define a unique solution to (1.1) on A~ (see [5]).
After defining the above solution, then we will define the solution ¢, (¢,\) of
(1.1) on AT = [Z, 7] by means of the solution ¢; (t, \) using the initial conditions

1 1
602 (5.0) = 31 (5:0) and 06h(T, N = 1el(T. ). (22)

The conditions (2.2) define a unique solution to (1.1) on A™.
Consequently, the function ¢ (¢, \) is defined on A by the equality

¢1(ta >‘)7 le [O’ %)7
Qb(t’ )\> - { ¢2(t7 )‘)7 te (g’ﬂ-}

is a solution to (1.1) on A, which satisfies one of the boundary conditions and the
transmission conditions (1.4)—(1.5). Then the following integral equations hold:

¢1(t, \) =sinacos A\t — cosa sin A\t
1 _
—X/q(T)sm)\(t—T)qbl (1 —A(7), ) dr, (2.3)

0

t3) =z () os (1= T) + BN gy (12 7)

1

_X/q<7)sim(t_¢)¢2(¢_A(T),A)dT. (2.4)

(ME]

Solving (2.3)—(2.4) by the method of successive approximation, we obtain the
following asymptotic expansions for |A\| — oo :

t

o1(t, ) =sinacos At — co)s\oz sin A\t — sizn)\oz /q(T) sin A (t — A (7)) dr
0
_ SZHAQ/Q(T) sin A (t — (27 — A (7)) dr + O (;2) (2.5)
0

Differentiating (2.5) with respect to ¢, we get

@ (t,\) = — Asinasin At — cos v cos A\t — sin.a

/ JeosA(t—A(r))dr

0
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sin o

t/q(ﬂco&X@——@T——A(Tﬁ)dr+()(%). (2.6)

0

Combining (2.5) and (2.6), we have

[VE]

sinawcos A\t cosasin A\t sinao

ot N) = % — 25 ~ 225 /q(T) sin A (t — (27 — A (7))) dr

sin o

_2v5/qﬁﬁmA@—A(»dT+O(;>’

[VE]

t
sinawcos A\t cosasin A\t sina

oot N) = % — 25 ~ 225 /q(T) sin A (t — (21 — A(7))) dr

t
Sin «

_2V5/qﬁﬁmAu—A(»dT+O(;)‘

(2.7)
Differentiating (2.7) with respect to ¢, we get
t
, sinasin A\t cosacosAt  sina /
= — - — - 27— A
(1) : N () eosA (i~ (2~ A () dr
. t 1
sin o
- - A . 2.
G /q(T)cos)\(t (1 ))dT+O(>\2) (2.8)

The solution qb(t A) defined above is a nontrivial solution of (1.1) satisfying
conditions (1.2) and (1.4)—(1.5). Putting ¢(¢, ) into (1.3), we get the character-
istic equation

O(A\) = ¢'(m,\)sin B + ¢(m, A) cos B = 0. (2.9)

The set of eigenvalues of boundary-value-transmission problem (1.1)—(1.5) coin-
cides with the set of the squares of roots of (2.9), and eigenvalues are simple (see
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[5, 19, 21, 22]). From (2.7), (2.8) and (2.9), using the fact

q(T)sin A (27 — A(1))dr, t€ [0, g} :
q(t)cos A (21 — A (7)) dr, t€ [0, g} :

q(t)sin A (27 — A (7)) dr, t€ [Z,7];

q(t)cos A (21 — A (7)) dr, t€ [E 7r]

©
/N
> =
N—
I
M‘:‘%HMMH“O%No%W

\
(see [5, 21, 22]), we obtain
sinwcos A\m cosasin A\m sinao

@(A)_{ e g a0 - 27 - A dr

0

™

sin «

e /Q(T)Sin/\(ﬂ'—A(T))dT—i—O (%) } cos 3

0

o O

{ SinaSIn AT COS (& COS AT

™
SN v

o | ¢

0

(T)cos A (m— (21 — A(7))) dr

sin «

T 2M\ /Q(T)COS/\(”A(T))deLO(%)}smﬁ

0
sinacos fcos Am sinasin fsin Ar - cos asin 5 cos A

A0 ) YY)
B smasu;\?cos)mB()\’ﬂ) B 81na81r)1\§sm)\7714()\77r) L0 <%) _o
Here,
t t
A = [ansnOa@idn B =5 [ar)cos(\a ().
0 0
Define

sin asin 3 sin A
Now, we have four possible cases: 1. sina # 0,sin 8 # 0, 2. sina # 0,sin 5 = 0,
3. sina = 0,sinf # 0, 4. sina = 0,sinf = 0. Within this work, we will only
consider case 1. The other cases may be considered analogically.

Denote by A, zeros of the function 6 (). Thus, we have

Ao ~n+0(1)) (2.10)
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Denote by C, the circle of radius, 0 < € < %, centered at the origin \? and by
I'n, the counterclockwise square contours with four vertices

K = N0+8+N0i, L:—N0—€+N0i,
M = —]\70—6—]\702'7 N:No—i-g—Noi,
where i = y/—1 and Nj is a natural number. Obviously, if A € C), or A € I'y,,

then |©g (A)| > M |A| ™A™ (M > 0) by using a similar method in [37]. Thus,
on A € (), or A € I'y,, we have
1

go((i\\)) =1+ % [(cota —cot § + B (A, 7)) cot Ar — A (A, m)] + O (F> '

Expanding In %()‘)\)) by the Maclaurin formula, we find

In ((j ((i\)) zi [(cota — cot B+ B (A, 7)) cot A\m — A (A, 7)]
0
~ 5 [(cot a — cot B8+ B (\,m))* cot® A + A% (A, )
—2(cotav — cot S+ B (A, 1)) A(A, ) cot A + O (%) .

Using the well-known Rouche theorem, we get that © (\) has the same number
of zeros inside I'y, as ©g () (see [35]). Using the residue theorem, we have

1 O(\)
Ay = —— 1 d\
"TTon e
:_L‘ (cot&—cotﬁ—i—B()\,W))cot)md)\_l_L‘%A()\,W)d)\
2mi A 2mi A
Chn Chn
_ 2
_L. (cot « cotﬁ+B()\,7T))A()\,7r)cot)\7rd)\+L A ()\,W)d)\
271 A2 271 2)2
Cn Cn
1 (cota — cot B+ B (A, m))* cot® A 1
+ Gy o2 d\+ O 3 )

Cn

Thus, using (2.10) and residue calculation we have proven the following theorem.

Theorem 2.1. The spectrum of the problem (1.1)—(1.5) has the asymptotic dis-
tribution

cot B —cotaw — B(n,m) (cota—cotf+ B(n,n))A(n,)

A =N+ — 5
nw n2m
_ (cotar — cot 534— B (n, 7)) Lo (lg)
n

for sufficiently large |n|.
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3. THE OSCILLATION

In this chapter, we will find nodal points of eigenfunctions of the problem
(1.1)—(1.5). We want to point out that the results obtained in this chapter are
extensions to those in [37, 38].

Let us rewrite the equation (2.5) and replace A by A,

t
CoS (v sin acsin At

sin \jt — ————— /q(T) cos (A, A (7)) dr

¢1(t, \p) = sinacos \,t — X o

0

sin av cos A\t

o jdﬂ$MMAﬁ»m+o($>,

Let us assume that #/ are the nodal points of the eigenfunction ¢ (¢, A,,) . Taking
sin (A,t) # 0 into account for sufficiently large n, we get

A(Mp,t)]  cota+ B (A, t) 1
" }_ " o)

n

cot (Ant) {1 +

It follows easily that

T\ cota+ B(\,,t) 1
tan ()\nt + 5) = C +0 (A—%) . (3.1)
Thus, solving (3.1), one obtains
. 1 .
(=37 cota+ B(\,t) 1
t) = W 2 +0 ) (3.2)
Note that
)\71:1_‘_00‘56—00’504—3(71,7?)_‘_0 1 (3.3)
" n n3mw n3
and
1 1
-2 .
= Leo() »

Substituting (3.3) and (3.4) into (3.2), we have
4 :(j — ) N (cot B — cota — B(n,7)) (j — 3)

n ns
cota+ B (n, L) 1 NG
_ n - =1 H .
sdio(). i-1f (55)
Similarly, from (2.7), we get
t
sinawcos \,t cosasinA,t sinasin\,t
= n J— n — n A

dpa(t, \p) " ¥ Nz /q(T) cos (M, A (7)) dr

0

t
sin o cos A\t

el [ rysin (s () +0 ().

n
0
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For nodal points of ¢5(t, \,), again, taking sin (A\,t) # 0 into account for suffi-
ciently large n, we get

>\2

n

cot () [1 N A(j\\n,t)] B COtOé—i-)\B (A, t) Lo (i) |

and thus

ta+ B (At 1
anﬂ+g)=—mafx( )+O(§>. (3.6)

Thus, solving (3.6), one obtains
(7—3) 1 # 1
: J—3)T™ cotw
t) = )\j Y + N /q(T) cos (A\A (7)) dr + O ()\—%> . (3.7)

0
Substituting (3.3) and (3.4) into (3.7) we have

o (j—%)w+ (cot 8 —cota = B (n,m)) (j —3) cota+B(n )
2

n ns n

+(cota+B(n,%))A(n,%)+O(1>’ j:[ﬁ]Jrl,n, (3.8)

n3 n3 2

Thus we have proven the following theorem.

Theorem 3.1. For sufficiently large n, we have the formulas (3.5) and (3.8) of
the nodal points for the problem (1.1)—(1.5).

4. AN INVERSE PROBLEM

We see that there exists Ny such that for all n > Ny, the eigenfunction ¢ (¢, \,)
of the problem has exactly n simple nodes in the interval (0, 7). The set t = {t/}
is called the nodal set of the problem (1.1)—(1.5). We also define the function
Jn (t) to be the largest index j such that 0 < ¢/ < t. Thus, j = j, (¢) if and only
if t € [tJ,t71).

n’’n

Theorem 4.1. Foreacht € [0, ], let {tJ} Ct be chosen such that lim,, ., t! = t.
Then the following finite limit exists and corresponding equality holds:

n— 00 n

lim n2 [tg _ M] - (4.1)

and
¢
—(Cow;com)t —cota — %fq (r)dr, A(1)=0,
f(t) = 0
(cot B—cot a=B(n,m))t cotar — B (TL, t) : A (7_) 7& 0.

™

(4.2)

Proof. Using the formulas (3.5) and (3.8) for nodal points and the fact that
lim,, o ), = ¢, it follows that as n — oo the limits of left-hand side in (4.1)
exists, and (4.2) holds. Thus, the proof is completed. O

Now, we can construct the potential function ¢ (¢) via the following theorem.
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Theorem 4.2. Let T° = {t%k} and let T° C T be a subset of nodal points such
, , i—L)x
that {tJ } is dense in (0,7). Also, assume that lim, . n’ {t% — %} exists

for fized j. Then, T® uniquely determines the parameters o, 3 in the boundary
conditions and the function q(t). Moreover, if A (1) = 0, then the numbers «, 3
and the function q (t) can be constructed via the following algorithm:

* For each t € [0, 7], choose a sequence {tJ} C T° such that lim,, ., t}, = t.

* Find the function f(t) via (4.2).

* Calculate the parameters o, 3 > 0:

a = —arccot f(0), [ = —arccot f ().
* Calculate the function q(t):

o) = = [ a(r)dr = 2 (4(x) = £(O) - 2110

™
0

5. THE TRACE

Lastly, we will get trace formula for the problem (1.1)—(1.5).

The asymptotic formula (2.10) for the eigenvalues implies that for all suffi-
ciently large Ny, the numbers A, with |n| < Ny are inside I'y,, and the numbers
An With |n| > Ny are outside I'y,. It follows that

No
> )\Z—nzz—% 2)\ln§();\>d>\
n=—Ng ﬂ-lrn 0< )
1
=5~ 2 [cot a — cot 4+ B (A, )] cot (M) dA
i
I'n
1 1 2 [cot o — cot B (A A(X t (A
s foapuman— - [cot a — cot B+ B (A, )] (,W)CO(?T)d/\
211 21 A
n Fn
2 _ 2 2
+L A (>\77T)d)\+i [cot a — cot B + B (A, m)]” cot /\7Td>\
211 A 211 A
Iy I'n

by calculations, which implies that

No
2 2
E A, —n
n=—Np

2 XN

= _Z Z [cot « — cot B+ B (n, )]

2
[cot @ — cot B+ B (0, )]
ﬂ- 0#n=—Np

™
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No
- Z —2[(cot @ — cot B+ B (n,m)) A (n, )] % +R
0#£n=—Ng

+2A%(0,7) — (cot e — cot B+ B (0,7))* + O (NL) : (5.1)

where

cot A

R = Resy—o[—2((cot @ —cot B+ B (\, 7)) A\, 7))] 3

Passing to the limit as Ny — oo in (5.1), we have

- 2
s+ Z [)\i—nQ—%(cotﬁ—cota—B(n,ﬂ))

0#n=—00

—%(cotﬂ—cota—B(n,W))A(nﬂT)

2
= = [cot B — cotar — B(0,7) + R+ 2A% (0, 7)
m

— (cot v — cot B+ B (0,))]>. (5.2)

The sum on the left side of (5.2) is called the regularized trace of the problem
(1.1)—(1.5).

6. CONCLUSION

In this paper, spectrum, oscillations, regularized trace, and an inverse problem
of a discontinuous Sturm-Liouville type boundary-value-transmission problem
with retarted argument was investigated. The considered problem differs from
the classical Sturm-Liouville problems with retarded argument in that it con-
tains eigenvalue-dependent transmission conditions at an interior point. If we
take A = 0, then the formulas obtained in this work coincide with those for the
classical Sturm—Liouville problems. However, the retarded argument A reflects
rather well the real process in a number of cases, for example, when the retarded
argument is connected with the transmission of an audio signal, in hydraulic shock
or in other wave processes. This work can be also considered as a continuation
of the paper [30] in which under the conditions ¢(x) € C"[0,7],n = 0,1 asymp-
totic formulas for eigenvalues and eigenfunctions for the problem (1.1)-(1.5) were
obtained. We also want to note that the same differential equation but with dif-
ferent boundary conditions or a differential equation with a weight function with
the same boundary conditions can be also investigated from similar aspects.
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