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ABSTRACT. In this article, we study the operator solutions of Fermat’s equa-
tion on the Bergman space. Furthermore, the solutions of Fermat’s equation
are investigated over the class of 2 x 2 and 3 x 3 operator matrices on the
vector valued Bergman spaces where each entries of the matrix is considered
as a linear bounded operator on the Bergman space A?(ID).

1. INTRODUCTION AND PRELIMINARIES

In 1637, Pierre de Fermat stated that there are no such natural numbers a, b, ¢
that satisfy the equation a” 4+ b" = ¢",n > 3. Later on, Fermat’s last theorem
has turned into a conjecture. The validity of the Fermat’s last theorem has been
investigated by many researchers. Finally, in 1995, Wiles proved this theorem [18,
15] to be true. After that, many attempts have been made to find the solutions of
the Fermat’s last theorem over different fields. In spite of the availability of the
solutions of Fermat’s equation over integers, rational numbers, integer matrices,
and rational matrices, there are also many problems on the Fermat’s equation
over matrices of order 2 x 2 and 3 x 3, which are unsettled. The Fermat’s matrix
equation is given by

X"4+Y"=2"  forall neN. (1.1)

The Fermat’s matrix equation (1.1) has been studied by numerous mathemati-
cians over different family of 2 x 2 matrices. Domiaty [5] in the year 1966, stated
that the Fermat’s equation (1.1) has infinitely many solutions in M;|Z]|, for n = 4.
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Verstein [17] studied over GLy|Z]. Khazanov [11] provided the sufficient and nec-
essary conditions for solution of (1.1) over SLy(Z). Cao and Grytczuk [2] explored
over SLy(7Z), which is a commuting group. Jarvis and Meekin [8] investigated
the solution of Fermat’s equation over Q. Chien and Meng [3] have studied over
a family of 2 x 2 positive semidefinite integral matrices.

The enormous literature on solutions of Fermat’s equation over integers, ratio-
nals and integer matrices inspire us to study the the following problems:

(a): When does the Fermat’s equation has an operator solution?
(b): When does the Fermat’s equation has an operator matrix solution?

In this article, we study the solutions of Fermat’s equation in different family of
2 x 2 and 3 x 3 matrices. We prove the Fermat’s equation has operator solutions
on the Bergman space, which is a reproducing kernel Hilbert space. Furthermore,
we investigate the operator matrix solutions of Fermat’s equation on the vector
valued Bergman spaces. This article is organized as follows:
The section 1 is about the introduction and literature review of Fermat’s equation
over integers, rational numbers, and different family of 2 x 2 and 3 x 3 matrices.
In section 2, we have introduced some notations, definitions and preliminaries
regarding several operators on the Bergman space. In section 3, we shall find
some sufficient conditions on Hankel, Toeplitz, and composition operators on
the Bergman space so that these operators will satisfy the Fermat’s equation
X"+ Y"=27"n>2 where X,Y,Z € L(A*(D)). In sections 4 and 5, the 2 x 2
and 3 X 3 operator matrix solutions of the Fermat’s equation on vector valued
Bergman spaces are investigated, respectively.

Let A%(D) be denoted as a Bergman space to be a Hilbert space of all analytic
functions g on D = {w € C : |w| < 1} such that

lllae) = \/ (/ tatrpaacy) <o

with dA(w) is the normalized Lebesgue area measure on the open unit disk D.
Suppose that L£(A%*(D )) denotes the algebra of linear bounded operators from

A%(D) into itself. If h(w chw and k(w Z d,w", where h, k € A%(D),
then (h, k) is the inner product of h and k, defined by
0.8 = [ HFEIAW) = 3 2
’ D =+ 1

The function K,, € A%(D), w € D is denoted as the Bergman reproducing kernel
such that g(w) = (g, K,), for all g € A*(D) and k, |K “-, is the normalized

reproducing kernel. For n € NU {0}, let e,(w) = v/n + lw™ be an orthonormal
basis for A%(D). Let L>(ID) be the space of all essentially bounded Lebesgue mea-
surable functions on D. Let ¢ € L>°(D). Then the Toeplitz operator Ty on A%*(D)
is defined by Tyg = P(¢g), where P is a Bergman projection from L*(D,dA) onto
A%(D). Again for ¢ € L>(D), the big Hankel operator Hy : A*(D) — (A%*(D))~*
is defined by Hyg = (I — P)(¢g). For f € L*>°(D), the dual Toeplitz operator S¢
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on (A%(D))* is defined by S;g = (I — P)(fg). The operator S; is related with
Hankel operator H; by the following equations:

S;’; = S?, Saf+5g = OéSf + BSg, f,g¢€ LOO(]D), a, e C.

Thus, ng = Tng + H%Hg, ng = Sng + Hny*, Hfg = Hng + Sng.

The Lie group containing all automorphisms (biholomorphic mappings) of D
is denoted by Aut(D). For all b € D, an automorphism ¢, € Aut(D) satisfies the
following properties
(i) (¢ 0 ) (w) = w;

(i) ¢5(0) = b, dw(b) = 0;
(iii) ¢, has a at most one fixed point in D.

Moreover, ¢y(z) = 2=, forall b, z € D. One can easily calculate that

1-b2’

2 2
the derivative of ¢, at w is equal to —ky(w), and Jy, () = k(W) = %—
denotes the real Jacobian determinant of ¢, at w. Suppose that f is any mea-
surable function on D and that b € I, then we can define the function U, f by
Upf(w) = ky(w) f(¢p(w)) on D. Here, Uy is a bounded linear operator on A%*(D)
as well as on L?(D,dA), for all b € D. The operator U, satisfies U? = I, where
I is the identity operator, Uy = U,, Uy(A%(D)) C A*(D) and Uy((A*(D))*') C
(A%2(D))*+, forall b € D. Therefore, UyP = PU,, forall b € D. For more
details, see [20]. Let T be the unit circle in C. For a function f on D and a € T,
define (R,f)(z) = f(az). Then R;! = R} = R; and R, is a unitary operator
on A*(D) and L*>°(D). For more details, see [1]. Let H>(D) be the space of all
bounded and analytic functions on D. Let (D) be the space of all bounded and
harmonic functions on D.

The algebra of all bounded and linear operators from a Hilbert space H into
itself is denoted by L(H). For T' € L(H), the Berezin transform 7" defined by
T(w) = (Tky, k) on L(H). For ¢ € L= (D), the Berezin transform of the Toeplitz
operator T is same as the Berezin transform ¢. In other words, ¢ = T, »- Moreover,
(W) = Ty(w) = (Tyku, ko) = (P(dky), ky) = (¢ky,ky) for all w € D. Let
E, = (Tyv/n+1w", /n+ 1w"). Let ¢ : D — D be an analytic function. Then
the composition operator Cy is defined from A%*(D) into A*(D) by Cyf = fop.
Let g be any measurable function on ID; then for given a € D, the function C, is
defined by C,g = god,, where ¢, € Aut(D).

Let T € L(H) and let T have the polar decomposition U|T'|. Then the Aluthge
transform of T [1] is denoted as A(T') and defined by A(T) = |T|2U|T)z. Let [S, T]
denote the commutator operator of S and T and be defined by [S,T] = ST —T'S,
where S, T € L(H). An operator S € L(H) is called algebraically hyponormal if
q(S) is hyponormal, where ¢ is a nonconstant complex polynomial. Similarly, an
operator S € L(H) is said to be quasinilpotent if its spectrum o(S) = {0}. An
operator S is called paranormal if ||S?g|| > ||Sg|* for every unit vector g € H.
An operator S € L(H) is called quasinormal if S commutes with S*S.
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2. FERMAT’S EQUATION OVER OPERATORS ON THE BERGMAN SPACE

In this section, we will provide some sufficient conditions on the operators
on the Bergman space, which will satisfy the Fermat’s equation X" 4+ Y" =
Z", for all n € N. In the present study, we are considering only Toeplitz, Hankel,
and composition operator on the Bergman space.

Theorem 2.1. Let ¢,1, x, f € H®(D). If " +¢" = X" and f has absolute value
1, then (TyToT7)" + (Ty T, T7)" = (TyT,T7)", for allm € N,

Proof. Now,
(TYT,T7)* = (T T Ty Ty TyTy) = Ty T,T7T Ty Ty

=TT TeTy - (0 f € HX(D))
—TyT2T: (- |f] = 1),

Similarly, (TyT,T})" = Ty/I0T} = TyTyTi. Thus, (TyT,TH)" = (T T,

Therefore,

(TfT¢T;)" + (TfTwT;)” = TfT¢nT; + TfT¢nT}k
— TfT¢n+¢nT;
= (T;TT7) = (T4 T, T5)".
O

Theorem 2.2. Let [ be a analytic function on D. If f and f are harmonic
functions on I and continuous on D and f has constant value with modulus 1,

then (U.T{TyU.)" + (U.(T}, Tf)U.)" = I", for alln € N.

Proof. Since f is harmonic on D and f is constant of modulus 1, then by [12], T 1y
is a projection operator on the Bergman space and (U, T;T;U,)" = (U, T;T;U.).
Again, (U.(T}, Ty]U.)" = (U.(T}, T4|U.) (. (T}, Ty] is a projection). Now,
U.T;T:U)" + (U.(TF, Ty ]U)" = (U.TFTyU) + (U.(TF, Ty]U..)
= (U.T7T:U,) + U.T5,U, — UT{ T U,
=U.TypU, =U=1 Colf] =1).
O

Theorem 2.3. Let z € D and ¢ € L>®(D) with ||¢|lc < 1. Assume that & =
inﬂf) |p(2)| > 0 and there exists a sequence u = {1} such that
zE

= (L= 2R ) + 1B ) < o

n=0
If &> N and del = Tyop, for some z € D, then
(RT,)" + [Ty, Tg|" = I, for alln € N.

Proof. Since § > \j and T ' = Ty,4. for some z € D, then it follows from [J]
that T} is unitary. That implies [T, Tg] = [Ty, Tj] = TyT; — T;Ty = 0. Hence
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[Ty, T3] = 0. Now R : A%(D) — A*(D) be such that Rf(z) = f(z) . Assume
that f(z Z anz". Then T, f(z) = Z a2t
= n=0
Therefore

(RT.)[f(2) = R(T.[(2))

2z
oo
Z a, 2"t —0
_ n=0
N z

Hence, RT, = I. Thus (RT,)" + [T¢,T$]" — I

Theorem 2.4. Let ¢,¢p,x € H®(D). If ¢" + ¢ = x", then (UT,U,)" +
(U T,U,)" = (U, U,)", for alln € N and a € D.

Proof. Since ¢,¢ and x € H*(D), T} = Tyn, Tjy = Tyn and T} = Tyn,n € N.
1\]'0\7\77 Tg + Tn - T¢n ‘I’ Twn — T¢n+,¢n — Txn - T)? Thus,
(U TpUn)" + (UsTyUp)" = Ua(Tn + Ty ) U,
- UaT¢>"+¢"Ua
=U,T\nU, = (U, U,)".
O
Theorem 2.5. Let ¢,¢; € H*(D),j =1,2,... k. If g7 + ¢y + -+ + ¢F = (¢1 +

Go+ -+ d)" = &7, where ¢y + by + -+ + ¢ = o, then
(UaTpUd)" + (UaTo,Ua)" + -+ - + (UaTp, Ua)"™ = (UTU,)", for allm € N,

Proof. Now, (U, Ty,U,)" = U}, Us = ULy Uy, for all j =1,2... k. Then,

(UL, Us)" + (U T, Up)" + - - - + (U Ty, Uy)"
= (Uanb{‘Ua) + (UaT¢T;Ua) +-o (UaT¢ZUa)
= Ua(Top + Ty + -+ Top)Ua
= UdTgp49p+-4¢pUa
=UdpUs (0@ + 05+ -+ 0p =9")
= (U, TpU,)".
0

Corollary 2.6. Let 9 € H*(D) and z € D. If ¢" + 2" = (¢ + 2)", then T}, +

17 = T{(‘sz, for allmn € N.
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Proof. Since U,T,U, =Ty, [13] for all a, z € D, then by Theorem 2.4, we obtained

Tiot2y000 = UaT(o4)Ua)"
= UaT(p1)Ua
= U T (412U,
= U Tyn 10U,
=U,(Tyn + T:n)U,
= U, Ty Uy + U, Ton U,
= U,T2U, + U, T,
= (UT,U)" + (UToU,)"
= Thop, T 15,

O

Theorem 2.7. Let g,g € H*(D) and f € L>®(D). Then (Ty,T,]" + (S, Sy]" =
0, for alln € N.

Proof. Since (Ty,T,| = Ty, —TyT,, then from the basic algebraic relation between
the Toeplitz and Hankel operator on the Bergman space[14], it follows that

ng = Tng + H}Hg = ng — Tng = H%Hg,

ng = Sng + Hng = ng — Sng = Hng*.

As g € H*(D), then H, = 0. Therefore, (T},T,] = HZH, and (S, 8yl = HyH.
Hence the result follows. O

Theorem 2.8. Let ¢ € h*(D). If the numerical range of T, lies in upper-half
plane and contains the origin, then [Ty, Tg]" + [U., P]" =0, for all n € N, where
P is the Bergman projection.

Proof. Since ¢ is bounded harmonic, and the numerical range of Ty lies in the
upper half-plane and contains origin, then by [16], T;, = Tj;. Therefore, [Ty, T3] =
TyTs—T5Ty = Tyl —T;Ty = 0. Again since PU, = U, P, [U,, Pl =U,P-PU, =
0. Hence the result follows. OJ

Let us denote E(T},) = RT,R. be the unitary transform of T}, where R, is a
unitary operator on A?(ID).

Theorem 2.9. Let ¢ € L>®(D) and ¢ € T, where T is a unit circle in C.
If [T7,|Ts|2] = [Ty|>Ty and [R,T}] = TyR., then (A(Ty))" + (E(Ty))" =
1%, for alln € N, where A(Ty) and E(Ty) represent the Aluthge transform and
unitary transform of Ty, respectively.
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Proof. Since A(T,) = |Ty|2U|T}|2, where T, = U|T}| is a polar decomposition of
T}, then

1 1
A(Ty) = |Ts[2UITy|2
1 -1
= [T U[To||Ty| >
1 -1
= [To|2To|T5| = -
It is easy to compute (A(Ty))" = \T¢]%T$]T¢|%l. Now, E(Ty) = R!T,R., then
(E(Ty))" = R:T} R.. Now,
(A(T))" + (B(To)" = [To|2 T3 [Tyl > + RITFR.. (2.1)
Since [T, |Ty|2] = [Ty|2 T}, then TP|Ty|z — |Ty|2 T = |Ty|2T7. Thus
PO (.
T62 T3 = T3 Tl (2.2)
Again, since [R,, Tg] =Ty R, then RT} — T} R. = T} R.. Therefore,
1
TjR. = SR.T}. (2.3)

Using (2.2) and (2.3) in (2.1), we get (A(Ty))" + (E(Ty)" = T}
0
Let m(Ty) = mf{|[To f[| - [|f]] = 1} and m(T) = inf{|T5 f]] - [|f]] = 1}
Theorem 2.10. Let ¢ € L®(D). Assume that m(Ts) > 0 and m(Tg) > 0. If Ty
is partial isometry with TgTj + 2kT5T, + k> > 0 for all k € R, then
(A(Ty)" + [U., UZ]" =T}, for allm € N.

z

Proof. Since m(Ty), m(T5) > 0, then by [19], T, is invertible. Furthermore,
since TgTj + 2kT5Ty + k* > 0 for any k, T, is paranormal. As partial isom-

etry and paranormal operators are quasinormal, so T} is quasinormal. Thus by
['l ()], A(qu) = T¢. NOW,

V..U = U.U? — U2,
=U2-U2=0 (-Ur=U,).

Therefore, (A(T,))" + [U., UZ]" = T} +0 = T7. O
Theorem 2.11. Let ¢,1p, x € H®(D). If ¢" + ™ = X", where x = ¢ + 1), then
(CaTyCo)" 4+ (CoTyCo)™ = (CI,Co)", for all n € N and a € D.

Proof. Now, (C,T,Co)" = (CoTCo)(CoLyCy) - - - n times = CoT}Coy = CTyn .
Similarly, (C,1,C,)" = C/TynC,. So
(CoTyCo)" 4+ (CoTyCo)" = Co(Tyn + Tyn ) Cy
= CoTypniynCy
= C,T\nCy = (C,T,C,)".
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Theorem 2.12. Let ¢, ¢; € H*(D),j = 1,2,... k. If ¢} + % + -+ + ¢} = ¢",
where ¢1 + ¢g + -+ - + ¢ = @, then
(CoTp, Co)" + (CoTp,Co)™ + - - - + (CoTy, Co)™ = (CoTpCy)™, for all n € N.

Proof. Now, (CoTy,C,)" = CangC’a = C’aT¢?C’a, forall j =1,2,...,k. Then,

(CaTy,Ca)" + (CaTp,Ca)" + - -+ + (CaTy, Ca)"
= (CaT4;Ca) + (CaTyyCa) + - -+ + (CaTisp Ca)
= Ca(Top + Top + -+ + Tp)Ca

= CaTypyop+-tepCa

= ClynCo (Y + 5+ + 0 =¢")
— (C.T,Cu)"

OJ

Theorem 2.13. Let ¢ : D — D be holomorphic. If Cy is algebraically hy-
ponormal and quasinilpotent, then (CoCyCy)™ + (U.CyU,)™ = 0 for all z,a €
D, for alln € N.

Proof. Now, (CoCyC,)? = C,CyC2C4C, = C,C3C, as C7 = I. Then, for each
n € N, (CoCyCo)" = C,CyC,. Again (U.C4U.)* = U.C2U, as U? = I. Simi-
larly, (U.CyU.)" = U.C3U.,n € N. Since Cy is algebraically hyponormal and
quasinilpotent, then from [7], C} = 0. Hence, (C,C4C,)" + (U.CgU.)" =0. [

Theorem 2.14. Let ¢,1p,x € H®(D). If ¢" + "™ = X", then for a € T and all
n €N,

(RaTRo)" + (RaTyRo)"™ = (RaT\(Ry)".

Proof. Now, (R, TyR;)* = RJT;R;, (" RR, = I). Similarly, (R, T,R})" =
R, Ty R; and (R, Ty R;)" = R, T} R;. Hence,

(RaT,R:)" + (RyTuR:)" = RyT) R + R,TIR:
= R.(T} +T})E;
= RaTynyyn R,
= R, R
— R,T"R;
= (RT\R;)".

O]

Theorem 2.15. Let ¢, ¢p; € H*®(D), j = L(1)k. If ¢ + ¢5 + - - + ¢} = ¢", then
(RaTpy RE)™ + (RuTs RE)" + -+ + (RaTy, R2)™ = (R Ty R2)™, for allm € N.



FERMAT’S LAST THEOREM 9

Proof. Since (R,Ty, R:)* = (R.Ty, R:)(RTy, R) = RaTij; then (R, Ty, R:)" =
R,T} Ry = RTy Ry, forall j=1,2,... k. Then,

(R Ty, Ro)" + (RaTyp, R)" + -+ - + (R T R
= (R Ty R;) 4+ (RaTyy Ry) + -+ + (R Tyn R)
= Ra(qu? + T+ + T¢2)RZ

= RaTypgptvon IR,
=Ry R, (o9l + 05+ + ¢ =¢")
= (RJTuR;)".

O

Theorem 2.16. Let z,a € D. Then (U,C,U,)"+[R., Re|™ = I, whenn = 2m, m €
N.

Proof. Since (U,C,U,)? = U,C,U?C, U, = I (.- U? = I and C? = I), hence
(U.C,U,)*™ = I,m € N. Since R, is unitary and R-' = R, = R}, then [R,, R¢] =
0. Furthermore, since C? = I, then C?*™ = [,m € N. Hence (U,C,U,)" +
[Re, Re]" = C = I, when n = 2m,m € N. O

Theorem 2.17. Let z,a € D and ¢ € L>®(D) with ¢ > 0. Then (C,U,C,)" +
[Ty, T5]" = I, when n = 2m,m € N.

Proof. Since (C,U.C,)? = C,U,C,C,U.C, = I. Then (C,U.C,)*™ = I, where
m € N. Furthermore, since ¢ > 0, so Ty > 0. Thus T} is positive on A*(D).
Since positive operators are self-adjoint, 7§ = T, = Tj. Therefore, [T, ¢,T$] =
TyT5 — T5Ty = 0. Moreover, U = I and U?™ = I,m € N. O

Theorem 2.18. Let f, fj € H®(D), forj=1,2... k. If [+ f3+---+ 2 = f",
where f = fi+ fo+-- -+ fi. Then (U,S,U)"+ (U, Sp,U)"+---+ (U.SpU,)" =
(U.SfU,)", forall z € D, for alln € N.

Proof. As (U.S;,U.)" = UZSJ’Z;UZ = UZSf]?’LUZ, forall j =1,2,...,k, thus,

(UZSfl UZ)n + (UZSf2UZ)n et (UZka UZ)n
= (UszfUz) + (UszSUz) +oeet (Usz;?Uz)
=U.(Syp + Spp + -+ Sp)U.

= U.SpspptsppUs
— U.SmU, = (U,S;U.)".

]
Theorem 2.19. Let ¢,¢; € H*(D),j =1,2...,k, S =T, be the Bergman shift

operator on A*(D) and let ¢} + @5 +- -+ @) = ¢". Then (STy, R)"+ (ST, R)" +
w4 (STy R)™ = (STyR)™, for alln € N.
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Proof. Note that (STy, R)" = STyn R since RS = I. Again, (STy,R)" = STy R.
Similarly, (STy, R)" = STy R. Therefore,

(STy, R)" + (STp,R)" + -+ (STy, R)" = (STy, R)" + STy, R)" + --- + (STy, R)"
=S(Typ +Tyy + -+ Tyn)R

= STy vog4-rop B
= STynR = (STyR)".

3. FERMAT’S EQUATION OVER 2 X 2 OPERATOR MATRICES

Throughout this section, we study 2 x 2 operator matrix solutions of the Fer-
mat’s equation (1.1) on A?(D) @ A%(D), and if T € L(A?(D) & A%*(D)), then

T Th ) on A*(D) & A%(D), where

T has the representation of the form
Ty Ty

T;; € L(A%(D)).
Theorem 3.1. Let ¢, € HX(D). If p(1— )" L +¢"1(1—¢) =0 and ¢" + (1 —
¢)" =", then ( %’ T%d)l ) + ( T107¢ iTZ ) = ( 7;;[’ jgw > , foralln €

N on A*(D) @ A*(D).

n n—1
Proof. Let A:( Ty Toa ) Then A" = ( I mly Ty ) . Again assume

0 T, 0 Ty
_ (T =Ty n_ [ Tite —nIuTiL,
that B = ( 0 T, ) Then B" = ( 0 7, . Now,
g ((To Ty nT37 Ty — 0TI
0 Ty + T,

Since, ¢ € H*(D) and ¢(1—¢)" 1 +¢" 1 (1—¢) = 0, then Ty _gyn—14gn-1(1-¢) = 0.

That implies T¢Tg:}b) + Tg—1T1_¢ = 0. Therefore,

T () + T 1,¢)n O T¢n+(1,¢)n 0
0 Td)n + T(1_¢)n 0 T¢n+(1_¢)n

Tpn 0\ (T, 0\"
0 T, )=\ 0 T, )
Theorem 3.2. Let ¢,¢p € H®(D). If (¢ — 1) =0 and ¢™ + (1 — @)™ = ", then

Ty Tig \ Tig 0 \'_(Ty 0\ >
for alln € N, ( 0 T ) + ( T, Ty Lo on A*(D) @
A%(D).

2
Ty, Ti—4 B Tj 2T T —g)
Proof. Now, < 0 T, > = ( 0 T(;% .

O
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n n n—1
Similarly one can verify that ( %’ T(qu‘z’) ) = ( 7;;15 nTj TZ(1_¢) ) . Again,
¢ ¢

(Tw) 0 ):( (=B )
Ty Tu-g) nTyTiZy T(iy)

Ty Taeey \",( Tacey 0 \'_ (T3 +Th_y 0T Tuy
ThUS ( O T¢ + T¢ T(1,¢) - anqu_b) T(;L + Tn ’

(1-9) (1-9)
Since ¢ € H*(D) and ¢" + (1 — ¢)" = ¢", then

= Tonr(1-g)

Furthermore, since ¢* — ¢ = 0, then T = T, that implies Ty(I — Ty) = 0.
Therefore, T¢T(qu) =Ty(I —Ty)" ' =0 and Tg_lT(l_@ = 0. Hence the result
follows. OJ

Theorem 3.3. Let ¢,, x € H*(D),S € L(A*(D)) and T, = WS with S > 0, W
being power bounded, S < Re(T,). If (p+ 2)" + 2" =" and (¢ — 2)" + 2" = x",

Ty T, " T. T.-S\" (T, 0\"
then {U(TZ T(z))U} —i—(o g ) —(0 Tx) for alln € N,

on A%(D) @ A*(D).

where U =

SIS
SI=SIL

Proof. Tt is easy to compute

I I I -1
e (F )2
7z )\ T )\ 5 &
(Ty+T. 0
- 0 T,-T.
Therefore,
I I I -7 n
T NE )
7z o)\ Ty Vol
! (

Tig4zyr 0 )
0 Tip—2p

Furthermore, ( 7(;3 TZ; o ) = ( % L STnS ) . Since T, = WS with § >

0 and W is a power bounded operator on A?(D) and S < Re(T,), then by Fong
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and Tsui [6] S = T,. Now,

Ty T, " T. T.— S \"
v (E 5 (T 0)
_( Tigszr O LT TSt

0 Tigap 0 S

_ ( Tigszympan 0 (T 0\ _ [Ty 0"
0 T(¢—z)"+z” 0 TX" O TX .

Let Z,[T] be the ring of polynomials generated by the operator T', where T' €
L(H). Then we have the following results.

OJ

Theorem 3.4. Let ¢ € H®(D) and ¢" (¢ —1) = 0. If Tyn € Zon—1[Ty), then on
T, Tyt \" T, Ty \" T, 0 \"
2 2 ¢ +o-1 ¢ Lo — ¢
A(D)@A(D),( 0 T, ) +<T¢ T¢> =1 0 T(b) , for alln € N.
T¢ T¢>71 " . Tg nT$_1T¢_1 . Tyn angn—l(d),l)
Proof. Now, ( 0o T, ) = 0 7 = 0 Tpn )
Ty Ty N\ 2ty o2nTTn (2T 2n T,
Again ( T, T, ) “\ 2ty o2ty ) T\ 2 2”’11T¢n - Thus
n n n—1\7mn n n— n—1gm
T¢ T¢,1 + T¢ T¢ _ (1 + 2 )T¢ nT¢ — nT¢ + 2 T¢
0 T¢ T¢ T¢ 2n_1T$ (1 + 2n_1)Tg ’

Since Zgn-1[Ty] is a ring of polynomials in T with characteristic 2"~!, then
2"'Tp = 0. Hence,

(1+2"" Ty nTyp—nTp~ 420175 Ty nTy —nT)™
( 2”_1Tg (1+ 2"‘1)Tg is reduced to 0 7 .
Furthermore, since ¢"'(¢ — 1) = 0, then Tyn-1(Ty — I) = 0. That implies

7 nTP —nTr ! T, 0\"

n-lop 1y 6 Mg ¢ — (e
T (Ty — 1) 0. Thus ( 0 T7 ) < 0 T¢) . Hence the
result follows.

4. FERMAT’S EQUATION OVER 3 X 3 OPERATOR MATRICES

In this section, we investigate 3 x 3 operator matrix solutions of the Fermat’s
equation on vector valued Bergman spaces.

Theorem 4.1. Let ¢, € H®(D)and ¢" +y™ = 1,n > 1. If Ty € Z,[T},], then
on A%2(D) @ A%(D) & A%(D),

n n n

T, 0 0 T, 0 0 I T, T,
0 T, T, | +( 0o 7, o | =l 0o I T, |, forallneN.
0 0 T, 0 0 T, 00 I
Proof. Let
T, 0 0 I T, T, T, 0 0
A= 0 T¢ T¢ ,B = 0 I T¢ and D = 0 Tw 0
0 0 T, 00 I 0 0 T,
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On direct computation, one can get

w0 0 [ nT, "“U724nT,
A" = 0 Ty nIy | andB"=| 0 I nT,
0o 0 17 0 0 I

Since ¢,¢ € H*(D) and ¢" = 1 — ¢", then I =T} = T\ 4y = Tyn = Tj.
Furthermore, since Ty € Z,[Ty] and Z,[T},] is a ring of polynomials in T}, with
characteristic n, therefore

I[-Tp T, "2UT240T,

B" — A" = 0 =Ty  nTy—nTy
0 0 -1y
T, 0 0\"
isreducedto | 0 T, O = D". Thus B" — A" = D", as required. O
0 0 T,

Theorem 4.2. Let ¢,7p € H*(D). If ¢" + 1 =¢",n > 1 and T1_y) € Z,[Ty),
then on A*(D) @ A*(D) ® A*(D), for all n € N,

n n

T, O 0 I Tu—¢) Th-g Ty, 0 0
0 T¢ T(1_¢) —+ 0 1 T(1_¢) = 0 T¢ 0
0 0 T 0 0 I) 0 0 Ty
Proof. Direct calculation leads to
T, 0 0
0 T¢ T(1 ¢ nT(1_¢)T¢n71
0 O Tyn
I Ta gy Th g 1 nT1 o MUTZ 4Ty
Similarly, [ 0 1 T1 ¢ nT1—g)
0 0 1

As Z,[Ty] has characterlstlc n and T1 6 € Z [T4], then nTy_4 = 0 and the
condition 1+ ¢" = 9" implies

n n

Iy 00 I Ta-g) Tt-g)
0 Ty Tu-¢p | +{ 0 I Tuy
0 0 Ty 0 0 I)
Tpn+1 nTiy "2HT2 40Ty,
= 0  Tynt1 nTl o T3t 4+ Ty
0 0 T¢n +1
Tynyr O 0 Tyn 0 0 T, 0 0 \"

O

Theorem 4.3. Let ¢, € H®(D). If ¢" + (1 — ¢)" = ", ¢" (1 — ¢) = 0 and
(1—¢)""1¢ =0, then on A*(D) & A*(D) & A*(D), for alln € N,



14 P. K. JENA AND B. SAHOO

n n

7, 0 O Ty O 0 T, 0 0
0 0 T, 0 0 Tiy 0 0 Ty
Proof. Let
T, 0 0 Ti—y O 0 Ty 0 0
A= T1_¢ T¢ 0 ,B = 0 T1_¢ T¢ and C = 0 T¢ 0
0 0 T, 0 0 Tiy 0 0 Ty
Simple calculation shows that
T%L 0 O Tyn 0 0
A" = an’J* T1,¢ T(;l 0 = nT¢n,1T1,¢ T¢n 0 s and
0 0 Tg 0 0 Tyn
iy 0 0 Tagn 0 0
B" = 0 Tr, nIf )T, | = 0 Ta—gyp nTa_gyn—1Ty
0 0 i & 0 0 Ti—g)n
Now,
Td)n + T(1_¢)n 0 0
A" + B" = nT¢n_1T1,¢ T¢n -+ T(1_¢)n nT(1,¢)7L—1T¢
0 0 Tg + T(1—g)n

Since ¢" (1 — ¢) = 0, then Tyn-14_4 = 0. Thus Tyn-1Ti_¢ = 0. Similarly
(1—¢)" ¢ =0 implies T(1_g)n—1Ty = 0. As ¢" + (1 — ¢)" = ", we get

n

Tpe 0 0 T, 0 0
A"+ B" = 0 T¢n 0 = 0 Tdi 0 =C".
0 0 Ty 0 0 T,

O
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