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ABSTRACT. We study a class of obstacle problems in Sobolev spaces of the
form

/ a(|Dw|)Dw) : DU — @) + (w|w| 2, U — =) dy > 0,
Q
Ue £e,g-

We prove the existence of a weak solution via Young measure theory and a
theorem of Kinderlehrer and Stampacchia. Since our operator does not sat-
isfy the property of monotonicity which is necessary in the proof, we suppose
another condition to overcome this situation.

1. INTRODUCTION

Several areas of research and engineering, including fluid mechanics, material
science, and image processing, interact with nonlinear elliptic obstacle problems.
One example of an obstacle problem related to membranes is the challenge of
finding the equilibrium shape of a flexible membrane constrained by an obstacle.
In this problem, the membrane is represented as a two-dimensional surface with
a given tension, and an obstacle is placed on this surface. The goal is to find the
shape of the membrane that minimizes the total energy of the system, subject to
the constraint that the membrane cannot penetrate the obstacle. This problem
arises in a variety of applications, including the creation of inflatable structures,
the study of biological membranes, and the materials science analysis of elastic
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sheets. The aim of this paper is to investigate the existence of a weak solution
for the obstacle problem of the following form:

/ a(|Dw|)Dw) : DU — @) + (w|w| >, U — w) dy >0, (1.1)
Q .
U € ooy,

where
g ={UEWY"( QR™) : U—ge W, (BR™),  U>laeinQ}. (1.2)

Here € is a bounded open domain in R™ (n > 2), and w : Q — R™ is a vector-
valued function, and the function a : Rt — R is of class C' and satisfies

!/ /
—1<t, =:inf ()t < sup @)t
20 at) = a(t)
One physical example of our problem can be found in the modeling of liquid
crystal elastomers (LCEs). LCEs are materials that exhibit both mechanical
and optical properties, and they have important applications in microelectronics,
photonics, and robotics. The behavior of LCEs is strongly influenced by the
orientation of the liquid crystal molecules within the material, which can be
described by a vector field w. The elastic energy of the material is a function
of the gradient of w, which can be represented by the function a(|Dw|). The
objective of this problem is to find the vector field w that minimizes the elastic
energy of the material subject to the boundary conditions, and the constraint that
w must satisfy the equations of motion of the material. The constraint can be
represented by a vector-valued function ¢(w) that describes the dynamics of the
material, and the function ¢ can represent the initial conditions for the problem.
There are several numerical methods that can be used to solve obstacle problems,
depending on the specific problem and the properties of the nonlinear operator
and the obstacle.

First of all, the initial findings on obstacle problems come from Stampacchia’s
groundbreaking work in the 1960s. After the fundamental work of Lions and
Stampacchia [20], the generally recognized notion that solutions to the obstacle
problems cannot be of class C? independent of how regular the obstacle is gave rise
to the idea of a weak solution and the theory of variational inequalities. These
problems can be resolved using recent classical methods of functional analysis
(see, e.g., [2, 21, 22] and reference therein); however, it is crucial to create the
conditions necessary for weak solutions to actually be classical ones, with the
additional requirement that the solution remains above a given function, the
obstacle (see [8]). We cite the following monographs for detailed details [6, 9, 19].

In [24], the authors considered the obstacle control problem

=: h, < 00. (1.3)

[ ATV -ty 20, foral U e pl), (1.4)
Q

where y € p(p) =: {U € H}(Q) |U > p a.e. y € Q} and proved the existence of
an optimal control and approximated the variational inequality (1.4) by a family
of quasilinear elliptic equations.



40 H. EL HAMMAR, M. ALLALOU, M. EL OUAARABI, A. RAJI

Junxia and Yuming [18] have examined the boundary regularity of weak solu-
tions to a nonlinear obstacle problem with C'#-obstacle function, and obtained
the C)v* boundary regularity. The obstacle problems treated in [10] are related to
elliptic equations of the type — diva(y, Dw) = p on 2 C R™ with p is a bounded
Radon measure on ). The authors have investigated the role played by Wolff
and Riesz potentials in regularity questions for solutions to obstacle problems.

Grimaldi [15] proved some regularity properties of solutions to variational in-
equalities of the form

/(A(y,w,DW), DU —@))dy = / B(y,w, Dw)(U — w)dy, for allU € py(Q2),
Q Q
and the class p, () is defined as follows: 0, () = {w € W' (Q) : w > 1 a.e. in
2}. They obtained the existence of solutions to elliptic obstacle problems with
measure data and derived pointwise and oscillation estimates for the gradients of
solutions to elliptic obstacle problems via the nonlinear Wolff potentials.

We note that our operator ¢ — a(|t|)¢ is monotone if it verifies the condition
(1.3) (see Lemma 4.2). More precisely, if we assume that o : M"™*" — M™*"
given by

_ Jallghe if & #0,
ol6) = {0 if ¢ = 0,

is a C'-function and monotone, that is,

(0(&) —am):(—=n) =0 forall &neM™™,

then we deduce that we cannot use the proof of the case (Hs)(a) in [17], because
the following identity

oA :E=0(Dw) : &+ (Veo(Dw)E) : (Dw — A)

does not hold on the support of v, (see Definition 3.2 for the definition of v).
Instead, we will assume (1.3) to prove the monotonicity of the function a, which
will serve us to prove the existence of weak solution for the obstacle problem
(1.1)~(1.2) via the concept of Young measure combined with the theorem of
Kinderlehrer and Stampacchia. For more applications of the theory of Young
measures, we refer the readers to see [3, 1, 11, 16, 17,4, 13, 5, 12].

2. ASSUMPTIONS AND MAIN RESULT

Let © be a bounded open domain in R” (n > 2), let 1 < r < oo, and let m € N.
By M"™*™ we denote the set of m x n matrices with reduced R™" topology, that
is, if v € M™*" then || is the norm of v when regarded as a vector of R™". We
endow M"*™ with the product

VM= Z%‘jﬂij-
1,7

In addition to (1.3), we assume the following conditions:
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(Ap): There exist ag, oy >0, and d; € L'(Q2) such that

la(l€DEl < aolel ™,
a(|€)€ : € > aq|¢|” — di(y), for all & € M™*"
for almost all y € (2.

(A1): The function a satisfies one of the following conditions:
i): There exists a convex and C*-function b : M™*" — R such that

ollele = 5 = Dae)

ii): a is strictly quasimonotone, that is, there exist constants ¢ > 0 and
p > 0 such that

LMWMU-MHK%O%%My>{AM—ﬂW%

for all £, n € M™*™.
iii): a is strictly p-quasimonotone, that is,

[ @A~ a3+ 3= D) >0,

for X = (v,, id), where v = {1, },cq is any family of Young measures
generated by a sequence in L"(2) and not a Dirac measure for a.e.
y € Q.

We will prove the following existence result for the obstacle problem (1.1)—(1.2):

Theorem 2.1. Suppose py4 # 0. Assume that (1.2) holds and that a satisfies
the conditions (Ag) — (A1). Then there exists a weak solution w € gy, to the
obstacle problem (1.1)~(1.2). In other word, there ezists a function @ € @y,
satisfying

/ a(|Dw|)Dw : DU — w) + (w|w| U —w) dy >0
Q

for each U € @y 4.

3. PRELIMINARIES

In this section, we first introduce a theorem of Kinderlehrer and Stampac-
chia. To this end, a review on Young measures will be presented and some of its
properties needed later.

Let X be a reflexive Banach space and let X’ be its dual. By (-,-) we denote
the duality pairing between X and X' given by

<f,h>=/9fhdy, heX.fex

Recalling the following theorem of Kinderlehrer and Stampacchia:
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Theorem 3.1. ([19]). Let p be a nonempty closed convexr subset of X and let
L : o — X' be monotone, coercive and strong-weakly continuous on p. Then
there exists an element w € p such that

(L(w),U —w) >0  foralllU € p.

As stated in the introduction, we use the tool of Young measures to prove
the existence result. This concept of Young measures is an amazing tool to
understand and control difficulties that arise when weak convergence does not
behave as one desires with respect to nonlinear functionals and operators. For
convenience of the readers not familiar with this concept, we give an overview
needed in this paper. See [7, 14, 16] for more details.

Definition 3.2. We call v = {v, },eq the family of Young measures associated

to (zx).

In [7], it is shown that if for all R > 0
hm sup [{y € QN Br(0) : |z(y)| > L} =0,

—)OOE

then the Young measure v, generated by 2, is a probability measure, that is,
|vyllm = 1 for a.e.y € Q2. The following properties build the basic tools used in
what follows. If || < oo, then there holds

2 — 2 In measure < vy, = 0., for a.e.y € (L (3.1)
If we choose z, = Dw,, for w;, : 2 — R™, then the above results remain valid.

Lemma 3.3. ([11, 16, 17]). Assume that Dwoy, is bounded in L™ (€Q; M™*™). Then
the Young measure v, generated by Doy, satisfies the following conditions:

(1) v, is a probability measure.
(2) The weak L'- limit of Dwy, is given by (v, id).
(3) The identification (v,, id) = Dw(y) holds for a.e. y € .

The following Fatou-type lemma is useful for us.

Lemma 3.4. ([L1, 16, 17]). Let ¢ : M™"™ — R be a continuous function and
let @y, : Q — R™ be a sequence of measurable functions such that Dwy, generates
the Young measure vy, with ||vy||pmaam=ny = 1. Then

hm 1nf/ (Dwy,) dy > / / A)dvy(N) dy
men
provided that the negative part of p(Dwy,) is equi-integrable.

4. WEAK SOLUTION OF OBSTACLE PROBLEM

In this section, we shall obtain the existence of the solution for obstacle problem
(1.1)—~(1.2). We define a mapping L : p,,—W~17(Q;R™) by

(L(w),U) = / a(|Dw|)Dw) : DU + (w|w|" >, U) dy, forallld € Wy (Q;R™).
Q

It satisfies the hypothesis of Theorem 3.1.
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Lemma 4.1. Let w be a function in ;4. Then the following conditions hold:
a) L(w) € WL (Q;R™).
b) L is monotone and coercive on ¢y .
c) L is strongly-weakly continuous.

Proof. a) Using Holder’s inequality and the growth condition in Ay, we have

(w=). ] = | [ aID=)D : DU+ (wll )

< ([ tap=pal a) " ( [ 10Ut an)” + el

r 1\t
< c(/Q | D[ dy) " | DU, + ||z || DU|.
< Const||DU||,.
Thus L(ww) € W1 (Q; R™).

b) We prove that L is monotone and coercive on @y . For fixed U € g, ,, we
have

(L(w) — LU), w - U)

_ /Q(a(|Dw|)Dw — a(|DUNDU) - (Dw — DU) dy

+/ (w|w| 2 —UU|"? = —-U) dy >0,
Q

by Lemma 4.2. Hence L is monotone by the monotonicity of a.
On the other hand, by the strict quasimonotone condition, we get

(L(w)— LU),w —U) = /Q(a(|Dw|)Dw —a(|DU|)DU) : (Dw — DU) dy
—0—/Q<w|w]"2—l/{|2/{\’"2,w—u> dy

202/|Dw—DZ/{|rdy+22_T/|w—Ll|r dy
Q Q

from which we deduce
(L(w) = LU), w - U)
| — Ul

as ||w — U||1, — oo. Hence L is coercive.

c) We show that L is strongly-weakly continuous.We pick out a sequence wy, €
90y such that wp, — @w € @y, in WP (Q;R™). Then ||wg|1, < C for some
constant C.

According to Lemma 3.3, there exists a Young measure v, generated by Dwy,
such that ||y, || sqqumxn) = 1 and

> el ~ U]l — oo

Dwy, — (vy,id) = / Mdv,(\)  in L'(Q). (4.1)

men
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Since L"(Q; M™*") is reflexive, then Dy, — D in L"(; M™*") € L1(Q; M™*").
Thus Dw(y) = (v, id) for a.e y € Q (by uniqueness of limit).
We will demonstrate ¢) using the following lemmas.

Lemma 4.2. Assume that 1.3 holds. Then a is monotone, that is,
(a([€DE = allnn) : (€ =n) 20 for all §, n € M™™.
Proof. Let t € [0,1], and take §; = t£ + (1 — t)n for all £, n € M™*". We have

(@(€s = alnhi) < (€ =) = (| Sla)81ar) - (€ =)

= (/0 [’ (16:1)16:] + a(16:])] dy) = (§ = n)?

N (AN -
([ atoD I+ 1) ) s € =) 0

by using (1.3). Thus a is monotone. O

Lemma 4.3 (div-curl inequality). Assume that (Ao) — (A1) hold and that Dwy,
generates the Young measure v,. Then

/Q/MWK“(‘A'>A — a(|Dw|)Dw) : (A — Dw)d,()) dy < 0.

Proof. Consider the sequence
Cy := (a(|Dwy|)Dwy, — a(|Dw|)Dw) : (Dwy — Dw)
= a(|Dwy|)Dwy : (Dwy, — Dw) — a(|Dw|)Dw : (Dwy, — Dw)
=:Cr1+ Choa.
On the one hand, by the growth condition in (4;),

/ la(|Dw|) Dw|” dy < c/ |Dw|" dy < oo, (4.2)
Q Q
for arbitrary w € Wy (Q; R™). Thus a(|Dw|)Dw € L™ (Q; M™ ™). According to

a weak convergence described in (4.1), it follows that

hmmf/c“ dy—/ o(|Dw|)De - < /men()\—Dw)dvy()\) dy> — 0. (4.3)

Let €' C Q) be an arbitrary measurable subset. By the growth condition in (A)
together with Holder inequality, we have

1
T

la(|Dwy|) Doy, : Dw| dy < (CHDwkHil)(/ |Dw|? dy) ™.
94 ——

<c
Since / |Dw|" dy is arbitrary small if we choose the measure of ' small enough,

it follows that the negative part (a(|Dwy|)Dwy, : Dw)  is equi-integrable.
On the other hand, by the coercivity condition in (Ap), we have

a(|Dwy|)Dwy, : Dwy, > —di(y) + oa|Dwi|” > —di(y).
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Thus

| (=D D) dy < [ o]
/ Q/
Hence (a(|Dwy|)Dwy, : Dwy) s equi-integrable. We infer from Lemma 3.4 that

C= liminf/ a(|Dwy|)Dwy, - (Dwy, — Dw) dy

> /Q/MWn a(|\DA : (A — Dw)dy,(N) dy.

We prove that C' < 0. According to Mazur’s theorem (see, e.g., [23]), there exists
U, € W (Q; R™), where each U, is a convex linear combination of {w, ..., @}
such that Uy — w in W (Q;R™). This implies that U belongs to the same
space as wj. Hence

k—o00

C = liminf/ a(|Dwy|)Dwy, : (Dwy, — Dw) dy
Q
k—ro0

= liminf(/ a(|Dwy|)Dwy, : (Dwy, — DUy) dy
Q

+ /Qa(|Dwk|)Dwk : (DU, — Dw) dy>

< lim inf|||a(| Dwy|) Doy
k—o0

|DwkJ - DUkHT

7"’|

+ [|la(|Dw|) Doy

T,HDL{k - Der = O,

by the boundedness of a(|Dwy|)Dewy, in L™ (©; M™*™), the construction of the
sequence Uy, and the following fact

Hwk —L{kHLT < Hwk — wHLT -+ HL{k — wHLT —0as k — 0.

Since
/ / a(|D=)) D : (A — D) duy(A) dy
Q Jmmxn
= / a(|Dw|)Dw : (/ A dyy(A) — Dw) dy =0
Q MmXn
together with C' < 0, the inequality of Lemma 4.3 follows. 0

Remark 4.4. An intermediary result is the following inequality:

liminf/ (a(|Dwy|) D@y — a(|Dw|)Dw) : (Dwy, — Dw) dy < 0.
Q

k—o0

To see this it is sufficient to repeat the proof of Lemma 4.3.

Lemma 4.5. For almost every y € ), we have

(a(]A\DX — a(|Dw|)Dw) : (A — Dw) = 0 on suppu,.
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Proof. By Lemma 4.3, we have

/ / (a(]ADA — a(|Dw|) D) = (A — Daw) duy(A) dy < 0.
Q MmXn
By the monotonicity of a, the above integrand is nonnegative, thus must vanish
with respect to the product measure di,(\) ® dy. Therefore
(a(]ADA = a(|Dw|)Dw) : (A — Dw) = 0 on supp v,
OJ

We shall prove c¢) for each case listed in (As). In a first step, suppose that a
satisfies the condition (A;)(7). We argue as follows: We start by proving that for
almost every y € (Q,

suppry, C E, = {A e M™": b(\) = b(Dw) + a(|Dw|)Dw : (A — Dw)}.
Let A € suppv,. Then by Lemma 4.5, we get

(1 —=7)(a(|]A\)XA — a(|]Dw|)Dw) : (A= Dw) =0, forall7e€[0,1]. (4.4)
According to Lemma 4.2 and (4.4), for all 7 € [0, 1],
0<(1—=7)(a(|]\DX —a(|Dw + 7(A — Dw)|)(Dw + 7(A — Dw))) : (A — Dw)

= (1 —7)(a(|Dw|)Dw — a(|Dw + 7(A — Dw)|)(Dw + 7(A — Dw))) : (A —(fg)

By monotonicity, we can write
(a(|Dw|)Dw — a(|Dw + 7(A — Dw)|)(Dw + 7(A — Dw))) : 7(Dw — \) >0,

which implies, since 7 € [0, 1], that

(a(|Dw|)Dw — a(|Dw + 7(A — Dw)|)(Dw + 7(A — Dw))) : (1 — 7)(Dw — A

From (4.5) and (4.6) we deduce
(a(|Dw|)Dw — a(|Dw + 7(A — Dw)|)(Dw + 7(A — Dw))) : (A—Dw) =0
for 7 € [0,1]. It results from the above equation and a(|¢]) = (9b(€))/(9€) that

b(\) = b(Dw) + /1 a(|Dw + 7(A — Dw)|)(Dw + 7(A — Dw)) : (A — Dw) dr
= b(Dw) + a(()|Dw|)Dw . (A= Dw).
Hence A € £, that is, supp v, C E,. In view of the convexity of b, we have
b(A) > b(Dw) + a(|Dw|)Dw : (A — Dw) =: B(\), for all A € M™*".
Since b is a C'*'-function, it follows for 7 € R that
b(A+ TF) —b(\) S B(A+TF)— B()\)

if 7 >0,

T T

bA+7F) = b(A) _ BO\+7F) - B

T T

if 7 <0,
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where F' € M"™*"™. Thus Db = DB, and then
a(|]\)X = a(|Dw|)Dw  for all A € E, D suppv,,. (4.7)
The equi-integrability of a(|Dwy|) Dy, implies that its weak L!-limit is given by

a:= / a(|A\DA dy () = / a(JA)A duy(X)
Mmxn supp Vg (48)
= / a(|Dw|)Dw dvy(X\) = a(|Dw|)Dw,

where we have used (4.7) and ||, ||pm = 1.
Now consider the Carathéodory function

gA) = la(]ADA —aly), A e M™.

The sequence gi(y) := g(Dwyg(y)) is equi-integrable by that of a(|Dwy(y)|) D (y),
hence its weak L!-limit is given by

gk — g in Ll(Q)7

where

30) = [ lallADA=a(u)] dr, ()

:/ a(ADA —a(y)] dry(A) =0 (by (4.8) and (4.7)).

Since g > 0, we deduce that g, — 0 in L'(Q) as k — oo.
Hence

/a(\DkaDwk : DU dy — / a(|Dw|)Dw : DU dy as k — oo, that is,
Q Q

(L(wk),v) = (L(w),v).

For the case when (A;)(ii), we have
/ |Dwy, — Dw|" dy < c/ (a(|Dwg|) Dy, — a(|Dw|)Dw) : (Dwy, — Dw) dy.
0 Q

We remark that the limit inferior of the right-hand side of the above inequality
is less than or equal to zero by Remark 4.4. It follows that

k—o0

liminf/ |Dwy, — Dw|" dy = 0.
Q
Let By, = {y € Q:|Dwy — Dw| > e}. Then
/ |Dwy, — Dwo|” dy > / |Dwy — Dw|" dy > €| By,
Q Ek,e
which gives

1
|Ek€’ §—/|Dwk—Dw|T dy -0 ask — co.
€r Q
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Hence
Dw), — Dw in measure on 2 (for a subsequence).

After extracting a suitable subsequence if necessary, we can infer that Dwy, — Dw
for almost every y € Q. Then a(|Dwy|)Dwy — a(|Dw|)Dw for almost every
y € Q, and in the measure. By the equi-integrability of a(|Dwy|)Dwy : DU, the
Vitali theorem implies

/a(!DkaDwk : DU dy — / a(|Dw|)Dw : DU dy as k — oo.
0 0

Hence (L(wy),U) — (L(w),U), that is, to say L is strong-weakly continuous.

For the last case where (A)(iii), we suppose that 1, is not a Dirac measure on
a set y € Q' of positive measure |V'] < co. Since A = (v, id) = Dw(y) for a.e.
y € (), we remark first that

| alRs =% w0
= a(|\)X: /men A dry () = a(JA)A X/M dy,(A) = 0.

mxXn

Therefore, the strict r-quasimonotone implies

/Mmm a(|ADA = A dyy(X) > /men a(]A)A = X dyy (N).

After integrating the above inequality over €2, we obtain by Lemma 4.3 the fol-
lowing contradiction:

/Q/Mma(MDA:Aduy(A) >/Q/ana(|A|)A:Xdyy(A)
= /Q/Mm a(|ADA = A dyy ().

Hence v, is a Dirac measure, that is, v, = d4(, for a.e. y € 2. We have

g(y) = / A dég(N) = / A dvy(A) = Dw(y) for a.e. y € €.
MmXn

Man

Therefore v, = 0pw(y). By virtue of the (3.1), Dw;, — Dw in measure and
almost everywhere (up to a subsequence). By the continuity of function a,
a(|Dwy|)Dwy — a(|Dw|)Dw almost everywhere. Since, a(|Dwy|) Dwy, is equi-
integrable, it follows from the Vitali convergence theorem that

a(|Dwi|)Dwy, — a(|Dw|)Dw  in LY(Q; M™*™).

This is again the strong-weakly continuous of L on gy 4 in this case.
e Let us now demonstrate that

{wk = Uy = (@ || U) ask — oo
Since wy), — @ in WH(;R™), the continuity of the inner product implies

(g, U) = (w,U) ask — oco.
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Thus, we can conclude that <wk |wk|r72 U > remains bounded for all w;, >
almost everywhere in 2, with r > 1.

Consequently, by the convergence wy — w, we obtain the following limit:
(@@ 2 U) = (w72 U)  ask — .

Next, we take the limit, and we obtain

(L(w), U) :/Qa(|Dwk\)Dwk:DU+<wk\wk|r_2,Z/{> d

—>/ a(|Dw|)Dw : DU + (w|w|" >, U) dz = (L(w),U).
Q

This shows the strong-weak continuity of L on @w € gy 4. This concludes the

proof of Lemma 4.1.

L.

OJ

We now have all the necessary elements to apply Theorem 3.1 to the mapping
We conclude the existence of an element @ € @y, , such that (L(w),U—w) > 0,

that is,

/ a(|Dw|)Dw : DU — @)+ (w|w| >, U —w) dy >0 forallU € py,.
Q
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