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ABSTRACT. In this paper, we introduce the Laguerre type matrix polynomi-
als L%H’Q)(z). Also, we discuss various properties of the Laguerre type ma-

trix polynomials L%H’q) (z) including hypergeometric matrix series representa-

tion, generating matrix relations, integral images, fractional calculus operators,
differential recurrence relations, and summation formulas. These results are
very helpful in theory of special functions, operator theory, and mathematical
physics.

1. INTRODUCTION AND PRELIMINARIES

Particularly with regard to orthogonal polynomials and special functions, ma-
trix theory is crucial to every branch of mathematics. In addition to the matrix
version of Laguerre, Hermite, Gegenbauer, and Chebyshev matrix polynomials
[13, 7, 8, 12], the special matrix functions also appear in statistics, group repre-
sentation theory, number theory, and Lie theory in [3, 4, 11, 14]. Let C™* be
the complex space of all r-square complex matrices. For H € C***, its spectrum
A(H) denotes the set of all eigenvalues of H and a(H) = max[R(p) : p € \(H)],
B(H) = min[R(p) : p € A(H)]. Any square matrix H € C"* is a positive stable
if R(p) > 0 for all p € A(H). The identity matrix and zero matrix in C*** are
denoted by I and 0, respectively.
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If # € C™" and H + nl is an invertible matrix for all n € Z* U {0}, then the
matrix version of the pochhammer symbol (#),, is defined by [9]

(H)p =T(H+nDT(H)

:{ HHA+D(H+2D)...(H+(n—1)I) (neN),

I En =0). (1.1)

Let H and K be commuting matrices in C*** such that forn € Z+ U {0}, H+nl,
I +nlI, and H + K 4 nl are invertible. Then by [9],

B(H,K) =T(H)T(K)T ™ (H + K). (1.2)

For positive stable matrices H, K € C™*, Jodar and Cortés [10] defined the
Beta matrix function as

1
B(H,K) = / (1 — ) da. (1.3)
0
For a positive stable matrix H € C***, Jédar and Cortés [10] defined the
Gamma matrix function [10] as
F(H):/ et dr. (1.4)
0

Dwivedi and Sahai [5] discussed the generalized hypergeometric matrix function
as

Hi, Hoy ooy Hy
PFQ[/CI,/CQ,...,/CQ ’Z]

HlnHzn...Hpn Klnil ,anfl... Ianflz”
:Z()() (Hp)n[(K1)n] " [(K2)n] [(Kq)n]

n!

, (1.5)

n>0

where H;,K; € C™*, 2] < 1,1 <i<p, 1 <j<gq pqe€Kand K; + kI are
invertible for all k € Z* U {0}.

The Laguerre matrix polynomial Lg{”\)(z) is defined by Jodar [38] as

L) = 3 %(H E D+ D), (16)

where A is a complex number with R(A) > 0 and H is a matrix in C™* with
H + nl invertible for all n > 1.
Setting A = 1 in (1.6), this gives [1]

(H+1),

—nl
L(2) = i [H+I ; z] : (1.7)
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Lemma 1.1. ([6]) Let P(p,n), Q(p,n) be matrices in C***. Then the following
series relations are satisfied:

Y > P,n)=>_> Plp.n—p),

n=0 p=0 n=0 p=0
Y Y Qpm)=> > Qp.n+p).
n=0 p=0 n=0 p=0

2. THE LAGUERRE TYPE MATRIX POLYNOMIALS L%H’q)(z)

Definition 2.1. Let H € C™*" be a matrix satisfying the spectral condition,
R(p) > —1, forall pe A\(H), (2.1)

and ¢ € Z". Then the matrix polynomials L,(lH’q)(z) are defined as

H A+ Dgn ~—~ (—n).2* ~
L;W(z):( - Ja Z( kl)’“ (H+1),. (2.2)
R !

Remark 2.2. For ¢ = 1, this reduces to the Laguerre matrix polynomial L7(z)
defined in [1].

2.1. Hypergeometric Matrix Series Representation. Let H € C"™** be a
matrix satisfying the spectral condition (2.1), ¢ € Z™ and \q%\ < 1. Then hyper-
geometric matrix representation of the Laguerre type matrix polynomials (2.1) is
given by

L(z) =

o i {A(q;'HJrI) s

s (137) (5. (433) . ()

3. GENERATING MATRIX FUNCTIONS

where

Theorem 3.1. Let H € C™* be a matriz satisfying the spectral condition (2.1),
letwe C, g€ Z", let R(w) >0, and let |=22| < 1. Then the following matriz

qq
generating function holds:

. — — —Wz
D (A Danl L) = By | n gy |0 B
n=0 ’



54 VINOD KUMAR JATAV, UDAI KUMAR, ANKIT PAL

Proof. From the left-hand side of (3.1)

i W [(H A Daa] ™ LY9(2)

=S Dyl (“‘ T Don = Dz g Ml) o

= n! — k!
o M 1ykk X
-y % ((H + T o (3.2)

S (K 4 D] LR9(2)
_ - (_Z)k -1 n+k
S D e
_ . w" — (—w2)* 1
S S+ D
k
w > _qL;Z> 1 H+mi -t
e (55)
:ewqu{A(qy’;HI) ’ qq]

OJ

Corollary 3.2. Let H € C™** be a matriz satisfying the spectral condition (2.1),
letwe C, q € Z", let R(w) > 0, and let |#| < 1. Then the following matriz
generating relation holds:

Zw LM+ (qn+ D)LY (2)

o w —1 - . —WwZz

=e“ I (H+1)oF, AgH+T) * g | (3.3)
Theorem 3.3. Let H,K € C™*F be commuting matrices satisfying the spectral
condition (2.1), let w € C, q € Z*, let R(w) > 0, and let |wq?| < 1. Then the
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following matrixz generating relation holds:

i T(K + gn)T(H + (gn + D)I) LD (2)w"

f: “YH + (gk + 1)DT(K)

< oFy [A(q’ Krakl) gl (3.4)

Proof. From the left-hand side of (3.4),

i (K + gn)TY(H + (qgn + 1)1) LD (2)w"

R 2)k
Z n— k) L(K + gnI)T™H(H + (gk + 1)1)w". (3.5)

Applying Lemma 1.1, we obtain

Z DK + qnI)T ™ (H + (qn + 1)1 L9 (2)w"

_ i i <_Tl°j;>kr1(% + (gk + DDT(K + gnI + gkl )w"

Setting IC = H + [ in (3.4), we deduce the following corollary.

Corollary 3.4. Let H € C*™** be a maltriz satisfying the spectral condition (2.1),

letwe C, g€ Z", let R(w) > 0, and let |wq?| < 1. Then the following matriz
generating relation holds:

i LgLH’Q)(z)w” _ i (—wz k
n=0

k=0

o) |:A(QQIH+_((]]€+ DI) ] (3.6)
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4. INTEGRAL IMAGES

Theorem 4.1. Let H € C™* be a matriz satisfying the spectral condition (2.1),
let g € ZT, and let |qiq| < 1. Then

< C(H+ (gn+ 1)) —nl,H+1 1
H—z 7 (H,q) _ ; ,
/0 2te P (2)dz = oy o F, (GH+T) | (4.1)

Proof. From left-hand side of (4.1), we find

n

e E L ()]

k=0 m=1

X (/ zHJrMe_Zdz)
0

_T(H+ (gn+1)]) Z”: (—nd)p(H + 1)y,

/ Me LD (2)dz
0

n! — k!qak
q —1
H+l€]>]
X
("),
~ TH A+ (gn+ 1)) g |l H+1 o1
- n! A GHATD) g

Setting ¢ = 1 in (4.1), we deduce the following result.

Corollary 4.2. Let H € C*™** be a maltriz satisfying the spectral condition (2.1).
Then

/000 Me? L (2)dz = I'(H + f;b +1)I) Fy [—n[ ; 1] | (42)

Theorem 4.3. Let H,K € C™F be matrices such that HK = KH, satisfying the
spectral condition (2.1) and q € ZT. Then

L7(l7-t+l€,q)<z>

=TI Y IKT(H+ K+ (gn+ )T HH + (gn + 1)I)

1
x/ w1 — w)* LD (0 du, (4.3)
0
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Proof. Consider the left-hand side of (4.3),

1
U= / (1 — w)* T LD (zuf)du
0

_T(H A+ (gn+ 1)) i (—nl)pz"

o o IYH+qnl +1)

k=0

1
></ TR (1 — ) . (4.4)
0

Using (1.2) and (1.3), we obtain

LT(H + (gn+ 1D)1)) = (—nl)2"
n! k!

=T(K)D(H + (qgn + 1)D)THH + K + (¢ + 1)) LD (2), (4.5)

U= INH+ K+ (gk+1)I)

if
=)

)
Using (4.5) in right-hand side of (4.3), we get
L{HED ()

=T ' (K)D(H+ K+ (gn+ )T HH + (gn + 1)1)

1
></ (1 — w)* LD (2uf)du,
0

Setting ¢ = 1 in (4.3), we find the following result.

Corollary 4.4. Let H,KC € C*** be matrices such that HK = ICH, satisfying the
spectral condition (2.1). Then

Ly (2)

=TI Y KTH+K+ (n+ 1) (H+ (n+ 1))

X /1 uM (1 — w)* L (z2u)du. (4.6)

5. FRACTIONAL CALCULUS APPROACH

Definition 5.1. ([2]) Let H € C*™** be a positive stable matrix and p € C with
R(p) > 0. Then the Riemann—Liouville fractional integral of order y is

M = ﬁ /0 (o= . (5.1)

Lemma 5.2. ([2]) Let H € C™*F be a positive stable matriz and let p € C with
R(u) > 0. Then the Riemann—Liouville fractional integral of order u is

MM = T(H)D N (M + )M DT (5.2)
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Theorem 5.3. Let H € C™** be a matriz satisfying the spectral condition (2.1),
let uw € C, let R(pn) >0, and let ¢ € Z. Then
I* [zHL,(;r"q)(zq)]
= MDY 4 gnd + DT YH 4 qnd + pl + I LFFHD (20 (5.3)
Proof. From left-hand side of (5.3) and applying Lemma 5.2, we get
" [zHLff{’q)(zq)]
1 / ’ 1 (M
= (z — )P LD () dt
I'(w) Jo
CT(H+qnl+1) K (—nl)y
B n! Z k!

DY H + gkI + )T (27H)
k=0

2T (W 4 gnd + 1) (—nl)g2%*
B 2 k!

which yields the result in (5.3). O]

— DY (H + gkl + pl + 1),

Setting ¢ = 1 in (5.3), we deduce the following result.

Corollary 5.4. Let H € C™** be a matriz satisfying the spectral condition (2.1),
let uw € C, let R(p) >0, and let ¢ € Z. Then

1# [ L)) = 2D+ (n+ DDT (4 (n+ p+ DL (). (5.4)
6. DIFFERENTIAL RECURRENCE RELATIONS AND SUMMATION FORMULAS

Theorem 6.1. Let H € C™** be a matriz satisfying the spectral condition (2.1)
and let g € Z. Then the following differential recurrence relations hold:

diz (zHL,(lH’q)(zq)) = (=D (H + an)Lg{_I’q)(zq) (6.1)
d
’HL%H"])(Z) + zq£LgH’q)(z) =(H+ qn[)Lg{’I’q)(z). (6.2)
Proof. From left-hand side of (6.1), we get
d
2 (o)
_ Z(H_I)F(H + (gn+ 1)I)
n!

30 CD LD b3y 4 (g 1)

"L (—nd)pz*

= D34 guy P 52 D (9

k=0
= 20D (H 4 qnI) LU19 (29),

n

This completes the proof of the result (6.1). Similarly, by making use of (2.2) in
right-hand side of (6.2), we obtain the result (6.2). O
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Theorem 6.2. Let H € C™* be a matriz satisfying the spectral condition (2.1),
let uw € C, let R(p) > 0, and let g € Z+. Then the following summation formulas
hold:

p m
- ( m ) ’ (H+1)
DML (La) — an__ 7 (H=plq)(,q 6.3
L H AT —kD), =" = mrr—rn, T (63)
& (N)m H H
> WD;"L; D(z) = LD (2 + p). (6.4)
m=0 :

Proof. From left-hand side of (6.3), we get
- (n)
Z m D™ LD (29)
—(H+ 1=kl ="
_ Ot D~ (kD
B Z m!

nl o A=ml(H 41—kl
" (—n el— mzqk 1
: (Z( : (k!qk) [(H + D)as] )

n

(H+1)gn Z (—nl)z%*

k=0

(H+ ])qn L(prf,q)(zq)_
(H4+1—Fkl)g "
This completes the proof of the result (6.3). Similarly, we can prove the result
(6.4).

O

Concluding Remarks. In this article, we introduced Laguerre type matrix
polynomials and obtained several properties, such as the hypergeometric ma-
trix function representation, generating matrix functions, integral images, frac-
tional integral operator, differential recurrence relations, and summation formu-
las. These obtained results may be useful in the theory of special matrix functions,
operator theory, and mathematical physics.
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