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(H,q)
n (z)

VINOD KUMAR JATAV1∗, UDAI KUMAR1 AND ANKIT PAL1

Communicated by A. Jiménez-Vargas

Abstract. In this paper, we introduce the Laguerre type matrix polynomi-
als L

(H,q)
n (z). Also, we discuss various properties of the Laguerre type ma-

trix polynomials L
(H,q)
n (z) including hypergeometric matrix series representa-

tion, generating matrix relations, integral images, fractional calculus operators,
differential recurrence relations, and summation formulas. These results are
very helpful in theory of special functions, operator theory, and mathematical
physics.

1. Introduction and preliminaries

Particularly with regard to orthogonal polynomials and special functions, ma-
trix theory is crucial to every branch of mathematics. In addition to the matrix
version of Laguerre, Hermite, Gegenbauer, and Chebyshev matrix polynomials
[13, 7, 8, 12], the special matrix functions also appear in statistics, group repre-
sentation theory, number theory, and Lie theory in [3, 4, 11, 14]. Let Cr×r be
the complex space of all r-square complex matrices. For H ∈ Cr×r, its spectrum
λ(H) denotes the set of all eigenvalues of H and α(H) = max[ℜ(ρ) : ρ ∈ λ(H)],
β(H) = min[ℜ(ρ) : ρ ∈ λ(H)]. Any square matrix H ∈ Cr×r is a positive stable
if ℜ(ρ) > 0 for all ρ ∈ λ(H). The identity matrix and zero matrix in Cr×r are
denoted by I and 0, respectively.
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If H ∈ Cr×r and H+ nI is an invertible matrix for all n ∈ Z+ ∪ {0}, then the
matrix version of the pochhammer symbol (H)n is defined by [9]

(H)n = Γ(H + nI)Γ−1(H)

=

{
H(H + I)(H + 2I) . . . (H + (n− 1)I) (n ∈ N),

I (n = 0).
(1.1)

Let H and K be commuting matrices in Cr×r such that for n ∈ Z+ ∪ {0}, H+nI,
K + nI, and H +K + nI are invertible. Then by [9],

B(H,K) = Γ(H)Γ(K)Γ−1(H +K). (1.2)

For positive stable matrices H,K ∈ Cr×r, Jódar and Cortés [10] defined the
Beta matrix function as

B(H,K) =

∫ 1

0

xH−I(1− x)K−Idx. (1.3)

For a positive stable matrix H ∈ Cr×r, Jódar and Cortés [10] defined the
Gamma matrix function [10] as

Γ(H) =

∫ ∞

0

e−xxH−Idx. (1.4)

Dwivedi and Sahai [5] discussed the generalized hypergeometric matrix function
as

pFq

[
H1,H2, . . . ,Hp

K1,K2, . . . ,Kq
; z

]
=
∑
n≥0

(H1)n(H2)n . . . (Hp)n[(K1)n]
−1[(K2)n]

−1 . . . [(Kq)n]
−1zn

n!
, (1.5)

where Hi,Kj ∈ Cr×r, |z| < 1, 1 ≤ i ≤ p, 1 ≤ j ≤ q, p, q ∈ K and Kj + kI are
invertible for all k ∈ Z+ ∪ {0}.

The Laguerre matrix polynomial L(H,λ)
n (z) is defined by Jódar [8] as

L(H,λ)
n (z) =

n∑
k=0

(−1)kλk

k!(n− k)!
(H + I)n[(H + I)k]

−1zk, (1.6)

where λ is a complex number with ℜ(λ) > 0 and H is a matrix in Cr×r with
H + nI invertible for all n ≥ 1.

Setting λ = 1 in (1.6), this gives [1]

LH
n (z) =

(H + I)n
n!

1F1

[
−nI
H + I

; z

]
. (1.7)
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Lemma 1.1. ([6]) Let P(p, n), Q(p, n) be matrices in Cr×r. Then the following
series relations are satisfied:

∞∑
n=0

∞∑
p=0

P(p, n) =
∞∑
n=0

n∑
p=0

P(p, n− p),

∞∑
n=0

n∑
p=0

Q(p, n) =
∞∑
n=0

∞∑
p=0

Q(p, n+ p).

2. The Laguerre type matrix polynomials L
(H,q)
n (z)

Definition 2.1. Let H ∈ Cr×r be a matrix satisfying the spectral condition,

ℜ(ρ) > −1, for all ρ ∈ λ(H), (2.1)

and q ∈ Z+. Then the matrix polynomials L
(H,q)
n (z) are defined as

L(H,q)
n (z) =

(H + I)qn
n!

n∑
k=0

(−nI)kz
k

k!
(H + I)−1

qk . (2.2)

Remark 2.2. For q = 1, this reduces to the Laguerre matrix polynomial LH
n (z)

defined in [1].

2.1. Hypergeometric Matrix Series Representation. Let H ∈ Cr×r be a
matrix satisfying the spectral condition (2.1), q ∈ Z+ and | z

qq
| < 1. Then hyper-

geometric matrix representation of the Laguerre type matrix polynomials (2.1) is
given by

L(H,q)
n (z) =

(H + I)qn
n!

1Fq

[
−nI

∆(q;H + I)
;
z

qq

]
, (2.3)

where

∆(q;H + I) =

(
H + I

q

)
,

(
H + 2I

q

)
,

(
H + 3I

q

)
, . . . ,

(
H + qI

q

)
.

3. Generating matrix functions

Theorem 3.1. Let H ∈ Cr×r be a matrix satisfying the spectral condition (2.1),
let ω ∈ C, q ∈ Z+, let ℜ(ω) > 0, and let |−ωz

qq
| < 1. Then the following matrix

generating function holds:
∞∑
n=0

ωn [(H + I)qn]
−1 L(H,q)

n (z) = eω 0Fq

[
−

∆(q;H + I)
;
−ωz

qq

]
. (3.1)
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Proof. From the left-hand side of (3.1)

∞∑
n=0

ωn [(H + I)qn]
−1 L(H,q)

n (z)

=
∞∑
n=0

[(H + I)qn]
−1

(
(H + I)qn

n!

n∑
k=0

(−nI)kz
k

k!
[(H + I)qk]

−1

)
ωn

=
∞∑
n=0

n∑
k=0

(−1)kzk

(n− k)!k!
[(H + I)qk]

−1 ωn. (3.2)

Applying Lemma 1.1, we get

∞∑
n=0

ωn [(H + I)qn]
−1 L(H,q)

n (z)

=
∞∑
n=0

∞∑
k=0

(−z)k

n!k!
[(H + I)qk]

−1 ωn+k

=
∞∑
n=0

ωn

n!

∞∑
k=0

(−ωz)k

k!
[(H + I)qk]

−1

= eω
∞∑
k=0

(
−ωz
qq

)k
k!

q∏
m=1

[(
H +mI

δ

)
k

]−1

= eω 0Fq

[
−

∆(q;H + I)
;
−ωz

qq

]
.

□

Corollary 3.2. Let H ∈ Cr×r be a matrix satisfying the spectral condition (2.1),
let ω ∈ C, q ∈ Z+, let ℜ(ω) > 0, and let |−ωz

qq
| < 1. Then the following matrix

generating relation holds:

∞∑
n=0

ωnΓ−1(H + (qn+ 1)I)L(H,q)
n (z)

= eωΓ−1(H + I) 0Fq

[
−

∆(q;H + I)
;
−ωz

qq

]
. (3.3)

Theorem 3.3. Let H,K ∈ Cr×r be commuting matrices satisfying the spectral
condition (2.1), let ω ∈ C, q ∈ Z+, let ℜ(ω) > 0, and let |ωqq| < 1. Then the
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following matrix generating relation holds:
∞∑
n=0

Γ(K + qnI)Γ−1(H + (qn+ 1)I)L(H,q)
n (z)ωn

=
∞∑
k=0

(−ωz)k(K)qk
k!

Γ−1(H + (qk + 1)I)Γ(K)

× qF0

[
∆(q;K + qkI)

− ; ωqq
]
. (3.4)

Proof. From the left-hand side of (3.4),
∞∑
n=0

Γ(K + qnI)Γ−1(H + (qn+ 1)I)L(H,q)
n (z)ωn

=
∞∑
n=0

n∑
k=0

(−z)k

(n− k)!k!
Γ(K + qnI)Γ−1(H + (qk + 1)I)ωn. (3.5)

Applying Lemma 1.1, we obtain
∞∑
n=0

Γ(K + qnI)Γ−1(H + (qn+ 1)I)L(H,q)
n (z)ωn

=
∞∑
n=0

∞∑
k=0

(−ωz)k

n!k!
Γ−1(H + (qk + 1)I)Γ(K + qnI + qkI)ωn

=
∞∑
k=0

(−ωz)k(K)qk
k!

Γ−1(H + (qk + 1)I)Γ(K)

×
∞∑
n=0

(ωqq)n

n!

q∏
m=1

(
K + (qk +m− 1)I

q

)
n

=
∞∑
k=0

(−ωz)k(K)qk
k!

Γ−1(H + (qk + 1)I)Γ(K)

× qF0

[
∆(q;K + qkI)

− ; ωqq
]
.

□

Setting K = H + I in (3.4), we deduce the following corollary.

Corollary 3.4. Let H ∈ Cr×r be a matrix satisfying the spectral condition (2.1),
let ω ∈ C, q ∈ Z+, let ℜ(ω) > 0, and let |ωqq| < 1. Then the following matrix
generating relation holds:

∞∑
n=0

L(H,q)
n (z)ωn =

∞∑
k=0

(−ωz)k

k!
qF0

[
∆(q;H + (qk + 1)I)

− ; ωqq
]
. (3.6)
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4. Integral images

Theorem 4.1. Let H ∈ Cr×r be a matrix satisfying the spectral condition (2.1),
let q ∈ Z+, and let | 1

qq
| < 1. Then

∫ ∞

0

zHe−zL(H,q)
n (z)dz =

Γ(H + (qn+ 1)I)

n!
2Fq

[
−nI,H + I
∆(q;H + I)

;
1

qq

]
. (4.1)

Proof. From left-hand side of (4.1), we find∫ ∞

0

zHe−zL(H,q)
n (z)dz

=
(H + I)qn

n!

n∑
k=0

(−nI)k
k!qqk

q∏
m=1

[(
H + kI

q

)
n

]−1

×
(∫ ∞

0

zH+kIe−zdz

)
=

Γ(H + (qn+ 1)I)

n!

n∑
k=0

(−nI)k(H + I)k
k!qqk

×
q∏

m=1

[(
H + kI

q

)
n

]−1

=
Γ(H + (qn+ 1)I)

n!
2Fq

[
−nI,H + I
∆(q;H + I)

;
1

qq

]
.

□

Setting q = 1 in (4.1), we deduce the following result.

Corollary 4.2. Let H ∈ Cr×r be a matrix satisfying the spectral condition (2.1).
Then ∫ ∞

0

zHe−zLH
n (z)dz =

Γ(H + (n+ 1)I)

n!
1F0

[
−nI
− ; 1

]
. (4.2)

Theorem 4.3. Let H,K ∈ Cr×r be matrices such that HK = KH, satisfying the
spectral condition (2.1) and q ∈ Z+. Then

L(H+K,q)
n (z)

= Γ−1(K)Γ(H +K + (qn+ 1)I)Γ−1(H + (qn+ 1)I)

×
∫ 1

0

uH(1− u)K−IL(H,q)
n (zuq)du. (4.3)



THE LAGUERRE TYPE MATRIX POLYNOMIALS 57

Proof. Consider the left-hand side of (4.3),

Ψ =

∫ 1

0

uH(1− u)K−IL(H,q)
n (zuq)du

=
Γ(H + (qn+ 1)I)

n!

n∑
k=0

(−nI)kz
k

k!
Γ−1(H + qnI + I)

×
∫ 1

0

uH+qkI(1− u)K−Idu. (4.4)

Using (1.2) and (1.3), we obtain

Ψ =
Γ(K)Γ(H + (qn+ 1)I))

n!

n∑
k=0

(−nI)kz
k

k!
Γ−1(H +K + (qk + 1)I)

= Γ(K)Γ(H + (qn+ 1)I))Γ−1(H +K + (q + 1)I)L(H+K,q)
n (z). (4.5)

Using (4.5) in right-hand side of (4.3), we get

L(H+K,q)
n (z)

= Γ−1(K)Γ(H +K + (qn+ 1)I)Γ−1(H + (qn+ 1)I)

×
∫ 1

0

uH(1− u)K−IL(H,q)
n (zuq)du.

□

Setting q = 1 in (4.3), we find the following result.

Corollary 4.4. Let H,K ∈ Cr×r be matrices such that HK = KH, satisfying the
spectral condition (2.1). Then

LH+K
n (z)

= Γ−1(K)Γ(H +K + (n+ 1)I)Γ−1(H + (n+ 1)I)

×
∫ 1

0

uH(1− u)K−ILH
n (zu)du. (4.6)

5. Fractional calculus approach

Definition 5.1. ([2]) Let H ∈ Cr×r be a positive stable matrix and µ ∈ C with
ℜ(µ) > 0. Then the Riemann–Liouville fractional integral of order µ is

Iµ[zH] =
1

Γ(µ)

∫ z

0

(z − t)µ−1tHdt. (5.1)

Lemma 5.2. ([2]) Let H ∈ Cr×r be a positive stable matrix and let µ ∈ C with
ℜ(µ) > 0. Then the Riemann–Liouville fractional integral of order µ is

Iµ[zH−I ] = Γ(H)Γ−1(H + µI)zH+(µ−1)I . (5.2)
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Theorem 5.3. Let H ∈ Cr×r be a matrix satisfying the spectral condition (2.1),
let µ ∈ C, let ℜ(µ) > 0, and let q ∈ Z+. Then

Iµ
[
zHL(H,q)

n (zq)
]

= zH+µIΓ(H + qnI + I)Γ−1(H + qnI + µI + I)L(H+µI,q)
n (zq). (5.3)

Proof. From left-hand side of (5.3) and applying Lemma 5.2, we get
Iµ
[
zHL(H,q)

n (zq)
]

=
1

Γ(µ)

∫ z

0

(z − t)µ−1tHL(H,q)
n (zq)dt

=
Γ(H + qnI + I)

n!

n∑
k=0

(−nI)k
k!

Γ−1(H + qkI + I)Iµ(zH+qkI)

=
zH+µIΓ(H + qnI + I)

n!

n∑
k=0

(−nI)kz
qk

k!
Γ−1(H + qkI + µI + I),

which yields the result in (5.3). □
Setting q = 1 in (5.3), we deduce the following result.

Corollary 5.4. Let H ∈ Cr×r be a matrix satisfying the spectral condition (2.1),
let µ ∈ C, let ℜ(µ) > 0, and let q ∈ Z+. Then
Iµ
[
zHLH

n (z)
]
= zH+µIΓ(H + (n+ 1)I)Γ−1(H + (n+ µ+ 1)I)LH+µI

n (z). (5.4)

6. Differential recurrence relations and summation formulas

Theorem 6.1. Let H ∈ Cr×r be a matrix satisfying the spectral condition (2.1)
and let q ∈ Z+. Then the following differential recurrence relations hold:

d

dz

(
zHL(H,q)

n (zq)
)
= z(H−I)(H + qnI)L(H−I,q)

n (zq) (6.1)

HL(H,q)
n (z) + zq

d

dz
L(H,q)
n (z) = (H + qnI)L(H−I,q)

n (z). (6.2)

Proof. From left-hand side of (6.1), we get
d

dz

(
zHL(H,q)

n (zq)
)

= z(H−I)Γ(H + (qn+ 1)I)

n!

×
n∑

k=0

(−nI)k(H + qkI)zqk

k!
Γ−1(H + (qk + 1)I)

= z(H−I)(H + qnI)
(H)qn
n!

n∑
k=0

(−nI)kz
qk

k!
[(H)qk]

−1

= z(H−I)(H + qnI)L(H−I,q)
n (zq).

This completes the proof of the result (6.1). Similarly, by making use of (2.2) in
right-hand side of (6.2), we obtain the result (6.2). □
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Theorem 6.2. Let H ∈ Cr×r be a matrix satisfying the spectral condition (2.1),
let µ ∈ C, let ℜ(µ) > 0, and let q ∈ Z+. Then the following summation formulas
hold:

p∑
m=0

(
p
m

)
zm

(H + I − kI)m
Dm

z L
(H,q)
n (zq) =

(H + I)qn
(H + I − kI)qn

L(H−pI,q)
n (zq), (6.3)

p∑
m=0

(µ)m

m!
Dm

z L
(H,q)
n (z) = L(H,q)

n (z + µ). (6.4)

Proof. From left-hand side of (6.3), we get

p∑
m=0

(
p
m

)
zm

(H + I − kI)m
Dm

z L
(H,q)
n (zq)

=
(H + I)qn

n!

p∑
m=0

(−kI)m
m!(H + I − kI)m

×

(
n∑

k=0

(−nI)k(−qk)mz
qk

k!
[(H + I)qk]

−1

)

=
(H + I)qn

n!

n∑
k=0

(−nI)kz
qk

k!
[(H + I − pI)qk]

−1

=
(H + I)qn

(H + I − kI)qn
L(H−pI,q)
n (zq).

This completes the proof of the result (6.3). Similarly, we can prove the result
(6.4).

□
Concluding Remarks. In this article, we introduced Laguerre type matrix

polynomials and obtained several properties, such as the hypergeometric ma-
trix function representation, generating matrix functions, integral images, frac-
tional integral operator, differential recurrence relations, and summation formu-
las. These obtained results may be useful in the theory of special matrix functions,
operator theory, and mathematical physics.
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9. L. Jódar and J.C. Cortés, On the hypergeometric matrix function, J. Comp. Appl. Math.
99 (1998) 205–217.
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