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ABSTRACT. This paper presents a novel approach to analyze the practical sta-
bility of Caputo fractional dynamic equations on time scales in terms of two
measures (m,myg), utilizing a new generalized derivative known as the Caputo
fractional delta derivative, and the Caputo fractional delta Dini derivative of
order a € (0,1). This generalized concept not only provides a unified frame-
work for analyzing dynamic systems across both continuous and discrete time
domains, but also includes and unifies several known concepts of stability in a
single setup making it suitable for hybrid systems exhibiting both gradual and
abrupt changes. The established two measures practical stability results are
demonstrated through an illustrative example.

1. INTRODUCTION

The theory of Lyapunov stability is fundamental to analyze and control the
behavior of dynamic systems and has been widely applied across fields to en-
sure system reliability. Despite its foundational role, asymptotic stability is often
more critical in practical applications, where the ability to approximate stability
within a specific region provides insights into a system’s resilience and operational
efficacy. However, there are scenarios where a system might exhibit persistent
oscillations or deviations close to an equilibrium point, yet maintain satisfactory
performance without strict asymptotic convergence. Classical Lyapunov stability
measures fall short in such cases, as they do not address system stability within
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practical bounds of acceptable performance. Instead, a more adaptable approach,
known as practical stability, is employed. This concept assesses whether the sys-
tem state remains within a specified range, which is often more realistic and less
restrictive, accommodating the inevitable uncertainties and disturbances encoun-
tered in real-world systems. This framework allows systems to remain practically
stable, operating reliably within certain boundaries.

Previous research, such as [1, 4, 5, 6, 7, 11, 12, 13, 14], has primarily focused
on stability, uniform, asymptotic stability, and variational stability for delay,
and impulsive, all on continuous time systems. On the other hand, studies like
[17, 20] have considered stability in discrete domains. This work aims to address
some gaps by developing a practical stability framework that is suitable for both
continuous and discrete time scales, thereby providing a more comprehensive and
realistic assessment of the behavior of fractional dynamic systems.

Practical stability, particularly when formulated in terms of two measures, is
valuable for real-world applications where exact stability conditions may be im-
practically stringent. By allowing the system state to stay within a bounded
region over time, practical stability frameworks provide a flexible approach that
acknowledges minor deviations from equilibrium as acceptable, particularly in
uncertain environments. This more accommodating approach has profound im-
plications in engineering, control systems, and applied sciences, where minor
instabilities may not compromise overall system function but instead reflect an
inherent, acceptable level of fluctuation.

With the introduction of time scale calculus in [9], a unified approach for
analyzing systems evolving in both discrete and continuous time domains has
emerged, extending traditional continuous analysis techniques to discrete cases.
Integrating this calculus with fractional dynamics enables a more sophisticated
framework for understanding systems that undergo both gradual and abrupt
changes—common in hybrid systems. When combined with fractional calculus,
time scale calculus provides a versatile platform for analyzing dynamic behaviors
in both continuous and discrete settings.

Building on these advancements, this paper extends the results in [15, 19,
21, 22, 23], presenting a novel methodology for examining the (mg, m)-practical
stability and (mg, m)-practical asymptotic stability of Caputo fractional dynamic
equations on time scales. By leveraging two measures, m and my, this approach
incorporates a new generalized derivative, the Caputo fractional delta derivative
and the Caputo fractional delta Dini derivative of order a« € (0,1) to provide
a robust framework for stability analysis across different time domains. This
generalized concept unifies several known stability concepts, rendering it well-
suited for systems that exhibit both continuous and discrete dynamics. The
notion of practical stability in terms of two measures offers significant flexibility,
ensuring system behavior remains within acceptable bounds across both gradual
and abrupt transitions. Through the establishment of comparison results and
practical stability conditions, this framework not only enriches existing stability
theory but also provides an essential tool for ensuring that dynamic systems
operate reliably under practical conditions. By considering two measures in the
stability analysis, the results contribute a realistic and flexible framework for
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stability, that is, highly applicable across diverse fields such as engineering and
control theory, where managing fluctuations within acceptable bounds is crucial
for real world application [19].

Consider the Caputo fractional dynamic system of order o with 0 < a < 1

A = f(t, ), teT,
x(ty) = wo, to > 0,

where f € C.q[T x RY RY], f(t,0) = 0, and “A% is the Caputo fractional
delta derivative of x € RY of order a with respect to t € T. Let z(t) =
z(t, tg,r9) € CY4[T,RY] be a solution of (1.1), and suppose that the function
f is smooth enough to guarantee existence, uniqueness and continuous depen-
dence of solutions (results on existence and uniqueness of (1.1) are contained in
[3, 11, 18]). This work aims to investigate the (mg, m)-practical stability and
(mg, m)-practical asymptotic stability of the system (1.1).

The content of this research is organized as follows: In section 2, we introduce
essential terminologies, remarks, and fundamental lemmas that form the foun-
dation for subsequent developments. We present key definitions and important
remarks relevant to the study. In section 3, we present the main results of our
research, including the theoretical advancements and findings. In section 4, we
give a practical example to demonstrate the relevance and application of our pro-
posed approach. Then, In section 5, we summarize the key findings of this study
and discuss their implication in the conclusion.

(1.1)

2. PRELIMINARIES

Definition 2.1 ([8]). For ¢t € T, the forward jump operator o : T — T is defined
as

o(t) =inf{s € T : s > t},
while the backward jump operator p : T — T is defined as

p(t) =sup{s e T:s <t}

(i) If o(t) > t, then t is right scattered,

(ii) If p(t) < t, then t is left scattered,

(iii) If t < max T and o(t) = t, then t is called right dense,
(iv) If t > min T and p(t) = t, then ¢ is called left dense.

Definition 2.2 ([8]). The graininess function p : T — [0, 00) for ¢t € T is defined
as

u(t) = o(t) —t.

The derivative uses the set T*, which is derived from the time scale T as follows.
If T has a left scattered maximum M, then T* = T\ {M}. Otherwise, T* = T.

Definition 2.3 ([3]). Let h: T — R and ¢t € T*. We define the delta derivative
h”? also known as the Hilger derivative as

B (0 — tim M) = ()

sot o(t)—s

s #olb),
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provided the limit exists.
The function h® : T — R is called the (Delta) derivative of h on T*.

If ¢ is right dense, then the delta derivative of h : T — R, becomes

hA(t) = lim M,
s—t t— s
and if ¢ is right scattered, then the Delta derivative becomes
he(t) — h(t)
pt)
For a function h : T — R, h? denotes h(c(t)).

Definition 2.4 ([10]). A function A : T — R is right dense continuous if it is
continuous at all right dense points of T and its left sided limits exist and are
finite at left dense points of T. The set of all right dense continuous functions is
denoted by

hA(t) =

Cra = Cra(T).

Definition 2.5 ([10]). Assume that [a,b] is a closed and bounded interval in T.
Then a function H : [a,b] — R is called a delta antiderivative of h : [a,0] — R
provided H is continuous on [a, b], delta differentiable on [a,b), and H*(t) = h(t)
for all ¢ € [a,b). Then, we define the Delta integral by

/bh(t)—H(b)—H(a), for all a,b € T.

Remark 2.6 ([10]). All right dense continuous functions are delta integrable.

Definition 2.7 ([10]). A function ¢ : [0,7] — [0, 00) is of class K if it is contin-
uous, and strictly increasing on [0, 7] with ¢(0) = 0. In addition to the class K
function, we define the following class of functions:

£ ={o € C[R;,R;]:o(u) is strictly decreasing in u and uhﬁr{;lc> o(u) =0},

CK ={ae€ CuylT xR, ,R,]:a(t,s) € K for each t},

M= {m e Cy[T xR" R ]: (1tnf) m(t,z) = 0}.

Definition 2.8 ([10]). A continuous function V : R™ — R with V(0) = 0 is called
positive definite (negative definite) on the domain D if there exists a function
¢ € K such that ¢(|z|) < V(z) (¢(|z]) < =V(z)) for z € D.

Definition 2.9 ([10]). A continuous function V : R® — R with V(0) = 0 is called
positive semidefinite (negative semi-definite) on D if V(x) > 0 (V(z) < 0) for all
x € D and it can also vanish for some x # 0.

Definition 2.10 ([8]). Let a,b € T and h € C,4. Then we define the integration
on a time scale T as follows:

(i) If T =R, then
/ h(t)At = / h(t)dt,

where fab h(t)dt is the usual Riemann integral from calculus.
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(ii) If [a, b] consists of only isolated points, then

b > tefan) ME)R(T) if a<b,
' = D iepay MOR(E) i a>b.
(iii) If there exists a point o(t) > ¢, then

o(t)
[ h(s)As = p(t)(2).

Definition 2.11 ([16]). Assume that V € C[T x R" R,], that h € Cyy[T x
R™ R"], and that p(t) is the graininess function then we define the Dini derivative
of V(t,z) as:

sy V() = ViE = plt), 7~ (Dbt )
D_VA(t,2) = lim inf e , (2.1)
D+vA(t’ :L') — lim sup V(t + :u(t)7 T+ M<t>h(t7 l‘)) — V(t, JI) (2‘2)

u(t)>0 p(t)
If V is differentiable, then D_V2(t,x) = DYV (t,z) = V2 (t, ).

Definition 2.12 ([3]). (Fractional Integral on Time Scales). Let « € (0,1),
[a,b] be an interval on T and let h be an integrable function on [a,b]. Then the
fractional integral of order av of h is defined by

TIORA () = / %h(sms.

Definition 2.13 ([3]). (Caputo Derivative on Time Scale) Let T be a time

scale,let t € T, 0 < a < 1, and let h: T — R. The Caputo fractional derivative
of order a of h is defined by

1 ! i an
m/aj (t—S) h <S)AS.

Definition 2.14. Let T be a time scale. A point #, € T is said to be a minimal
element of T if, for any t € T, t > t, whenever t # t,.

aA?h@) =

Remark 2.15. The concept of minimal element is essential in studying dynamic
equations because it establishes a starting point, a reference time from which the
dynamics of the system evolve. In the study of difference equations (a discrete-
time setting), ¢y represents the initial time step. Similarly, in differential equations
(a continuous-time setting), ¢y represents the initial time instant.

Lemma 2.16 ([19]). Let T be a time scale with the minimal element to > 0.
Suppose that for each t € T, there exists a statement S(t) such that the following
conditions hold:
(i) S(to) is true;
(ii) if t is right-scattered and S(t) is true, then S(o(t)) is also true;
(iii) for every right-dense t, there exists a neighborhood U such that if S(t) is
true, then S(t*) is also true for all t* € U with t* > t;
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(iv) for left-dense t, if S(t*) is true for all t* in [to,t), then S(t) is true.
Then the statement S(t) is true for allt € T.

Remark 2.17. When T = N, then Lemma 2.16 reduces to the well-known principle
of mathematical induction. That is,

(1) S(t) is true is equivalent to the statement is true for n = 1;
(2) If S(t) is true, then, S(o(t)) is true is equivalent to if the statement is true
for n = k, then the statement is true for n = k£ + 1.

Definition 2.18. Let h € C%[T,R"]. Then the Grunwald-Letnikov fractional
delta derivative is given by
[(t*fo)}
1 K
CEAGA(t) = lim — > (=1)"C,[h(o(t) —ru)], t>to, (2.3)

w0+ 'ua r=0

and the Grunwald—Letnikov fractional delta Dini derivative is given by

(t—to)
[to))

SLAG h(t) =tmsup — 3 ()G h(o(t) — ), t> e, (24)

e L ——

where 0 < o < 1, @C, = 24=Dla=rtD) 5 nq [£=9)] denotes the integer part of the

r! m
. t—t
fraction =%)

Observe that if the domain is R, then (2.4) becomes

[(i—dto)]
1
CEAG h(t) =limsup — > (=1)"Cy[h(t —rd)], t > to.
d—0+ —0

Remark 2.19. It is necessary to note that the relationship between the Caputo
fractional delta derivative and the Grunwald—Letnikov fractional delta derivative
is given by
CASh(t) =C1 AYh(t) — h(t)] (2.5)
0 0 0)]- )
Substituting (2.3) into (2.5) we have that the Caputo fractional delta derivative
becomes

[(t*fo)]
1 H
C A« 1 ro
th(t)_uli)r&—ua ;:o: (=) Co[h(o(t) — rp) — h(to)], ¢ > to,

(t—tg)
[t

1
C A« . _ _1\re — _
2gnte) = tim - {blo(0) = i) + > (1 Cilbloto) ~ ) bt}
(2.6)
and the Caputo fractional delta Dini derivative becomes

(t—tg)
[t

NG (1) = limsup— 3 (<1 CLh(o(t) = i) — hlte)], t>to,  (27)

@
pr0+ r=0
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which is equivalent to

(t—tg)
(o))

AFh(t) = limsup M—ﬂ{hwt» “ht)+ 3“1 () — i) - h(to)]}-
(2.8)

r=1

For notation simplicity, we shall represent the Caputo fractional delta derivative
of order o as “A® and the Caputo fractional delta Dini derivative of order o as
CAoc

1.

Given that lim >N (=1)"*C, = 0 where a € (0,1), and lim ()] = oo
N—oo r pu—0+ 1%

then it is easy to see that

(t—tg)
[t

lim (—1)"C, = —1. (2.9)

u—0t

Also, from (2.7) and since the Caputo and Riemann-Liouville formulations coin-
cide when h(ty) = 0, then we have

[(t*to)]
, 1 < (t —tg)™@
lim sup — E e, =R AY(1) = —H—  t >, 2.10
L0+ e g ( ) ( ) F(l _ Oé) 0 ( )

Now, we introduce the derivative of the Lyapunov function using the Caputo
fractional delta Dini derivative of h(t) given in (2.7).

Definition 2.20. Let [ty,T)r = [to,T") N T, where T > t,. Consider a function
V(t,z) € Cy[T x RV, RY], we define the generalized Caputo fractional Dini

derivative relative to (1.1) as follows: Given € > 0, there exists a neighborhood
P(e) of t € T such that

i{v(g(t), z(o(t)) — V(to, z0)

= > (UG V(o(t) = s a(o(t) — pt f(t, 2 (1) = V(to, xo)]}

r=1
<ALV (t,z) +e

for each s € P(¢) and s > t, where u = o(t) — t and x(t) = x(t,tp,zo) is any
solution of (1.1).

Definition 2.21. Using Definition 2.20, we state the Caputo fractional delta
derivative and Dini derivative of V (¢, z) as

=)

ATV (t,0) = nmsupi[Z(—lwanvww—w(a(t))—/ﬂf(t,m))

a
p—ot M —0

—V(to,SBio)]}, (2.11)
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and can be expanded as
CAV(t,2) = limsup 1{V(J(t),x(a(t)) — V(to, z0)

u—0+t pe

[t tO]

_ Z L EC) IV (a(t) = rpsa(o(t)) — p® f(t,z(t)) — V(’fo,xoﬂ}’

where t € T, and z, 29 € RY, p=o(t) — t, and z(o(t)) — p*f(t,z) € RV,
If T is discrete and V' (t,2(t)) is continuous at ¢, the Caputo fractional delta
Dini derivative of the Lyapunov function in discrete times, is given by

[2=0]

ATV(ta) = /%[ Y (YO (o), z(a(t)) — V(to,ﬂfo))}a (2.12)

r=0

and if T is continuous, that is T = R, and V(¢,z(t)) is continuous at ¢, then
“ATV(t,z) = “DIV(t ) (2.13)
1
= limsup —{V(t,a:(t)) — V(to, x0)

ko0t K

t— to]

_ Z ) (OC)V(t — e, z(t) — & f(E, z(t) — V(to, 550)]}'

Note that (2.13) is the same in [2], where £ > 0.

Definition 2.22. System (1.1) is said to be

(P1) (mg, m)-practically stable if, given (A, A) € R, with 0 < A\ < A, we have
mo(to, z0) < A implies m(t,z(t)) < A, t > to for some ¢, € T, where
x(t) = x(t; to, o) is any solution of (1.1);

(Py) (mg, m)-practically quasi-stable if given (A, B,T) > 0 and some tq € T,
we have mg(to, xo) < A implies m(t,x(t)) < B, t > to + T, where where
x(t) = x(t; to, o) is any solution of (1.1);

(Ps) (mg, m)-strongly practically stable if (P;) and (Ps) hold simultaneously;

(Py) (mg, m)-practically asymptotically stable if (P;) holds and tlgg m(t, x(t)) =
0.

Consider the comparison system,
“A%% = O(t, k), K(to) = Ko > 0, (2.14)
where © € C,4[T x R, R"].
Definition 2.23. Corresponding to Definition 2.22, the solution k(t) = k(t; , to, ko)
of (2.14), is said to be practically stable if given 0 < A < A, we have
zn:mo <A = Zn:m(t;to, ko) < A, t >, (2.15)

for some tp € TN R,.
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Other definitions of practical stability for the comparison system (2.14) follows
from Definition 2.23.

Lemma 2.24. Assume h and m € C,4(T,R"™). Suppose there exists t; > to,
where t; € T, such that h(t;) = m(ty) and h(t) < m(t) for to <t < ty. Then, if
the Caputo fractional delta Dini derivatives of h and m exist at t1, the inequality

CALh(t1) > AYm(ty) holds.

Proof. Applying (2.7), we have

CA2 (h(t) = m(t) = nmsupia{ (~ 1) C, (o () — i)

CATh(t) =Y AYm(t) = limsup —{ y (=)™ *C,[h(o(t) — rp)

At t;, we have

[A20]
1 132
CAYh(t) = —hms‘jp E{ Z (—=1)"C,[h(ty) — m(to)]} +9 A%m(t). (2.16)
p—0 r=0

Applying (2.10) to (2.16), we have

(t1 —to)™

CATh(n) = - r(1l—a)

[A(to) —m(to)] + Afmi(ty),

however, based on the Lemma’s statement, we know that
h(t) < m(t), for tg <t < ty,
= h(t) —m(t) <0, for tg <t < ty.
Then, we obtain

(tr —to) @
—m[h(to) —m(to)] > 0,

implying
CATh(t) > AYm(ty).
OJ

Lemma 2.25. Assume that

L. z*(t;to, z0), z* € C%([to, T)r, RY) is a solution of the dynamic equation

(1.1).
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2. V(t,z*) € Cy[T x RN, RY] and for any t € [ty, 00)r, z* € RY,
ATV (t,2") < —o(||z* (D)), (2.17)

where ¢ € KC.
Then for t € [to, T|r, the inequality

/ (t — 5 p(le" (D) As

V(t 2 (1)) < V(to, o) — %a) t

holds.

Proof. Let
h(t) =V (t,c*(t)),
with  hte) = V(to, 70). (2.18)

and
W(t) = ¢(ll=*(@)1))- (2.19)
Then, from (2.17) we have
CALh(t) =C ALV (a7 (1) < =02 ()]]) = =W (), fort € [to, T]r. (2:20)
Consider the system
CAY(t) = =W (L), wv(te) = hu(ty), where hy(to) = h(ty) + w. (2.21)

A solution v(t) = v(t, to, vo) of (2.21) will also satisfy the Volterra delta integral
equation

() = h(to) — ﬁ /t (t— 81T (s)As. (2.22)
We claim that
h(t) < o(t), ¢ € [to, Thr. (2.23)

In the event that this claim were untrue, there would be a time ¢; € (¢o, Tr,
such that

h(tl) = U(tl) and h(t) < U(t) for te [to, t1>'ﬂ‘. (224)
Lemma 2.24 is applied to (2.24) to obtain

CA(_T_h(tl) >C AiU(tl) =C Ao‘v(tl) = —W<t1),

= “ATh(t) > -W(t). (2.25)
Therefore, from (2.25) and for t € [to, T, we obtain
CATh(t) > —W(1). (2.26)

Clearly, (2.26) contradicts (2.20), so we conclude that the claim in (2.23) holds.
Combining (2.18),(2.19),(2.22), and (2.23) we get

Vit (1) = h<t><hw<to>—ﬁ / (t — 5ol ()] As,

(2.27)
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which implies

V(ta'(6) < V(to,ao) - /(t—s>a-1¢<||x*<s>ums. (2.28)

1
F(O{) to

If T contains right scattered points, and V(¢,x) is continuous, then (2.28)
becomes

o(t)
Vit 2*(t)) < V(to, 20) — ﬁ/t (t—s)*"oll2"(s)])ds

Theorem 2.26. Assume the following statements:

(i) © € Crg[T x R, R and O(t, k)p is nondecreasing in u.

(1) V € Crg[T x RN RY] is locally Lipschitzian in the second variable such that
“ATV(t,x) <Ot V(t,z)),(t,x) € T x RV, (2.29)

(131) z(t) = z(t; to, ug) @s the maximal solution of (2.14) existing on T.
Then
provided that
V(to, o) < ko, (2.31)
where x(t) = x(t; to, o) is any solution of (1.1),t €T, t >t,.
Proof. Apply the principle of induction as stated in Lemma 2.16 to the statement
S(t): V(t,z(t) < z(t), teT, t>t

Then

(i) S(to) is true since V(tg,zo) < up.
(ii) Let t be right-scattered and S(t) be true. We need to show that S(o(t))
is true; that is,

V(e(t),z(o(t))) < z(a(t)). (2.32)
Set h(t) = V(t,z(t)); then h(o(t)) = V(o(t),z(o(t))), but from (2.7),
we have
'[(t—to)} )
“AYh(t) = limsup L D" Cylh(o(t) —rp) — h(to)] ¢, t>to.
n—0+ 'u r=0
Also,
([(t—to)] )
1 1
CA%z(t) =1 — nreC,[z —rp) — 2(t .t >,
{2(t) = limsup —2 z; (o(t) = rp) = =(to)] > 1o
\ J
so that

CA%z(t) =Y A%h(2)
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(iii)
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[Ltod)
1 122
= limsup — 1) C,z(o(t) —ru) — 2(t
mew o 0 D (G0 <) — 2]
[{=r0d)

: 1 - rTo
—limsup — ¢ Y (=1)"*Co[h(o(t) = ru) — hito)] ¢,

u—0+ M —0

(Cata) ¢ azn) )
[{=toly

= lim sup{ Z (=1)"*Cy|[z(a(t) — rp) — 2(to)]

p=0+ r=0

[2(0(t)) = hlo(8))] = <0A1Z(t) - A%@))ua + [2(to) = h(to)],

so that

[(a(t)) = z(a(t))] < <CA1Z(15> - Aih(t)>/f‘ + [Alto) = z(to)]

< (@(t, h(t)) - O, z<t>>)/ﬂ T [hto) — =(to)].

Since ¢(t,u)p is nondecreasing in u and S(t) is true, then h(o(t)) —
z(o(t)) <0 so (2.32) holds.
Let ¢ be right dense and let A/ be a right neighborhood of ¢t € T. We need
to show that S(t*) is true for t* € N.

Let w be an arbitrary small vector such that ||w|| < By (where Br is a
small enough number on the time scale T), and consider the initial value
problem

A% = O(t", k) +w, K(ty) = Ko +w, (2.33)

for t* € NV
The function k,(t*) = k(t*) + w is a solution of (2.33) if and only if it
satisfies the delta integral equation

) =kotw L ! * = 5)*HO(s, k(s w)As
wlt) = o+t g [ - O ) T)As 23

where t*, s € N.
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Let h(t*) € Cpq(T, R} ) be such that h(t*) = V(t*,2*(t")), where 2*(t*)
is any other solution of (1.1). We show that
h(t*) < k,(t"), fort* e N. (2.35)
The inequality (2.35) holds for t* = ¢, since
h(to) = V (to, o) < ko < Kalto)-

Assume that the inequality (2.35) is not true, then there exists a point
t] > to such that

h(t}) = ko(t]) and  h(t") < k,(t*) for to <" < tj, t*,t] € N.
From Lemma (2.24) it follows that
CATHE) >° ATk(8),
which implies
CATV (5,27 (t])) >C ATk (t]).
Then, from (2.33), we arrive at
CALV (6, 57(£)) > Ot mu(t)) +w) > O, h(E])).

Therefore,

CALR(t}) > O(t, h(t))). (2.36)
Now, for t* € N,
CAYh(t)
. [t*;to]
= lim sup —a{h Z D C)[h(E —rp) — h(to)]},
p—0t M —1

= lim sup —{V(t x*(t*)) — V(to, xo)

u—0t e

[Fto)

_ Z D)V (= rp, a*(t — rp) — V(to, 20)]}

— limsup i{V(t*, (1)) = V(to, 20)

u—0t e

=)
3 OO [V @) 06 Vo)
VO = 0~ 0 () ~ Vb 20)

+V (" —rp,a*(t" —rp)) — V(to, xo)]} }

= lim sup %{V(t*, z*(t)) — V(to, xo)

u—0t M
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[Fte 2

B Z 1+ {[V(t —ru, (1) — p f (5, 2" (7)) — V(to, o))

VI = () = i D4V = )| |

1
= lim sup —{V(t*, z*(t)) — V(to, xo)

u—0t P

=)

3 OO [V @) 00 Vo)

LV = (8 — rp0)) — [V — (1) — uﬁf(tﬂm*(t*)m] }

1
= lim sup —a{V(t*,x*(t*)) — V(to, zo)

p—0t

[t*fto]
B Z DG V(I — rp, ot (8 — p f(E, 2 (1)) — V(to,l’o)]}

[ to]

Stmswp Y D ECIVE (¢ - )

V= () — W x*(t*m]}.

Since V(t*, x) is locally Lipschtzian in the second variable, we have

[t*;t()}
1 K
CAIME) < CAV(E,2"(t7) + Llimsup o > (=)CC) [l — )
p—0t r=1

— (@ (") = p f(@E 2 (@)D,
where L > 0 is a Lipschitz constant.
As pp— 0, [|z*(t* —rp) — (2*(t*) — p@ f(t*5,2*(t*)))|| — 0, so that from
(2.29) we arrive at
CATR() =C ALV (¢, 2 () < O, V(¢*, 27 (t7))) = O(t, h(t)).  (2.37)
Now, (2.37) with t* = ¢} contradicts (2.36), hence (2.35) is true. For
t* € N, we now show that whenever w; < ws, then
Ry (T7) < Ky (7). (2.38)

Note that (2.38) holds for t* = ¢, since k(to)+w1 < k(ty)+ws = wy <
wy. Assume the inequality (2.38) is not true. Then there exists a point ¢}
such that kg, (1) = kw, (t7) and kg, (t*) < Ky, (t*) for tg < t* < ti t* € N.

By Lemma (2.24), we have

CAT ko (1) € ATk (17).
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However,
OOk, (1) = A Ry (1)
= 017, Fuy (17)) + w1 = [B(1], K, (1)) + w2
=w; —wy < 0,
which is a contradiction, and so (2.38) is true. Now from (2.38) and since
w < Br, we deduce that
Kooy (T7) < Ky (7)) < -+ < k(") + w; < |k(t") + Br| < M,

and therefore we can say that the family of solutions { &, (t*)} is uniformly
bounded with bound M > 0 on T. This means that ||k, (t*)|] < M for
t* € N and |jw| < Brl.

We now show that the family {r,,(t*)} is equicontinuous on T. As-
sume S = sup{|O(t*,a*)| : (t*,2*) € N x [-M,M]}. Now, let us take

{w;}2,(t%), as a decreasing sequence, such that lim w; = 0, and consider
12— 00

a sequence of functions k,, (t*), and take 1,5 € N with ¢; < ¢;. Then we
have the following estimate

|, (£2) = Fiwo, (11)]

1 e a-1 ,
= |ko +w; + () /to (t5 — s)*(O(s, Ky, (5)) + a;)As

1 i * a—1 ) S
(0 i+ / (£ — $)* (05, A (5)) + wi)) A

__féﬁ.jCZQ;_SyVJKXSmesD)AS
_ (1 — )" (s, iy (5)) As
< ri [ o as et
| [ ][00 nao
< %{ /j(t; $)* 1 As +‘/:(t’{—8)“‘lﬁs }

121 t3
/ (t5 —s)* T As + / (t5 — 5)* 'As
to t*

t*; 1
/ (tr —s)* 'As 1
t

:;iikrg—ma @—mwyﬁg_mq

(07 (07 (0%
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_ S =) n (t5 —to)* n (t5 —t7)” n (t7 — to)”
() a a « a

“ra [ |
)

- T(a) a
— B -

A family of solutions {k,,(t*)} is said to be equicontinuous if given
e > 0, we can find § > 0 such that |k, (t5) — K, (t])| < € whenever

|

’ (17 —t0)®

|th — t7] < 0, implying that |k, (t5) — Ku, (t])] < F(i—il) [(t; — to)a] < €

provided [t5 — t| < §.
1

1 1 1
Now, we choose § = (—GF(QO‘SH) . (—EF(;SH)) “ > <25F(€Z;t10)) F(g;rl) ¥ =

(t5 — to) but (t5 — to) > |t5 — t7| so since (t5 —tg) < . Then |t5 — 7] <
d. Proving that the family of solutions {k,(t*)} is equi-continuous. By
the Arzela—Ascoli theorem, {x,, (t*)} has a subsequence {mwij (t*)}, which
converges uniformly to a function z(¢*) on T. We then show that z(t*) is
a solution of (2.14). Equation (2.34) becomes

") = Ko+ w; L ’ *—5)* HO(s, ky, (s w;. ) As
o, () = ot 4 s [0 =@ () 4 )As (239)

Taking the limit as i; — oo, then fy,, (t*) — z(t*) on T. Now, (2.39)
yields

)=k 1 t**—so‘_l s, 2(t* s
A =m0t i [ @G ) As (2.40)

Thus, z(t*) is a solution of (2.14) on T. Since lim K, (t*) = 2(t) exists,
Jj—oo
<

z(t*).

then for any k,,, that satisfies the dynamic equation (2.14), k,(t*)
So from (2.35), we have that h(t*) < k,(t*) < z(t*) on T.

(iv) Let t be left-dense, and let S(s) be true for all s > t. We want to show
that S(t) is true. This immediately follows the right-dense continuity of
V(t,z*), z*(t) and the maximal solution z(t). Therefore by the induction
principle, the statement S(t) is true for all ¢ € T.

O

3. MAIN RESULT

In this section, we give the stability criteria for the fractional dynamic system
(1.1) in terms of two measures mgy, m € 9.

Theorem 3.1 ((mg, m)-Practical Stability). Assume that
(m) 0 <A< A;



VECTOR LYAPUNOV FUNCTIONS AND PRACTICAL STABILITY 77

(m,) mog,m € M, and mg is uniformly finer than m, implying m(t,x) <
o(mo(t,z)), ¢ € K, whenever mo(t,x) < A;

(my) there exit Q € Cry[RL,R%] and V' € Crg[TXRY,R%] such that if V(t,z) =
Q(V(t,x)), then BV(t,u) is locally Lipschitzian in w and for (t,x) €
S(m, A) ={(t,z) € T x RN : m(t,z) < A},

b(m(t,x)) < i‘l] if m(t,x) < A,
i?ﬁi(t,x) < a(me(t,x)) i me(t,z) < A (3.1)

(my) for (t,2) € &(m, 4),
CAi(t,x) < O(t,B(t,z)), (3.2)
where © € Cpy[T x R%,R"], O(t, k) is quasimonotone nondecreasing in
Kk with O(t,k) = 0, and for each i, 1 < i < n, O;(t,k)u*(t) + k; is
nondecreasing in k for all t € T;
(ms) &(N) < A and a(N) < b(A) hold.
Then the practical stability properties of (2.14) imply the corresponding (mg, m)-
practical stability properties of (1.1).

Proof. By the assumption of the practical stability of (2.14), we have for some
toe Ry and 0 < A < A,

D ko, <ad) = > riltito,us) <b(A), >t (3.3)
=0

i=1
We claim that (1.1) is (m, mg)-practically stable with respect to (A, A).
If this where false, there would exists a solution x(t) = x(t; to, o) of (1.1) with
mo(to, o) < A and a time ¢; > ¢y such that
m(ty,xz(t1)) = A and m(t,z(t)) < A for t € [to,t1). (3.4)
Setting
uo, = Wi(to, o),
and from (2.30) of the comparison Theorem 2.26, we have
B(t,x(t)) < z(t, to,u), (3.5)

where z(t) is the maximal solution of (2.14).
Also, from assumptions (msy) and (ms), it is clear to see that m(to,zo) <

P(mao, (to, 20)) < p(N) < A.
Obviously,

Z < Zmi(to,xo) S a(mo(t(),l‘o)) < CL()\) (36)

Combining these estimates, (3.3), (3.4), (3.5), and (3.6), we obtain

n

b(A) = b(m(ty,=(t1))) <> Vit x(tr)) <> zi(trito, ) <b(A). (3.7

i=1 =1
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Equation (3.7) is a contradiction, so the assumption of the (mg, m)-practical
stability of system (1.1) is true. O

Similarly, we shall proceed to make the proof other major concept such as
(mg, m)-practical asymptotic stability and (mg, m)-strong practical stability.

Theorem 3.2 ((mg, m)-Practical Asymptotic Stability). Assume that conditions
(my) — (my) of Theorem 3.1 are satisfied, and that (2.14) is practically quasi
stable. Then (1.1), is (mg, m)-practically asymptotically stable.

Proof. By the assumption of the practical quasi stability of (2.14), given a(A) > 0,
€ >0and tg € T, there exists T' = T'(to, €, a(\)) > 0 such that

D ko <a(d) = > riltito,ug) <ble), t>to+T. (3.8)
i=0 i=1

Set ko, = Vi (to, o), with the assumption of mg(ty, zo) < A, and from (2.30) of
the comparison Theorem 2.26, we have

B(t, x(t)) < 2(t, to, u), (3.9)

where z(t) is the maximal solution of (2.14).

It is clear that system (1.1) is (mg, m)-practically stable from Theorem 3.1.
Suppose that there is a possibility that although (mg, m)-practically stable, sys-
tem (1.1) is not (mg, m)-practically asymptotically stable. Then there would exit
a sequence {t;};>1, t; > to+ 1, t; = oo such that

b(G) < ii[’i(tj,to,l'o), (310)

whenever Y | zo, < a(X), where x(t, to, zo) is any solution of (1.1). Then, from
(3.10), (3.9), and (3.8), we obtain a contradiction

b(E) < imz(tﬁx(t])) < izi(t]‘,to,uo) < b(E) (311)

The contradiction (3.11), concertizes that (1.1) is not only (myg, m)-practically
stable but also (mg, m)-practically asymptotically stable. O

Theorem 3.3 ((m, my)-Practical quasi-stability). Assume that conditions (my)—
(my) of Theorem 3.1 are satisfied, and that (2.14) is practically quasi-stable. Then,
(1.1) is (m,mg)-practically quasi-stable.

Proof. By the assumption, (2.14) is (mg, m)-practically quasi-stable for
(a(A),b(N),b(B),T) > 0; so that for some t, € T,

D ko <a(d) = > ki(tto,ug) <b(B), t>to+T, (3.12)
i=1 i=1
where r;(t,tg,up) is a any solution of (2.14). By the practical quasi-stability of
(2.14), we make the assumption that mg(to,z0) < A so that m(t,z(t)) < A for
t > to. Setting ko, = U;(to, x9) and by Theorem 2.26, we have the estimate

B(t, z(t)) < z(t, to,u), (3.13)
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where z(t) is the maximal solution of (2.14). Following this argument closely,
and from (3.12) and (3.13), we obtain

b(m(t, 2(1))) < i%i(t,x(t)) < izi(t,to,uo) <b(B), t>t,+T. (3.14)

So that whenever mq(to, o) < A\, m(t,z(t)) < B for t > to + T. This leads to
the conclusion that (1.1) is (mg, m)-practically quasi-stable. O

Corollary 3.4 ((m,mg)-Strongly practical stability). Assume that conditions
(my) — (my) of Theorem 5.1 are satisfied, and that (2.14) is strongly practically
stable. Then, (1.1) is (m,mg)-Strongly practically stable.

Proof. The proof follows directly from Theorems 3.1 and 3.3 since by Definition
2.22, (1.1) is (mg, m)-strongly practically stable if it is (mg, m)-practically stable
and (mg, m)-practically quasi-stable together. O

We shall consider a special case of Theorem 3.1, where O(¢,u) will be in the
form ~(t) with v € C,4[T,R"].

Theorem 3.5. Assume that conditions my—my of Theorem 3.1 holds for O(t,u) =
Y(t), with v € Cpq[T,R7], v € L', 1 <i < n. Then the practical stability of the
comparison system (2.14), implies the (mqo, m)-practical stability of (1.1).

Proof. From the assumption that ©(t,u) = ~(¢), consider the system
A% =~(t) K(ty) = ko, (3.15)

for t € T.
The function x(t) is a solution of (3.15) if and only if it satisfies the delta
integral equation

k(t) = k(to) + ﬁ/ (t —s5)* 1 (y(s))As, t,s€T. (3.16)

to

By the properties of ~;, and for 1 < ¢ < n, we obtain

ri(t) < Ki(to) + /Oo(t — )" Hyi(s))As < kig + Ri(te), t>to, (3.17)

L(a) Jy,

where R;(to) = [ (t — 5)* 7 (7i(s))As. Let 0 < A < A be given, and assume
mo(to, IO) < )\, setting kg = mi(to,xo). Then

Z‘ni(t?x(t)) < Z‘nz’(to, o) + Zmi(to)a (3.18)

which in view of (3.1), we obtain

n n

th, () < a(mo(to, z0)) + > Ri(te) < a(A) + Y Ri(to). (3.19)

i=1 =1
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To conclude the practical stability of the comparison system, we have to show
that there exists at least a time ¢35 € T when

a(\) + i Ri(to) < b(A).

i=1

However, from the assumptions in condition (my) of Theorem 3.1, and those
on 7;, it is obvious to see that such time ¢, exists. Hence, we can conclude that
system (1.1) is (mg, m)-practically stable. O

In the same way, we shall give a special case of Theorem 3.2, which cannot be
inferred by Theorem 3.1.

Theorem 3.6. Assume that conditions my — my of Theorem 3.1 hold except for
(3.2), which will be modified as follows:

ATt z) < —E(m(t,x)) + (), 1<k<n, (3.20)
ATt ) < vl), 1<i<n, i#k,
where £ € K, v € Cy[T,RY], v; € L', 1 < i < n. Let m(t,x) be locally

Lipschitzian in x and let C2m(t, ) be bounded on T x R". Then system (1.1) is
(mg, m)-practically asymptotically stable.

Proof. To show that (1.1) is (mg, m)-practically asymptotically stable, we have

to show that (1.1) is (mg, m)-practically stable and that any solution x(¢) of

(1.1) with mg(to,z9) < A. Then tlim m(t,z(t)) = 0. Theorem 3.6 guarantees the
—00

(mg, m)-practical stability of (1.1). So we are left to show that 1tlim m(t,z(t)) =0
—00

whenever mq(tg, zg) < A.
We shall make this proof by contradiction and in two phases.
Phase 1

Claim: litm inf m(¢,z(t)) = 0 whenever mq(tg, zg) < A.
—00

If this claim were to be false, then from (3.20), we would obtain that as t —
00, Y(t,z(t)) — —oo which contradicts the positive definiteness of U(t, z(t)),
implying our claim is correct.

Phase 2
Claim: limsup m(t, z(t)) = 0 whenever m(t, z(t)) < A.
t—»00
Similarly, if this claim were false, that is limsupm(t, z(t)) # 0 , then for any

t—o00
e > 0, there would exist a divergent sequence of time {¢;} where t; € T and

t; — 0o as ¢ — 00, such that
With this, ¢; can be one of the following cases:

Case 1: left-scattered, right-scattered,
Case 2: left-dense, right-dense,

Case 3: left-dense, right-scattered,
Case 4: left-scattered, right-dense.
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Assume without loss of generality that there exists a sub-sequence {¢;} of {t;},
satisfying t; — oo as j — oo and m(t;, x(t;)) > €. Also, if ¢; belongs to one of
the above four cases, then we can argue as follows:

Case 1:
It is clear that case 1 occurs at discrete times so that from (3.20) and with respect
0 (2.12), we have

=|!

A Bitr) = — [Z (B0 (), 2(0 (1)) — Vlto,20)

\3
I
)

< > (FU(C) (Blto, o)) + (=E(mlty, 2(t))) + ) 12 (L5)-

r=0

From the assumption of (3.21), and with 7 = max u(t;), we have
(2]
0 < Z )" (“Cr) (o (t;), 2(a(t)))))

[t tO]

Z ) (B to, 20)) = (t1 - +TZ%” (3.22)

=0

Since time is discrete in this case, 7, € L' implies that > 2 v < 00, so
that the right-hand side of (3.22) will be negative for sufficiently large j, con-
tradicting the positive definiteness of U (t), and therefore proving that the claim

limsup m(t, z(t)) = 0 whenever m(t, z(t)) < A is indeed correct for case 1.
t—r00

Case 2
Case 2 occurs in continuous times, so that from (3.20) and in view of (2.13), we
have

CALB(t;, ) = DIVy(t5,2)

—hmsup,{i{%k(t z(t;)) — Vi (to, zo)

k—0t

[i to]

= DU OB - realty) — K05 (0) ~ mto?woﬂ}

S_g( (t z(t5))) + V.

[F50]

= Wyt 2(t)) — limsup — 3 (=17 (OC,)Bilto, 7o)

K%
k—0Tt —0
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=
1 K
— limsup — Z (=1 C)Bi(t;, 2(t5))

R
k—0t —1

< =&(mf(t;, 2(8;))) + Y-
Applying (2.10), we obtain

[tfto}

Vot 2(ty)) +lmsup — 3 (=) ("CIDlty, 2(1))

RS
k—07T —1

< =&(m(ty, 2(t;))) + Vhy — %k<t01’“f(1))£t0j)t0)_a
[0

K

V(L) 2(t;)) + limsup Y (=1)"(*C,)Bi(t;, z(t;))

Bl m)t- o)
'l —a) ‘

Applying (2.9) and the assumption of (3.21) the right-hand side becomes neg-
ative, which is a contradiction further validating our claim for case 2.
In other cases, we assume a subsequence {t1;} of {t;} such that ¢;; — oo as
Jj — 00, and we argue that either For Cases (3) and (4), applying Lemma 2.25
0 (3.20), and in view of Definition 2.10, we obtain

Q]k(tlj,x(tu)) S mk(to, SL’O) - m / ? (t - 5)(171 - f(m(tlj,iC(tlj))) -+ ’Yk’jAS.

to
(3.23)
From the assumption of (3.21), we obtain

Ui (t1j, 2(t1;)) < Vi(to, v0) — ﬁ / 0 (t— )" " = &(e) + YyAs,

E(€) + ity — tO)O‘.

0 < Bp(ta, 2(tr;)) < Vi(to, w0) — al(«)

(3.24)

Since v, € L' implies that 7;; < oo and ¢1; — 00 as j — oo, the right-hand
side of (3.24) approaches —oo. This also is a contradiction and validates our
claim that lim sup m(t,z(t)) = 0 whenever m(t, z(t)) < A.

t—
Since hm 1nfm(t z(t)) = lim Sup m(t,z(t)) = 0, then, hm m(t,z(t)) = 0 when-

t—
ever mo(to, To) < A guaranteemg that (1.1) is (mg, m)- practlcally asymptotically
stable. O
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4. APPLICATION

Consider the Caputo fractional dynamic system:

3v2 + 302
A (t) = 6ur — —U2: US?
1
3 2
Aty = Ly duy, (4.1)

U2
c v}

Aal}g(t) = —— + 31)3,
U3

for t > ty, with initial conditions
vi(to) = vi0, v2(to) = v, and w3(ty) = v,
where v = (v, v9,v3), and f = (f1, fa, f3)-
Consider a vector V = (V;, Vo, V3)T| where V; = v}, V5 = v3 and V3 = v3, for
t € T and (vy,v9,v3) € R3. Then condition 1 of Theorem 3.1 is satisfied, for
¢ = ir, where ¢ € K, so that the associated norm [[v| = \/vf + v3 + v3, and
2

Vo(vr,v2,03) = ZVi(Ul,UQ,Us) = v} + 05 + 03,
i=1

Then ¢(|[1]]) < V (11, 12,13). From (?77?), we compute the Caputo fractional Dini
derivative for Vi = v} as follows:

CA(_T_‘/l
. 1 2] _ [(pi)?
- 11£%Ep E{ [(v1(a()))?] = [(v10)?]

0]
T (1) () (a0 (1) — pfr (1)) [((vm)‘ﬂ}

r=1

= lim sup ia{ [(Ul(U(t)))Q} - [(Um)?]

u—0t M

(5]

+ ) ()7 (AC) [(ni(e(t)? = 2v1 (o () fi(t, v1, v2, v3)

+17 (f1(t, 01,02, 03))°] — [(Ulo)z] }
(52

= —lims.upi Z (=1 (“C) [(v10)?]

«
u—0t M r—0

Hlimsup— 4 3 (<1 (°C,) [(wi(o(6)?]

p—0t M —0
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]
~timsup {3 (<17 (°C) Reno (O e o v va)]

p=0% r=1

Applying (2.9) and (2.10), we obtain

(t—to)™

C A« <
AtV = I'(l—a)

[(vi(a(t)))*] = [201(a () f1(t, v1, V2, v3)].

Ast — oo, (Hfo_);)a [(v1(e()))?] — 0, which is

CA(_T_‘/l S —2[?)1 (O’(t))fl (t, U1, U2, ’Ug)].

Applying v(o(t)) < u€A%(t) + v(t), we have

CATV; = 2 |:/~L(t)f12(t7vl7v27v3> + v1(t) fi(t, v1, 02, U3)}
2 2\ 2 2 2
= -2 {M(t) (62}1 _ M) + g (61}1 _ M) ]
(%1 U1
2 2\ 2 2 2
= —2u(t) [(6@1 _ M) ] — %, {6@1 _ M} . (4.2)
U1 U1
If T =R, then u =0, so that (4.2) becomes
2 2
CA?_%(UD UQ,’Ug) = —2U1 |:6U1 — 31}21}&}
1
= —12v7 + 605 + 6v;
(12 6 6)- (i V2 V). (4.3)
Similarly, compute the Caputo fractional Dini derivative for V5(v) = v3 as follows:
CAS;%(U)
, 1
= hmsup—a{ [(Ug((f(?f)))ﬂ — [(U20)2]
u—0t M

[50]
+ ) (1) (OC) [(va(o(t) — p® folt,v))?] — [((U20)2]}
. 1 21 _ ()2
= hﬁzgp E{ (020 (£)))*] = [(v20)?]
[
+ Z (=1)" (“Cy) [(v2(a (1)) = 2va(a (t)) u® fo(t, V1, 2, v3)

r=1

12 (fa(t, v1, 02, 03))] = [(v20)7] }




VECTOR LYAPUNOV FUNCTIONS AND PRACTICAL STABILITY 85

(5]

= — lim sup i Z (=1)"(“Cy) [(U20)2}

,LL*)0+ /’l’ r=0

Flimsup— {3 (<17 (°C) [(walo ()]

},L—)O_‘— ILL r=0

—timsup {3 (1) () ualo () alt v vz, va)]

pu—0t+

Applying (2.9) and (2.10), VT/e obtain
A < [ (o 0)] ~ 2oalo ) att, 1, va)
As t = 00, L2 [(va(a(t)))?] = 0, which is
“AVs(v) < [ 2(0(£)) f2(t, v1, V2, v3)].
Applying v(a(t)) < pCA%(t) + v(t), we have
“AVy(v) = 2{,u )3 (t, 01,09, v3) + Ut )fg(t,'l)l,'l)g,'l}g):|
o (S o (o)

U2

= —ou(t) [(—i—f + 4U2)2

If T =R, then p =0, so that (4.4) becomes

3 2
— 20, {—ﬂ + 4U2} . (4.4)

C A« SU%
AVa(vr,v2) = —2uy —U—+4U2
2
= 6@% — 8@%
= (6 -8 0)-(h Vu V). (4.5)

Similarly, compute the Caputo fractional Dini derivative for Vi(vy, vy, v3) = v3
as follows:

CAiVES
1 21 v 2
= hfi?)lipﬂ_{ [(vs(a(1)))?] = [(vs0)”]

(5]
+ ) ()7 (0 [(va(a(t) — u® f(t,0))*] = [((v3o)2]}

_ hmsupia{ [(w3(o(t))?] — [(vn)’]

p—0t M
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[5]

+ > (=17 ("C) [(vs(a(t)))* — 2us(a()u® fa(t, v1, vz, v3)

+127(f3(t, v1,v2,v3))*] = [(v30)?] }

(5]

= — limsup ia > (=17 (*Cr) [(v30)?]

p—0t M —0

+lirri%1ipu—1a D> (=17 ("G [(ws(a(1))?]
(=]

—timsup {3 (1) (%) oa(o ) ult o v, va)]

pu—0t

r=1

Applying (2.9) and (2.10), we obtain

(t—to)™

CAa <
WS ['(1-a)

[(vs(a(1)))?] = [2v1(a (1)) f5(t, v1, v, v3)].

As t — 00, {2 [(vs(0(1)))?] — 0, then

CA(_T_‘/?, S —2[U3(U(t))f3(t, U1, U2, ’Ug)].
Applying v(o(t)) < u“A%(t) + v(t),

CAYV = —2[u(t)f§(t,vs,vz,v3)+v3(t)f3(t,v1,vz7v3)}

2 2 2
= —2|u(t) —ﬁ‘i‘?ﬂ)g +vs —2—1-31)3
U3 U3

U2 2 U2
U3 (O
If T =R, then u =0, so that (4.6) becomes
L2
CAiV})(UhUz,U?)) = —2u5 {—U—l + 3U3:|
3
= 2v] — 6v;
= (20 -6-(W V» W (4.7)

Combining (4.3), (4.5), and (4.7), we have

~12 6 6 Vi
“ATV<| 6 -8 0 Vo | =06(t,V). (4.8)
2 0 -6/ \W
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Now consider the comparison system

“A%k = O(t, k) = Ak, (4.9)
—12 6 6
where A = 6 -8 0
2 0 -6

The vectorial inequality (4.8) and all other conditions of Theorems (3.1) and
(3.2) are satisfied if A has eigenvalues with negative real parts, since the eigen-
values of A are \; = —17.059, Xy = —6.59407, A3 = —2.34691, then (4.1)
is stable. Therefore, we conclude that the trivial solution of the system (4.1) is
stable.

5. CONCLUSION

In conclusion, we introduced a novel framework for assessing the practical sta-
bility of Caputo fractional dynamic equations on time scales, utilizing two mea-
sures, m and myg, and employing the new Caputo fractional delta derivative and
Caputo fractional delta Dini derivative of order a € (0,1). This approach pro-
vides a unified method for stability analysis across both continuous and discrete
time domains, enhancing the applicability of stability theory to hybrid systems
that display both gradual and abrupt changes. By unifying several known sta-
bility concepts within a single setup, our framework offers a more comprehensive
stability analysis that accommodates the complex dynamics of real-world systems.
The practical stability results established here have been validated through an
illustrative example. This work advances the theoretical understanding of stabil-
ity for fractional dynamic systems on time scales and offers a versatile tool for
researchers and practitioners analyzing complex hybrid systems.
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