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Abstract. In this paper, we give new numerical radius inequalities for bounded
linear operators, product of bounded linear operators, and tensor product of
two operators acting on complex Hilbert spaces. These inequalities improve
and refine earlier well-known results. Also, we extend our obtained results to
semi-Hilbert spaces.

1. Introduction

Throughout this paper, H and K are two complex Hilbert spaces. We denote
by B(H) the C∗-algebra of all bounded linear operators on H. For T ∈ B(H),
the numerical range of T is defined by

W (T ) = {〈Tx, x〉 : x ∈ H, ‖x‖ = 1}, (1.1)

and the numerical radius of T is given by

w(T ) = sup{|z| : z ∈ W (T )} = sup
x∈H, ∥x∥=1

|〈Tx, x〉|.

The numerical range of T ∈ B(H), like the spectrum, is a subset of the complex
plane. It is a celebrated result due to Hausdorff–Toeplitz [16, 25] that W (T ) is a
bounded convex set, and its closure contains the convex hull of the spectrum σ(T )
of T . It is closed if dim(H) < ∞, but it is not always closed if dim(H) = ∞.
It is known that the numerical radius w(·) defines a norm on B(H), which is
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equivalent to the usual operator norm ‖ · ‖. In fact, for any T ∈ B(H),
1

2
‖T‖ ≤ w(T ) ≤ ‖T‖. (1.2)

These two inequality are sharp. Indeed, they become equalities, respectively, if
T 2 = 0 and T is normal. Also, the numerical radius satisfies the power inequality:

w(T n) ≤ wn(T ),

for any natural number n. For a complete account about facts above, see, for
example, [14].

A variation of (1.1) is the so-called maximal numerical range W0(T ). It was
introduced in [23] and defined as follows:

W0(T ) = {lim
n
〈Txn, xn〉 : xn ∈ H, ‖xn‖ = 1, lim

n
‖Txn‖ = ‖T‖}.

In the same paper, it was shown that W0(T ) is nonempty, closed, convex, and
contained in the closure of the numerical range. In the case of finite-dimensional
spaces, the maximal numerical range is produced by maximal vectors for T (those
vectors x ∈ H such that ‖x‖ = 1 and ‖Tx‖ = ‖T‖). Note that the notion of the
maximal numerical range was introduced in [23] (especially) for the purpose of
calculating the norm of the inner derivation δA associated with A ∈ B(H), which
is defined by

δA : B(H) −→ B(H), X 7−→ AX −XA.

In fact, let T ∈ B(H), and define
d(T ) := inf

λ∈C
‖T − λI‖,

the distance of T to the scalar operators. Here, I is the identity operator. Ac-
cording to [23]

d2(T ) = sup
x∈H, ∥x∥=1

{‖Tx‖2 − |〈Tx, x〉|2}, (1.3)

and there exists a unique scalar cT , called the center of mass of T , such that
d(T ) = ‖T − cT I‖,

and for any A ∈ B(H),
‖δA‖ = 2d(A).

Recall that the tensor product of H and K is defined as the completion of the
inner product space consisting of all elements of the form

∑n
k=1 xk ⊗ yk for any

xk ∈ H, yk ∈ K and any nonzero natural number n, with the inner product
〈x⊗ y, z⊗ t〉 := 〈x, z〉〈y, t〉. Here the notation x⊗ y is defined algebraically so as
to be bilinear in the two arguments x and y. Let H⊗K denote the tensor product
of the spaces H and K. For T ∈ B(H) and S ∈ B(K), the tensor product T ⊗S
is defined by (T ⊗ S)(x ⊗ y) = Tx ⊗ Sy, for all x ⊗ y ∈ H ⊗ K. Recall that
we can write T ⊗ S as the product of T ⊗ IK and IH ⊗ S (IH and IK are the
identity operators on H and K, respectively). Hence T ⊗ S ∈ B(H ⊗ K) and
‖T ⊗ S‖ = ‖T‖‖S‖. Then, from inequalities (1.2), we get

1

2
‖T‖‖S‖ ≤ w(T ⊗ S) ≤ ‖T‖‖S‖. (1.4)
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It is also known, see [10], that

w(T )w(S) ≤ w(T ⊗ S) ≤ min{w(T )‖S‖, w(S)‖T‖}. (1.5)

In [10], the authors showed that

w(T ⊗ S) ≤ min{w(T ) (w(S) + R(S)) , w(S) (w(T ) + R(T ))}
≤ 2w(T )w(S). (1.6)

Here R(T ) = inf{w(T − λI) : λ ∈ C}.
In Section 2 of the present paper, we improve inequality (1.6). Indeed, we show

that
w(T ⊗ S) ≤ min{w(T ) (K(S) + R(S)) , w(S) (K(T ) + R(T ))}

≤ min{w(T ) (w(S) + R(S)) , w(S) (w(T ) + R(T ))}
≤ min{w(T ) (w(S) +K(S)) , w(S) (w(T ) +K(T ))}
≤ 2w(T )w(S),

where K(T ) = inf{w(T − iλzT I) : λ ∈ C}. Here zT is the center of the smallest
disk containing W (T ). Note that for any T ∈ B(H), we have (see, [24])

R(T ) ≤ K(T ) ≤ w(T ).

We give a refinement for the upper bound of the Kittaneh inequality [20]:

w(T ) ≤ 1

2
(‖T‖+ ‖T 2‖

1
2 ). (1.7)

Namely, we prove that

w2(T ) ≤ 1

4
‖|T |2 + |T ∗|2‖+ 1

2
‖<(|T ||T ∗|)‖ ≤ 1

4
(‖T‖+ ‖T 2‖

1
2 )2.

Here <(T ) and T ∗ stand for the real part and the adjoint of T , respectively. We
also obtain new refinements of the classical inequality w(T ) ≥ 1

2
‖T‖.

We establish that

w2(T ) ≥ ‖T ∗T + TT ∗‖
4

+
|‖T + T ∗‖2 − ‖T − T ∗‖2|

8
,

and

w2(T ) ≥ ‖T ∗T + TT ∗‖
4

+
|‖T + iT ∗‖2 − ‖T − iT ∗‖2|

8
.

Then, we improve the Kittaneh inequality [21]:

w2(T ) ≥ ‖T ∗T + TT ∗‖
4

. (1.8)

Next, we extend our obtained results to the product of two operators T and
S on H such that commute or doubly commute (i.e., TS = ST and TS∗ =
S∗T ). We also obtain new numerical radius inequalities for the tensor product
of two operators acting on complex Hilbert spaces. Section 3 is devoted to the
generalization of our results to semi-Hilbert spaces.
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2. Main results

We start our work with the following lemmas, which will be useful.

Lemma 2.1. [2] Let T ∈ B(H). Then

w2(T ) ≤ 1

2
‖T ∗T + TT ∗‖ − 1

2
m2 (|T | − |T ∗|) ,

where m(T ) is the Crawford number of T given by m(T ) := inf{|z| : z ∈ W (T )}.
Lemma 2.2. [15] Let T ∈ B(H) and x ∈ H. Then

|〈Tx, x〉| ≤ 〈|T |x, x〉
1
2 〈|T ∗|x, x〉

1
2 .

Lemma 2.3. [18] Let T ∈ B(H) be a positive operator. For any unit x ∈ H and
r ≥ 1, we have

〈Tx, x〉r ≤ 〈T rx, x〉.

Lemma 2.4. [19] Let T, S ∈ B(H) be positive operators. We have

‖T + S‖ ≤ max{‖T‖, ‖S‖}+ ‖T
1
2S

1
2‖.

Lemma 2.5. [24] Let T, S ∈ B(H) such that TS = ST . Then
w(TS) ≤ w(T ) (K(S) + R(S))

≤ w(T ) (w(S) + R(S))

≤ 2w(T )w(S).

The following theorem gives a better estimation than inequality (1.6).

Theorem 2.6. Let T ∈ B(H) and S ∈ B(K). Then
w(T ⊗ S) ≤ min{w(T ) (K(S) + R(S)) , w(S) (K(T ) + R(T ))}

≤ min{w(T ) (w(S) + R(S)) , w(S) (w(T ) + R(T ))}
≤ min{w(T ) (w(S) +K(S)) , w(S) (w(T ) +K(T ))}
≤ 2w(T )w(S).

Proof. Since W (IH⊗S) = W (S), then K(IH⊗S) = K(S) and R(IH⊗S) = R(S).
The operators T ⊗ IK and IH ⊗ S commute. Then by Lemma 2.5, we have

w(T ⊗ S) = w((T ⊗ IK)(IH ⊗ S))

≤ w(T ⊗ IK) (K(IH ⊗ S) + R(IH ⊗ S))

= w(T ) (K(S) + R(S))

≤ w(T ) (w(S) + R(S))

≤ w(T ) (w(S) +K(S))

≤ 2w(T )w(S).

□
Proposition 2.7. Let T, S ∈ B(H). If T and S doubly commute, then

w2(TS) ≤ 1

2
‖T ∗TS∗S + TT ∗SS∗‖ − 1

2
m2 (|TS| − |T ∗S∗|) .
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Proof. Since T and S doubly commute, by Lemma 2.1, we have

w2(TS) ≤ 1

2
‖(TS)∗TS + TS(TS)∗‖ − 1

2
m2 (|TS| − |(TS)∗|)

=
1

2
‖S∗T ∗TS + TSS∗T ∗‖ − 1

2
m2 (|TS| − |T ∗S∗|)

=
1

2
‖T ∗TS∗S + TT ∗SS∗‖ − 1

2
m2 (|TS| − |T ∗S∗|) .

□
Corollary 2.8. Let T ∈ B(H) and S ∈ B(K). Then

w2(T ⊗ S) ≤ 1

2
‖T ∗T ⊗ S∗S + TT ∗ ⊗ SS∗‖ − 1

2
m2 (|T ⊗ S| − |T ∗ ⊗ S∗|)

≤ ‖T‖2‖S‖2.

Proof. Since T ⊗ IK and IH ⊗S doubly commute on H ⊗K, by applying Propo-
sition 2.7, we get

w2(T ⊗ S) = w2((T ⊗ IK)(IH ⊗ S))

≤ 1

2
‖(T ⊗ IK)

∗(T ⊗ IK)(IH ⊗ S)∗(IH ⊗ S)

+ (T ⊗ IK)(T ⊗ IK)
∗(IH ⊗ S)(IH ⊗ S)∗‖

− 1

2
m2 (|(T ⊗ IK)(IH ⊗ S)| − |(T ⊗ IK)

∗(IH ⊗ S)∗|)

=
1

2
‖T ∗T ⊗ S∗S + TT ∗ ⊗ SS∗‖ − 1

2
m2 (|T ⊗ S| − |T ∗ ⊗ S∗|)

≤ 1

2
‖T ∗T ⊗ S∗S‖+ 1

2
‖TT ∗ ⊗ SS∗‖

≤ 1

2
‖T ∗T‖‖S∗S‖+ 1

2
‖TT ∗‖‖SS∗‖

= ‖T‖2‖S‖2.
□

Theorem 2.9. Let T, S ∈ B(H). If T and S doubly commute, then

w2(TS) ≤ 1

4
‖|T |2|S|2 + |T ∗|2|S∗|2‖+ 1

2
‖<(|T ||T ∗||S||S∗|)‖

≤ 1

4
(‖T‖‖S‖+ ‖T 2‖

1
2‖S2‖

1
2 )2

≤ ‖T‖2‖S‖2.

Proof. Let x be a unit vector of H. Then by Lemma 2.2, we have
|〈TSx, x〉| ≤ 〈|TS|x, x〉

1
2 〈|(TS)∗|x, x〉

1
2

≤ 1

2
〈(|TS|+ |(TS)∗|)x, x〉

≤ 1

2
〈(|TS|+ |T ∗S∗|)x, x〉.
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Therefore
|〈TSx, x〉|2 ≤ 1

4
〈(|TS|+ |T ∗S∗|)x, x〉2.

By Lemma 2.3, we get

|〈TSx, x〉|2 ≤ 1

4
〈(|TS|+ |T ∗S∗|)2x, x〉

≤ 1

4
〈(|TS|2 + |T ∗S∗|2)x, x〉+ 1

2
〈<(|TS||T ∗S∗|)x, x〉

≤ 1

4
〈(|T |2|S|2 + |T ∗|2|S∗|2)x, x〉+ 1

2
〈<(|T ||S||T ∗||S∗|)x, x〉

≤ 1

4
〈(|T |2|S|2 + |T ∗|2|S∗|2)x, x〉+ 1

2
〈<(|T ||T ∗||S||S∗|)x, x〉

≤ 1

4
‖|T |2|S|2 + |T ∗|2|S∗|2‖+ 1

2
‖<(|T ||T ∗||S||S∗|)‖.

By Lemma 2.4 and using the fact that ‖|T ||T ∗|‖ = ‖T 2‖ for any T ∈ B(H), we
have

‖|T |2|S|2 + |T ∗|2|S∗|2‖ ≤ max{‖|T |2|S|2‖, ‖|T ∗|2|S∗|2‖}+ ‖|T ||S||T ∗||S∗|‖
≤ ‖T‖2‖S‖2 + ‖|T ||T ∗|‖‖|S||S∗|‖
= ‖T‖2‖S‖2 + ‖T 2‖‖S2‖.

Since
‖<(|T ||T ∗||S||S∗|)‖ ≤ ‖|T ||T ∗||S||S∗|‖

≤ ‖|T ||T ∗|‖‖|S||S∗|‖
= ‖T 2‖‖S2‖

≤ ‖T‖‖T 2‖
1
2‖S‖‖S2‖

1
2 ,

then
|〈TSx, x〉|2 ≤ 1

4
‖|T |2|S|2 + |T ∗|2|S∗|2‖+ 1

2
‖<(|T ||T ∗||S||S∗|)‖

≤ 1

4
‖|T |2|S|2 + |T ∗|2|S∗|2‖+ 1

2
‖<(|T ||T ∗||S||S∗|)‖

=
1

4
(‖T‖‖S‖+ ‖T 2‖

1
2‖S2‖

1
2 )2

≤ ‖T‖2‖S‖2.
Thus

w2(TS) ≤ 1

4
‖|T |2|S|2 + |T ∗|2|S∗|2‖+ 1

2
‖<(|T ||T ∗||S||S∗|)‖

≤ 1

4
(‖T‖‖S‖+ ‖T 2‖

1
2‖S2‖

1
2 )2

≤ ‖T‖2‖S‖2.
□

Taking S = I in Theorem 2.9, we obtain a refinement of inequality (1.7) as
follows.
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Corollary 2.10. Let T ∈ B(H). Then

w2(T ) ≤ 1

4
‖|T |2 + |T ∗|2‖+ 1

2
‖<(|T ||T ∗|)‖

≤ 1

4
(‖T‖+ ‖T 2‖

1
2 )2

≤ ‖T‖2.

Proposition 2.11. Let T ∈ B(H) and let S ∈ B(K). Then

w2(T ⊗ S) ≤ 1

4
‖T ∗T ⊗ S∗S + TT ∗ ⊗ SS∗‖+ 1

2
‖<(|T ||T ∗| ⊗ |S||S∗|)‖

≤ 1

4
(‖T‖‖S‖+ ‖T 2‖

1
2‖S2‖

1
2 )2

≤ ‖T‖2‖S‖2.

Proof. Since T ⊗ S = (T ⊗ IK)(IH ⊗ S), it suffices to apply Theorem 2.9 to the
doubly commuting operators T ⊗ IK and IH ⊗ S. □

The following theorem gives a refinement of the inequality w(T ) ≥ ‖T‖
2

.

Theorem 2.12. Let T ∈ B(H). Then

w(T ) ≥ ‖T‖
2

+
1

4
|‖T + T ∗‖ − ‖T − T ∗‖|.

Proof. Let x ∈ H be a unit vector. Then
w(T ) ≥ |〈Tx, x〉| ≥ |<〈Tx, x〉|.

Thus
w(T ) ≥ |〈<(T )x, x〉|.

Taking the supremum over all unit vectors x, we get
w(T ) ≥ ‖<(T )‖.

Similarly, we get
w(T ) ≥ ‖=(T )‖.

Here =(T ) denotes the imaginary part of T . Hence
w(T ) ≥ max{‖<(T )‖, ‖=(T )‖}. (2.1)

Thus
w(T ) ≥ max{‖<(T )‖, ‖=(T )‖}

=
‖<(T )‖+ ‖=(T )‖

2
+

|‖<(T )‖ − ‖=(T )‖|
2

≥ ‖<(T ) + i=(T )‖
2

+
1

4
|‖T + T ∗‖ − ‖T − T ∗

i
‖|

≥ ‖T‖
2

+
1

4
|‖T + T ∗‖ − ‖T − T ∗‖|.

□
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Corollary 2.13. Let T ∈ B(H). If w(T ) = ‖T‖
2

, then

‖T + T ∗‖ = ‖T − T ∗‖ = ‖T‖.

Proof. Since w(T ) =
‖T‖
2

, then by Theorem 2.34, we get

‖T + T ∗‖ = ‖T − T ∗‖.
We have

‖T + T ∗‖ = w(T + T ∗) ≤ 2w(T ) = ‖T‖.
On the other hand,

‖T‖ = ‖<(T ) + i=(T )‖ ≤ ‖<(T )‖+ ‖=(T )‖

≤ 1

2
(‖T + T ∗‖+ ‖T − T ∗‖)

= ‖T + T ∗‖.
□

Next, we give a characterization for the equality w(T ) =
‖T‖
2

.

Proposition 2.14. Let T ∈ B(H). Then w(T ) =
‖T‖
2

if and only if

‖eiθT + e−iθT ∗‖ = ‖eiθT − e−iθT ∗‖ = ‖T‖, for all θ ∈ R.

Proof. Suppose that w(T ) =
‖T‖
2

. Then for all θ ∈ R

w(eiθT ) =
‖eiθT‖

2
.

Applying Corollary 2.13, we have
‖eiθT + e−iθT ∗‖ = ‖eiθT − e−iθT ∗‖ = ‖T‖, for all θ ∈ R.

The other implication is clear. □
Corollary 2.15. Let T, S ∈ B(H) such that T and S commute and ‖TS‖ =
‖T‖‖S‖. Then

w(TS) ≥ ‖T‖‖S‖
2

+
1

4
|‖TS + T ∗S∗‖ − ‖TS − T ∗S∗‖|.

Corollary 2.16. Let T ∈ B(H) and let S ∈ B(K). Then

w(T ⊗ S) ≥ 1

4
|‖T ⊗ S + T ∗ ⊗ S∗‖ − ‖T ⊗ S − T ∗ ⊗ S∗‖|

+
‖T‖‖S‖

2
.

Proof. It suffices to apply Corollary 2.15 to the operators T ⊗ IK and IH ⊗S. □

The following result gives a refinement of the inequality w(T ) ≥ ‖T‖
2

.
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Theorem 2.17. Let T ∈ B(H). Then

w(T ) ≥ ‖T‖
2

+
1

4
|‖T + iT ∗‖ − ‖T − iT ∗‖|.

Proof. Let x ∈ H be a unit vector. Then
|〈Tx, x〉|2 = 〈<(T )x, x〉2 + 〈=(T )x, x〉2

≥ 1

2
(|〈<(T )x, x〉|+ |〈 =(T )x, x〉|)2

≥ 1

2
|〈<(T )x, x〉 ± 〈=(T )x, x〉|2.

Hence
|〈Tx, x〉| ≥ 1√

2
|〈<(T )x, x〉 ± 〈=(T )x, x〉|.

Taking the supremum over all unit vectors x, we get

w(T ) ≥ ‖<(T )±=(T )‖√
2

. (2.2)

It follows that

w(T ) ≥ 1√
2
max{‖<(T ) + =(T )‖, ‖<(T )−=(T )‖}

=
‖<(T ) + =(T )‖+ ‖<(T )−=(T )‖

2
√
2

+
|‖<(T ) + =(T )‖ − ‖<(T )−=(T )‖|

2
√
2

≥ ‖<(T ) + =(T ) + i(<(T )−=(T ))‖
2
√
2

+
|‖<(T ) + =(T )‖ − ‖<(T )−=(T )‖|

2
√
2

=
‖(1 + i)T ∗‖

2
√
2

+
|‖<(T ) + =(T )‖ − ‖<(T )−=(T )‖|

2
√
2

=
‖T‖
2

+
|‖T + iT ∗‖ − ‖T − iT ∗‖|

4
.

□

Corollary 2.18. Let T ∈ B(H). If w(T ) = ‖T‖
2

, then

‖T + iT ∗‖ = ‖T − iT ∗‖ = ‖T‖.

Proof. We proceed as in the proof of Corollary 2.13 by using Theorem 2.17 and
the fact that T + iT ∗ is a normal operator. □
Corollary 2.19. Let T, S ∈ B(H). If T and S commute and ‖TS‖ = ‖T‖‖S‖,
then

w(TS) ≥ ‖T‖‖S‖
2

+
1

4
|‖TS + iT ∗S∗‖ − ‖TS − iT ∗S∗‖|.
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Corollary 2.20. Let T ∈ B(H) and S ∈ B(K). Then

w(T ⊗ S) ≥ 1

4
|‖T ⊗ S + iT ∗ ⊗ S∗‖ − ‖T ⊗ S − iT ∗ ⊗ S∗‖|

+
‖T‖‖S‖

2
.

Proof. It suffices to apply Theorem 2.17 to the operators T ⊗ IK and IH ⊗S. □
Now, we give a refinement of inequality (1.8).

Theorem 2.21. Let T ∈ B(H). Then

w2(T ) ≥ ‖T ∗T + TT ∗‖
4

+
|‖T + T ∗‖2 − ‖T − T ∗‖2|

8
. (2.3)

Proof. By inequality (2.1), we have
w2(T ) ≥ max{‖<(T )‖2, ‖=(T )‖2}

=
‖<(T )‖2 + ‖=(T )‖2

2
+

|‖<(T )‖2 − ‖=(T )‖2|
2

≥ ‖<(T )2 + =(T )2‖
2

+
|‖<(T )‖2 − ‖=(T )‖2|

2

=
‖T ∗T + TT ∗‖

4
+

|‖T + T ∗‖2 − ‖T − T ∗‖2|
8

.

□
The following theorem gives another refinement of inequality (1.8).

Theorem 2.22. Let T ∈ B(H). Then

w2(T ) ≥ ‖T ∗T + TT ∗‖
4

+
|‖T + iT ∗‖2 − ‖T − iT ∗‖2|

8
.

Proof. By inequality (2.2), we have

w2(T ) ≥ 1

2
max{‖<(T ) + =(T )‖2, ‖<(T )−=(T )‖2}

=
‖<(T ) + =(T )‖2 + ‖<(T )−=(T )‖2

4

+
|‖<(T ) + =(T )‖2 − ‖<(T )−=(T )‖2|

4

≥ ‖(<(T ) + =(T ))2 + (<(T )−=(T ))2‖
4

+
|‖<(T ) + =(T )‖2 − ‖<(T )−=(T )‖2|

4

=
‖<(T )2 + =(T )2‖

2
+

|‖<(T ) + =(T )‖2 − ‖<(T )−=(T )‖2|
4

=
‖T ∗T + TT ∗‖

4
+

|‖T + iT ∗‖2 − ‖T − iT ∗‖2|
8

.

□
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We give a necessary and sufficient condition for the equality w2(T ) = ∥T ∗T+TT ∗∥
4

.

Proposition 2.23. Let T ∈ B(H). Then w2(T ) =
‖T ∗T + TT ∗‖

4
if and only if

‖eiθT + e−iθT ∗‖ = ‖eiθT − e−iθT ∗‖ = ‖T ∗T + TT ∗‖, for all θ ∈ R.

Proof. Suppose w2(T ) =
‖T ∗T + TT ∗‖

4
. Then for all θ ∈ R

w2(eiθT ) =
‖(eiθT )∗eiθT + eiθT (eiθT )∗‖

4
.

Hence from inequality (2.3), we have

‖eiθT + e−iθT ∗‖2 = ‖eiθT − e−iθT ∗‖2, for all θ ∈ R.

Let θ ∈ R. Then we get

‖T ∗T + TT ∗‖ =
1

2
‖(eiθT + e−iθT ∗)2 − (eiθT − e−iθT ∗)2‖

≤ 1

2
(‖eiθT + e−iθT ∗‖2 + ‖eiθT − e−iθT ∗‖2)

= ‖eiθT + e−iθT ∗‖2

= w2(eiθT + e−iθT ∗)

≤ 4w2(T ) = ‖T ∗T + TT ∗‖.

The other implication holds trivially. □

Corollary 2.24. Let T, S ∈ B(H). If T and S doubly commute, then

w2(TS) ≥ |‖TS + T ∗S∗‖2 − ‖TS − T ∗S∗‖2|
8

+
‖|T |2|S|2 + |T ∗|2|S∗|2‖

4
.

Corollary 2.25. Let T ∈ B(H) and S ∈ B(K). Then

w2(T ⊗ S) ≥ |‖T ⊗ S + T ∗ ⊗ S∗‖2 − ‖T ⊗ S − T ∗ ⊗ S∗‖2|
8

+
‖T ∗T ⊗ S∗S + TT ∗ ⊗ SS∗‖

4
.

Proof. It suffices to apply Corollary 2.24 to the operators T ⊗ IK and IH ⊗S. □

Corollary 2.26. Let T ∈ B(H). Assume that w2(T ) =
‖T ∗T + TT ∗‖

4
; then

‖T + iT ∗‖2 = ‖T − iT ∗‖2 = ‖T ∗T + TT ∗‖.

Proof. Since w2(T ) =
‖T ∗T + TT ∗‖

4
, then by Theorem 2.22, we get

‖T + iT ∗‖2 = ‖T − iT ∗‖2.

Since the operator T + iT ∗ is normal, then
‖T + iT ∗‖2 = w2(T + iT ∗) ≤ 4w2(T ) = ‖T ∗T + TT ∗‖.
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On the other hand,

‖T ∗T + TT ∗‖ =
1

2
‖(T + iT ∗)(T + iT ∗)∗ + (T − iT ∗)(T − iT ∗)∗‖

≤ 1

2
(‖(T + iT ∗)(T + iT ∗)∗‖+ ‖(T − iT ∗)(T − iT ∗)∗‖)

≤ 1

2
(‖T + iT ∗‖2 + ‖T − iT ∗‖2) = ‖T + iT ∗‖2.

Then
‖T + iT ∗‖2 = ‖T − iT ∗‖2 = ‖T ∗T + TT ∗‖.

□

Corollary 2.27. Let T, S ∈ B(H). If T and S doubly commute, then

w2(TS) ≥ |‖TS + iT ∗S∗‖2 − ‖TS − iT ∗S∗‖2|
8

+
‖|T |2|S|2 + |T ∗|2|S∗|2‖

4
.

Corollary 2.28. Let T ∈ B(H) and let S ∈ B(K). Then

w2(T ⊗ S) ≥ |‖T ⊗ S + iT ∗ ⊗ S∗‖2 − ‖T ⊗ S − iT ∗ ⊗ S∗‖2|
8

+
‖T ∗T ⊗ S∗S + TT ∗ ⊗ SS∗‖

4
.

Proposition 2.29. Let T ∈ B(H). Then

d2(T ) = inf
λ∈C

{‖T − λI‖2 −m2(T − λI)}.

Proof. Let λ ∈ C. Then

d2(T ) = d2(T − λI)

= sup
x∈H, ∥x∥=1

{‖(T − λI)x‖2 − |〈(T − λI)x, x〉|2} (by (1.3))

≤ ‖T − λI‖2 −m2(T − λI).

Thus
d2(T ) ≤ inf

λ∈C
{‖T − λI‖2 −m2(T − λI)}

≤ ‖T − cT I‖2 −m2(T − cT I)

≤ ‖T − cT I‖2

= d2(T ).

It results that
d2(T ) = inf

λ∈C
{‖T − λI‖2 −m2(T − λI)}.

□
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Remark 2.30. In [8], the authors proved that for any T ∈ B(H)

‖T‖2 − w′2
0 (T ) ≤ d2(T )− (w′2

0 (T )− |cT |)2, (2.4)
where w′

0(T ) := inf{|z| : z ∈ W0(T )}. Then by Proposition 2.29, inequality (2.4),
and the trivial inequality w′2

0 (T ) ≤ w2(T ), we obtain a refinement of the inequality
‖T ⊗ S‖2 − w2(T ⊗ S) ≤ inf

λ∈C
{‖T ⊗ S − λIH ⊗ IK‖2 −m2(T ⊗ S − λIH ⊗ IK)},

established in [10].

Proposition 2.31. Let T, S ∈ B(H) such that T and S commute and ‖TS‖ =
‖T‖‖S‖. Then

w(TS) ≥ ‖T‖‖S‖
2

+
|‖TS + T ∗S∗‖ − ‖T‖‖S‖|

8

+
|‖TS − T ∗S∗‖ − ‖T‖‖S‖|

8
.

Proof. According to [17], we have

‖T‖
2

+
|‖<(T )‖ − ∥T∥

2
|

4
+

|‖=(T )‖ − ∥T∥
2
|

4
≤ w(T ).

Then
‖TS‖
2

+
|‖<(TS)‖ − ∥TS∥

2
|

4
+

|‖=(TS)‖ − ∥TS∥
2

|
4

≤ w(TS).

Since T and S commute and ‖TS‖ = ‖T‖‖S‖, then

w(TS) ≥ ‖T‖‖S‖
2

+
|‖TS + T ∗S∗‖ − ‖T‖‖S‖|

8

+
|‖TS − T ∗S∗‖ − ‖T‖‖S‖|

8
.

□
The following proposition gives a refinement of the inequality

‖T‖‖S‖
2

≤ w(T ⊗ S);

the left-hand side of inequality (1.4).

Proposition 2.32. Let T ∈ B(H) and let S ∈ B(K). Then

w(T ⊗ S) ≥ ‖T‖‖S‖
2

+
|‖T ⊗ S + T ∗ ⊗ S∗‖ − ‖T‖‖S‖|

8

+
|‖T ⊗ S − T ∗ ⊗ S∗‖ − ‖T‖‖S‖|

8
.

Proof. It suffices to apply Proposition 2.31 to T ⊗ IK and IH ⊗ S. □
Proposition 2.33. [2] Let T ∈ B(H). Then for all r ≥ 1

w2r(T ) ≤ 1

2
‖|T |2r + |T ∗|2|‖2 − 1

2
m2 (|T |r − |T ∗|r) .
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Proposition 2.34. Let T, S ∈ B(H). If T and S doubly commute, then for all
r ≥ 1,

w2r(TS) ≤ 1

2
‖|T |r|S|r + |T ∗|r|S∗|r‖2 − 1

2
m2

(
|T |

r
2 |S|

r
2 − |T ∗|

r
2 |S∗|

r
2

)
.

Proof. By Proposition 2.33, we have for all r ≥ 1,

w2r(TS) ≤ 1

2
‖|TS|2r + |(TS)∗|2r‖2 − 1

2
m2 (|TS|r − |(TS)∗|r)

=
1

2
‖(S∗T ∗TS)r + (TSS∗T ∗)r‖2 − 1

2
m2

(
(S∗T ∗TS)

r
2 − (TSS∗T ∗)

r
2

)
=

1

2
‖|T |r|S|r + |T ∗|r|S∗|r‖2 − 1

2
m2

(
|T |

r
2 |S|

r
2 − |T ∗|

r
2 |S∗|

r
2

)
.

□
Proposition 2.35. Let T ∈ B(H) and let S ∈ B(K). Then for all r ≥ 1

w2r(T ⊗ S) ≤ 1

2
‖(T ∗T ⊗ S∗S)r + (TT ∗ ⊗ SS∗)r‖2

−1

2
m2

(
(T ∗T ⊗ S∗S)

r
2 − (TT ∗ ⊗ SS∗)

r
2

)
.

Proof. It suffices to apply Proposition 2.34 to T ⊗ IK and IH ⊗ S. □
The following proposition gives a refinement of the inequality

w(T ⊗ S) ≤ ‖T‖‖S‖.

Proposition 2.36. Let T ∈ B(H) and let S ∈ B(K). Then

w2(T ⊗ S) ≤ 1

2

(
w(T 2 ⊗ S2) + ‖T‖2‖S‖2

)
≤ 1

2

(
min{w(T 2)‖S2‖, w(S2)‖T 2‖}+ ‖T‖2‖S‖2

)
≤ 1

2

(
min{w2(T )‖S2‖, w(S2)‖T 2‖}+ ‖T‖2‖S‖2

)
≤ 1

2

(
min{w2(T )‖S2‖, w2(S)‖T 2‖}+ ‖T‖2‖S‖2

)
≤ ‖T‖2‖S‖2.

Proof. From [12], we have

w2(T ⊗ S) ≤ 1

2

(
w((T ⊗ S)2) + ‖T ⊗ S‖2

)
≤ 1

2

(
w((T ⊗ S)(T ⊗ S)) + ‖T‖2‖S‖2

)
≤ 1

2

(
w(T 2 ⊗ S2) + ‖T‖2‖S‖2

)
≤ 1

2

(
min{w(T 2)‖S2‖, w(S2)‖T 2‖}+ ‖T‖2‖S‖2

)
≤ 1

2

(
min{w2(T )‖S2‖, w(S2)‖T 2‖}+ ‖T‖2‖S‖2

)
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≤ 1

2

(
min{w2(T )‖S2‖, w2(S)‖T 2‖}+ ‖T‖2‖S‖2

)
≤ ‖T‖2‖S‖2.

□

Proposition 2.37. Let T, S ∈ B(H) such that

w(T + S) = w(T ) + w(S).

Then
w(T )w(S) ≤ 1

2
(w(ST ) + ‖T‖‖S‖).

Proof. Since w(T + S) = w(T ) + w(S) then, from the proof of [1, Proposition
3.6], there exists (xn) of unit vectors in H such that lim

n
|〈Txn, xn〉| = w(T ) and

lim
n

|〈Sxn, xn〉| = w(S). By the Dragomir inequality, for all a, b, e ∈ H with
‖e‖ = 1, we have

2|〈a, e〉〈e, b〉| ≤ |〈a, b〉|+ ‖a‖‖b‖.
Taking e = xn, a = Txn and b = S∗xn, we get

2|〈Txn, xn〉〈xn, S
∗xn〉| ≤ |〈Txn, S

∗xn〉+ ‖Txn‖‖S∗xn‖|
≤ w(ST ) + ‖T‖‖S‖.

So, we get
2w(T )w(S) ≤ w(ST ) + ‖T‖‖S‖,

as desired. □

Remark 2.38. Note that we can deduce the inequality

w2(T ) ≤ 1

2

(
w(T 2) + ‖T‖2

)
established by Dragomir in [12] by letting T = S in Proposition 2.37.

3. Extension to semi-Hilbert spaces

In this section, we extend our obtained results to semi-Hilbert spaces. In order
to state our results in detail, we first recall some notations and results from the
literature. In all that follows, A ∈ B(H) is a positive operator on H, that is,
〈Ax, x〉 ≥ 0, for all x ∈ H. The operator A induces a positive semi-definite
sesquilinear form in the following manner:

〈·, ·〉A : H ×H −→ C, (x, y) 7−→ 〈x, y〉A := 〈Ax, y〉 = 〈A1/2x,A1/2y〉,

where A1/2 represents the square root of A. We denote by ‖ · ‖A the seminorm
induced by 〈·, ·〉A, which is given by ‖x‖A =

√
〈x, x〉A =

√
‖A1/2x‖, for every

x ∈ H. It is easy to verify that ‖.‖A is a norm if and only if A is injective and the
space (H, ‖·‖A) is complete if and only if the range of A is closed. Let T ∈ B(H).
If there exists a constant c > 0 such that ‖Tx‖A ≤ c‖x‖A for all x ∈ R(A); the
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closure of R(A), where R(A) is the range of A, then the A-operator semi-norm
of T is given by

‖T‖A = sup
x∈R(A), x ̸=0

‖Tx‖A
‖x‖A

= sup
x∈R(A), ∥x∥=1

‖Tx‖A < +∞.

Note that, if A = I, then we get the classical norm of an operator T , which will
simply be denoted by ‖T‖. Set

BA(H) = {T ∈ B(H) : ‖T‖A < +∞}.
It is worth noting that BA(H) is not generally a subalgebra of B(H) (see, [13]).
Furthermore, it is not difficult to check that ‖T‖A = 0 if and only if ATA = 0.
Recently, there are many papers that study operators defined on a semi-Hilbert
space (H, ‖ · ‖A). One may see [6, 7, 9, 22] and their references.

Let T ∈ B(H). An operator S ∈ B(H) is called an A-adjoint operator of T if
〈Tx, y〉A = 〈x, Sy〉A for all x, y ∈ H (see, [4]). So, S is an A-adjoint of T if and
only if AS = T ∗A, that is, S is a solution in B(H) of the equation AX = T ∗A.
Note that this type of operator equations can be studied by using the following
famous theorem due to Douglas.

Theorem 3.1. [11] If T, U ∈ B(H), then the following statements are equivalent:
(1) R(U) ⊆ R(T ),
(2) TS = U for some S ∈ B(H),
(3) There exists λ > 0 such that ‖U∗x‖ ≤ λ|T ∗x‖ for all x ∈ H.

If one of these conditions holds, then there exists a unique solution of the
operator equation TX = U , denoted by Q, such that R(Q) ⊆ R(T ∗). Such Q is
called the reduced solution of TX = U .

Let BA(H) denote the set of all operators that admit A-adjoints. An applica-
tion of Theorem 3.1 shows that
BA1/2(H) = {T ∈ B(H) ; ∃λ > 0 such that ‖Tx‖A ≤ λ‖x‖A for all x ∈ H} .

From [13], we have
BA(H) ⊂ B

A
1
2
(H) ⊂ BA(H) ⊂ B(H).

Let R(A
1
2 ) be the Hilbert space endowed with the inner product

(A
1
2x,A

1
2y) := 〈Px, Py〉,

for all x, y ∈ H, where P denotes the orthogonal projection of H onto R(A).
Starting now, we will use the shorthand notation R(A

1
2 ) for the Hilbert space

(R(A
1
2 ), (·, ·)). Moreover, the norm induced by (·, ·) on R(A1/2) will be denoted

by ‖ · ‖R(A1/2). It is important to highlight that R(A) is dense in R(A1/2) (see
[13]). Moreover, since R(A) ⊆ R(A1/2), we have

(Ax,Ay) = (A1/2A1/2x,A1/2A1/2y) = 〈PA1/2x, PA1/2y〉 = 〈x, y〉A,
for any x, y ∈ H and so

‖Ax‖R(A1/2) = ‖x‖A,
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for any x ∈ H. For more details about the Hilbert space R(A1/2), we refer the
interested reader to [5, 13].

Before we move on, we need to introduce the following concepts and lemmas.
Let T ∈ B(H). The A-numerical range of T is given by

WA(T ) = {〈Tx, x〉A : x ∈ H, ‖x‖A = 1},
The A-numerical radius of T is defined as

wA(T ) = sup{|z| : z ∈ WA(T )},
and the A-Crawford number of T is the positive real number defined by

mA(T ) = inf{|z| : z ∈ WA(T )}.
For more details for all these concepts, see [5, 3, 4, 6] and the references therein.

Now, let us consider the operator ZA defined by
ZA : H −→ R(A1/2), x 7−→ ZAx = Ax.

We have the following result.

Lemma 3.2. [5] Let T ∈ B(H). Then T ∈ B
A

1
2
(H) if and only if there exists a

unique T̃ ∈ B(R(A
1
2 )) such that ZAT = T̃ZA. Moreover, ‖T̃‖

B(R(A
1
2 ))

= ‖T‖A.

Lemma 3.3. [13] Let T ∈ B
A

1
2
(H). Then

W (T̃ ) = WA(T ).

Lemma 3.4. [24] Let T ∈ B
A

1
2
(H). Then

(1) R(T̃ ) = RA(T ),
(2) K(T̃ ) = KA(T ),

where
RA(T ) = inf{wA(T − λI) : λ ∈ C}

and
KA(T ) = inf{wA(T − iλzT I) : λ ∈ C}.

Now, we can state our first results. In the next, let A and B be two positive
operators acting on H and K, respectively. Note that the operator A ⊗ B is
positive on H ⊗K.

Lemma 3.5. Let T ∈ B
A

1
2
(H) and let S ∈ B

A
1
2
(K). Then T⊗S ∈ B

A
1
2⊗B

1
2
(H⊗

K) and
T̃ ⊗ S = T̃ ⊗ S̃.

Proof. We have
ZA⊗B(T ⊗ S) = (ZA ⊗ ZB)(T ⊗ S)

= ZAT ⊗ ZBS

= T̃A⊗ S̃B

= (T̃ ⊗ S̃)(A⊗ B).
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Then by Lemma 3.2, T ⊗ S ∈ B
A

1
2⊗B

1
2
(H ⊗K) and

T̃ ⊗ S = T̃ ⊗ S̃.

□
Theorem 3.6. Let T ∈ B

A
1
2
(H) and let S ∈ B

B
1
2
(K). Then

wA⊗B(T ⊗ S) ≤ min{wA(T ) (KB(S) + RB(S)) , wB(S) (KA(T ) + RA(T ))}
≤ min{wA(T ) (wB(S) + RB(S)) , wB(S) (wA(T ) + RA(T ))}
≤ min{wA(T ) (wB(S) +KB(S)) , wB(S) (wA(T ) +KA(T ))}
≤ 2wA(T )wB(S).

Proof. By Lemmas 3.3 and 3.5, we have

wA⊗B(T ⊗ S) = w(T̃ ⊗ S) = w(T̃ ⊗ S̃). (3.1)

Applying Theorem 2.6 to T̃ and S̃ and using Lemma 3.4, we have the desired
inequalities. □

The following theorem gives a refinement of the inequality wA(T ) ≥ ‖T‖A
2

established in [6]. For this, we need the following auxiliary lemma. We will denote
the A-adjoint of T by T ♯A , for any T ∈ BA(H). Note that T = <A(T ) + i=A(T ),
where

<A(T ) =
T + T ♯A

2
and =A(T ) =

T − T ♯A

2i
.

Lemma 3.7. [22] Let T ∈ BA(H). Then

T̃ ♯A = (T̃ )∗, ˜(T ♯A)♯A = T̃ .

Theorem 3.8. Let T ∈ BA(H). Then

wA(T ) ≥
‖T‖A
2

+
1

4
|‖T + T ♯A‖A − ‖T − T ♯A‖A|.

Proof. By Lemma 3.3, Theorem 2.12 and Lemma 3.7, we have

wA(T ) = w(T̃ )

≥
‖T̃‖

B(R(A
1
2 ))

2
+

1

4
|‖T̃ + (T̃ )∗‖

B(R(A
1
2 ))

− ‖T̃ − (T̃ )∗‖
B(R(A

1
2 ))

|

=
‖T̃‖

B(R(A
1
2 ))

2
+

1

4
|‖T̃ + T̃ ♯A‖

B(R(A
1
2 ))

− ‖T̃ − T̃ ♯A‖
B(R(A

1
2 ))

|

=
‖T̃‖

B(R(A
1
2 ))

2
+

1

4
|‖ ˜T + T ♯A‖

B(R(A
1
2 ))

− ‖ ˜T − T ♯A‖
B(R(A

1
2 ))

|

=
‖T‖A
2

+
1

4
|‖T + T ♯A‖A − ‖T − T ♯A‖A|.

The last equality follows from Lemma 3.2. □
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Corollary 3.9. Let T ∈ BA(H). Suppose wA(T ) =
‖T‖A
2

; then

‖T + T ♯A‖A = ‖T − T ♯A‖A = ‖T‖A.

Proof. Applying Corollary 2.13 to T̃ , we get the desired result. □

Proposition 3.10. Let T ∈ BA(H). Then wA(T ) =
‖T‖A
2

if and only if

‖eiθT + e−iθT ♯A‖A = ‖eiθT − e−iθT ♯A‖A = ‖T‖A, for all θ ∈ R.

Proof. Applying Proposition 2.14 to T̃ and using the fact that ˜αT + βS = αT̃ +

βS̃ for all complex numbers α, β, we obtain the desired equalities. □
Corollary 3.11. Let T, S ∈ BA(H). If T and S commute and ‖TS‖A =
‖T‖A‖S‖A, then

wA(TS) ≥
‖T‖A‖S‖A

2
+

1

4
|‖TS + T ♯AS♯A‖A − ‖TS − T ♯AS♯A‖A|.

Proof. Since T and S commute and T̃ S = T̃ S̃, then T̃ and S̃ also commute.
Hence we can apply Corollary 2.15 to T̃ and S̃. □
Corollary 3.12. Let T ∈ BA(H) and let S ∈ BB(K). Then

wA⊗B(T ⊗ S) ≥ 1

4
|‖T ⊗ S + T ♯A ⊗ S♯B‖A⊗B − ‖T ⊗ S − T ♯A ⊗ S♯B‖A⊗B|

+
‖T‖A‖S‖B

2
.

Proof. Using Corollary 2.16 to T̃ ⊗ S, the result follows. □
Proposition 3.13. Let T ∈ BA(H). Then

wA(T ) ≥
‖T‖A
2

+
1

4
|‖T + iT ♯A‖A − ‖T − iT ♯A‖A|.

Proof. It is a simple consequence of Theorem 2.34 applied to T̃ . □
Proposition 3.14. Let T, S ∈ B

A
1
2
(H) such that TS = ST and ‖TS‖A =

‖T‖A‖S‖A. Then

wA(TS) ≥
‖TS‖A

2
+

1

4
|‖TS + iT ♯AS♯A‖A − ‖TS − iT ♯AS♯A‖A|.

Proof. Applying Corollary 2.19 to T̃ and S̃, we get the result. □
Corollary 3.15. Let T ∈ BA(H) and let S ∈ BB(K). Then

wA⊗B(T ⊗ S) ≥ 1

4
|‖T ⊗ S + iT ♯A ⊗ S♯B‖A⊗B − ‖T ⊗ S − iT ♯A ⊗ S♯B‖A⊗B|

+
‖T‖A‖S‖B

2
.

Proof. It suffices to apply Proposition 3.14 to T̃ ⊗ IK and ĨH ⊗ S. □
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Proposition 3.16. Let T, S ∈ BA(H) such that TS = ST and T ♯AS = ST ♯A.
Then

w2
A(TS) ≤

1

2
‖T ♯ATS♯AS + TT ♯ASS♯A‖A − 1

2
m2

(
|T̃ S| − |T̃ ♯AS♯A |

)
.

Proof. Since TS = ST , then T̃ S = S̃T ; thus T̃ S̃ = S̃T̃ . We have T̃ ♯AS = S̃T ♯A .
Then

T̃ ♯AS̃ = S̃T̃ ♯A .

By Lemma 3.7, we get (
T̃
)∗

S̃ = S̃
(
T̃
)∗

.

Hence T̃ and S̃ doubly commute, so the result is obtained by using Proposition
2.7. □

Corollary 3.17. Let T ∈ BA(H) and let S ∈ BB(K). Then

w2
A⊗B(T ⊗ S) ≤ 1

2
‖T ♯AT ⊗ S♯BS + TT ♯A ⊗ SS♯B‖A⊗B,

−1

2
m2

(
|T̃ ⊗ S| − | ˜T ♯A ⊗ S♯B |

)
≤ ‖T‖2A‖S‖2B.

Proof. Using equality (3.1) and applying Corollary 2.8 to T̃ and S̃, we obtain the
required inequalities. □

Theorem 3.18. Let T, S ∈ BA(H) such that TS = ST and T ♯AS = ST ♯A. Then

w2
A(TS) ≤

1

4
‖T ♯ATS♯AS + TT ♯ASS♯A‖A +

1

2
‖<(|T̃ ||T̃ ♯A ||S̃||S̃♯A |)‖

B(R(A
1
2 ))

≤ 1

4
(‖T‖A‖S‖A + ‖T 2‖

1
2
A‖S

2‖
1
2
A)

2

≤ ‖T‖2A‖S‖2A.

Proof. We get the desired result by applying Theorem 2.9 to T̃ and S̃. □

Feki [13] proved that

w2
A(T ) ≤

1

2
(‖T‖A + ‖T 2‖

1
2
A). (3.2)

The following corollary gives a refinement of inequality (3.2).

Corollary 3.19. Let T ∈ BA(H). Then

w2
A(T ) ≤

1

4
‖T ♯AT + TT ♯A‖A +

1

2
‖<(|T̃ ||T̃ ♯A |)‖

B(R(A
1
2 ))

≤ 1

4
(‖T‖A + ‖T 2‖

1
2
A)

2

≤ ‖T‖2A.

Proof. Letting S = IH in Theorem 3.18, the results follow. □
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Proposition 3.20. Let T ∈ BA(H) and let S ∈ BB(K). Then

wA⊗B(T ⊗ S) ≤ 1

4
‖T ♯AT ⊗ S♯AS + TT ♯A ⊗ SS♯A‖A

+
1

2
‖<(|T̃ ⊗ IK ||T̃ ♯A ⊗ IK ||IH ⊗ S̃||IH ⊗ S̃♯A |)‖

B(R(A
1
2 ))

≤ 1

4
(‖T‖A‖S‖A + ‖T 2‖

1
2
A‖S

2‖
1
2
A)

2

≤ ‖T‖2A‖S‖2A.

Proof. Applying Theorem 2.9 to the doubly commuting operators T̃ ⊗ IK and
ĨH ⊗ S, we have the required result. □

Theorem 3.21. Let T ∈ BA(H). Then

w2
A(T ) ≥

‖T ♯AT + TT ♯A‖A
4

+
|‖T + T ♯A‖2A − ‖T − T ♯A‖2A|

8
.

Proof. It is a simple consequence of Theorem 2.21 applying to T̃ . □

We give a sufficient and necessary condition for w2
A(T ) =

‖T ♯AT + TT ♯A‖A
4

.

Proposition 3.22. Let T ∈ BA(H). Then

w2
A(T ) =

‖T ♯AT + TT ♯A‖A
4

if and only if

‖eiθT + e−iθT ♯A‖2A = ‖eiθT − e−iθT ♯A‖2A = ‖T ♯AT + TT ♯A‖A, for all θ ∈ R.

Proof. Applying Proposition 2.23 to T̃ , we get the suitable equivalence. □

Corollary 3.23. Let T, S ∈ BA(H) such that TS = ST and T ♯AS = ST ♯A. Then

w2(TS) ≥ |‖TS + T ♯AS♯A‖2A − ‖TS − T ♯AS♯A‖2A|
8

+
‖T ♯ATS♯AS + TT ♯ASS♯A‖A

4
.

Proof. It suffices to apply Corollary 2.24 to the doubly commute operators T̃ and
S̃. □

Corollary 3.24. Let T, S ∈ BA(H). Then

w2
A⊗B(T ⊗ S) ≥ |‖T ⊗ S + T ♯A ⊗ S♯B‖2A − ‖T ⊗ S − T ♯A ⊗ S♯B‖2A|

8

+
‖T ♯AT ⊗ S♯BS + TT ♯A ⊗ SS♯B‖A

4
.

Proof. The result follows easily from Corollary 2.25 applied to T̃ and S̃. □
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Theorem 3.25. Let T ∈ BA(H). Then

w2
A(T ) ≥

|‖T + iT ♯A‖2A − ‖T − iT ♯A‖2A|
8

+
‖T ♯AT + TT ♯A‖A

4
.

Proof. It is a consequence of Theorem 2.22 applied to T̃ . □

Corollary 3.26. Let T ∈ BA(H). Suppose w2
A(T ) =

∥T ♯AT+TT ♯A∥A
4

; then

‖T + iT ♯A‖2A = ‖T − iT ♯A‖2A = ‖T ♯AT + TT ♯A‖A.

Proof. Applying Corollary 2.26 to T̃ , we find the desired result. □
Corollary 3.27. Let T, S ∈ BA(H) such that TS = ST and T ♯AS = ST ♯A. Then

w2(TS) ≥ |‖TS + iT ♯AS♯A‖2A − ‖TS − iT ♯AS♯A‖2A|
8

+
‖T ♯ATS♯AS + TT ♯ASS♯A‖A

4
.

Proof. The proof follows from Corollary 2.27 applying to T̃ and S̃. □
Corollary 3.28. Let T ∈ BA(H) and let S ∈ BB(K). Then

w2
A⊗B(T ⊗ S) ≥ |‖T ⊗ S + iT ♯A ⊗ S♯B‖2A − ‖T ⊗ S − iT ♯A ⊗ S♯B‖2A|

8

+
‖T ♯AT ⊗ S♯BS + TT ♯A ⊗ SS♯B‖A

4
.

Proof. Using Corollary 2.28 to T̃ and S̃, we get the required inequalities. □
Proposition 3.29. Let T ∈ B

A
1
2
(H). Then

d2A(T ) = inf
λ∈C

{‖T − λI‖2A −m2
A(T − λI)},

where
dA(T ) = inf

λ∈C
‖T − λI‖A.

Proof. By Proposition 2.29 and Lemma 3.2, we get

d2A(T ) = inf
λ∈C

‖T − λI‖2A = inf
λ∈C

‖T̃ − λI‖2
B(R(A

1
2 ))

= inf
λ∈C

‖T̃ − λI‖2
B(R(A

1
2 ))

= d2A(T̃ ) = inf
λ∈C

{‖T̃ − λI‖2
B(R(A

1
2 ))

−m2
A(T̃ − λI)}

= inf
λ∈C

{‖T̃ − λI‖2
B(R(A

1
2 ))

−m2
A(T̃ − λI)}

= inf
λ∈C

{‖T − λI‖2A −m2
A(T − λI)}.

□
Proposition 3.30. Let T ∈ BA(H). Then

‖T‖A
2

+
|‖<A(T )‖A − ∥T∥A

2
|

4
+

|‖=A(T )‖A − ∥T∥A
2

|
4

≤ wA(T ).
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Proof. We have

‖<(T̃ )‖
B(R(A

1
2 ))

=
1

2
‖T̃ + (T̃ )∗‖

B(R(A
1
2 ))

=
1

2
‖T̃ + T̃ ♯A‖

B(R(A
1
2 ))

=
1

2
‖ ˜T + T ♯A‖

B(R(A
1
2 ))

=
1

2
‖T + T ♯A‖A

= ‖1
2

(
T + T ♯A

)
‖A = ‖<A(T )‖A.

Hence
‖<(T̃ )‖

B(R(A
1
2 ))

= ‖<A(T )‖A. (3.3)

By the same manner, we get

‖=(T̃ )‖
B(R(A

1
2 ))

= ‖=A(T )‖A. (3.4)

Using Proposition 3.30 and equalities (3.3) and (3.4), we obtain the desired in-
equality. □
Proposition 3.31. Let T, S ∈ BA(H). If T and S commute A and ‖TS‖A =
‖T‖A‖S‖A, then

wA(TS) ≥
‖T‖A‖S‖A

2
+

|‖TS + T ♯AS♯A‖A − ‖T‖A‖S‖A|
8

+
|‖TS − T ♯AS♯A‖A − ‖T‖A‖S‖A|

8
.

Proof. Applying Proposition 2.31 to T̃ , we find the required formula. □
Proposition 3.32. Let T ∈ BA(H) and let S ∈ BB(K). Then

‖T‖A‖S‖B
2

+
|‖T ⊗ S + T ♯A ⊗ S♯B‖A⊗B − ‖T‖A‖S‖B|

8

+
|‖T ⊗ S − T ♯A ⊗ S♯B‖A⊗B − ‖T‖A‖S‖B|

8
≤ wA⊗B(T ⊗ S).

Proof. It suffices to apply Proposition 3.31 to T ⊗ IK and IH ⊗ S. □
Proposition 3.33. Let T ∈ BA(H). Then for all r ≥ 1

w2r
A (T ) ≤ 1

2
‖(T ♯AT )r + (TT ♯A)r‖2A − 1

2
mA

(
|T̃ |r − |T̃ ♯A |r

)2

.

Proof. It is a simple deduction from Proposition 2.33 applied to T̃ . □
Proposition 3.34. Let T ∈ BA(H) and let S ∈ BB(K). Then for all r ≥ 1

w2r
A⊗B(T ⊗ S) ≤ 1

2
‖(T ♯AT ⊗ S♯BS)r + (TT ♯A ⊗ SS♯B)r‖2

− 1

2
mA

(
|T̃ ⊗ S|r − | ˜T ♯A ⊗ S♯B |r

)2

.

Proof. Combining Proposition 3.33 applied to T ⊗ S, and the equality (T ⊗
S)♯A⊗B = T ♯A ⊗ S♯B yields the desired inequality. □
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Proposition 3.35. Let T ∈ B
A

1
2
(H) and let S ∈ B

B
1
2
(K). Then

w2
A⊗B(T ⊗ S) ≤ 1

2

(
wA⊗B(T

2 ⊗ S2) + ‖T‖2A‖S‖2B
)

≤ 1

2
min{wA(T

2)‖S2‖B, wB(S
2)‖T 2‖A}+

1

2
‖T‖2A‖S‖2B

≤ 1

2
min{w2

A(T )‖S2‖B, wB(S
2)‖T 2‖A}+

1

2
‖T‖2A‖S‖2B

≤ 1

2
min{w2

A(T )‖S2‖B, w2
B(S)‖T 2‖A}+

1

2
‖T‖2A‖S‖2B

≤ ‖T‖2A‖S‖2B.

Proof. By using Lemmas 3.2, 3.3 and Proposition 2.36, whenever it is necessary,
we have
w2

A⊗B(T ⊗ S) = w2(T̃ ⊗ S)

= w2(T̃ ⊗ S̃)

≤ 1

2

(
w((T̃ )2 ⊗ (S̃)2) + ‖T̃‖2

B(R(A
1
2 ))

‖S̃‖2
B(R(B

1
2 ))

)
=

1

2

(
w(T̃ 2 ⊗ S̃2) + ‖T‖2A‖S‖2B

)
=

1

2

(
w( ˜T 2 ⊗ S2) + ‖T‖2A‖S‖2B

)
=

1

2

(
wA⊗B(T

2 ⊗ S2) + ‖T‖2A‖S‖2B
)

=
1

2

(
w(T̃ 2 ⊗ S̃2) + ‖T‖2A‖S‖2B

)
≤ 1

2
min{w(T̃ 2)‖S̃2‖

B(R(B
1
2 ))

, w(S̃2)‖T̃ 2‖
B(R(A

1
2 ))

}+ 1

2
‖T‖2A‖S‖2B

=
1

2
min{wA(T

2)‖S2‖B, wB(S
2)‖T 2‖A}+

1

2
‖T‖2A‖S‖2B

≤ 1

2
min{w2

A(T )‖S2‖B, wB(S
2)‖T 2‖A}+

1

2
‖T‖2A‖S‖2B

≤ 1

2
min{w2

A(T )‖S2‖B, w2
B(S)‖T 2‖A}+

1

2
‖T‖2A‖S‖2B

≤ ‖T‖2A‖S‖2B.
□

Proposition 3.36. Let T, S ∈ BA(H). If wA(T + S) = wA(T ) + wA(S), then

wA(T )wA(S) ≤
1

2
(wA(ST ) + ‖T‖A‖S‖A).

Proof. Applying Proposition 2.37 to T̃ and S̃, we get the required inequality. □
Remark 3.37. Note that we obtain the inequality

w2
A(T ) ≤

1

2

(
wA(T

2) + ‖T‖2A
)
,
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for any T ∈ B
A

1
2
(H), which is established in [13], by letting T = S in Proposition

3.36.
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