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ABSTRACT. In this paper, we give new numerical radius inequalities for bounded
linear operators, product of bounded linear operators, and tensor product of

two operators acting on complex Hilbert spaces. These inequalities improve

and refine earlier well-known results. Also, we extend our obtained results to

semi-Hilbert spaces.

1. INTRODUCTION

Throughout this paper, H and K are two complex Hilbert spaces. We denote
by B(H) the C*-algebra of all bounded linear operators on H. For T' € B(H),
the numerical range of T is defined by

W(T) = {{Tw,) : z € H, |la]| = 1}, (1.1)
and the numerical radius of 7" is given by

w(T) =sup{|z| : 2 e W(T)} = sup [(Tz,x)|.

z€H, ||z||=1

The numerical range of T' € B(H), like the spectrum, is a subset of the complex

plane. It is a celebrated result due to Hausdorff-Toeplitz [16, 25] that W (T) is a
bounded convex set, and its closure contains the convex hull of the spectrum o (7")
of T. It is closed if dim(H) < oo, but it is not always closed if dim(H) = oo.
It is known that the numerical radius w(-) defines a norm on B(H), which is
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equivalent to the usual operator norm || - ||. In fact, for any T' € B(H),
1
SITN = w(T) < 7. (1.2)

These two inequality are sharp. Indeed, they become equalities, respectively, if
T? = 0 and T is normal. Also, the numerical radius satisfies the power inequality:

w(T") <w™(T),

for any natural number n. For a complete account about facts above, see, for
example, [11].

A variation of (1.1) is the so-called maximal numerical range Wy(T'). It was
introduced in [23] and defined as follows:

Wo(T) = {im(Tz,, x,) : ©, € H,||z,|| = 1,1im | Tx,|| = ||T}-

In the same paper, it was shown that Wy(7') is nonempty, closed, convex, and
contained in the closure of the numerical range. In the case of finite-dimensional
spaces, the maximal numerical range is produced by maximal vectors for T" (those
vectors x € H such that ||z|| = 1 and ||Tz|| = ||T||). Note that the notion of the
maximal numerical range was introduced in [23] (especially) for the purpose of
calculating the norm of the inner derivation ¢4 associated with A € B(H), which
is defined by
0a:B(H) — B(H), X — AX — XA.

In fact, let T' € B(H), and define

d(T) = inf |T — M|,
AeC

the distance of T to the scalar operators. Here, I is the identity operator. Ac-
cording to [23]
F0)= o (Tl = (T2, (1)
xeH, ||x||=

and there exists a unique scalar c¢r, called the center of mass of T', such that
d(T) = ||IT = erI|l,

and for any A € B(H),
104l = 2d(A).

Recall that the tensor product of H and K is defined as the completion of the
inner product space consisting of all elements of the form Y ;| zx ® yx for any
rr € H, yr € K and any nonzero natural number n, with the inner product
(r®y,z®t) := (x, z)(y,t). Here the notation z ® y is defined algebraically so as
to be bilinear in the two arguments x and y. Let H ® K denote the tensor product
of the spaces H and K. For T € B(H) and S € B(K), the tensor product T'® S
is defined by (T'® S)(z ®y) = Tx ®@ Sy, for all z ® y € H ® K. Recall that
we can write T'® S as the product of T'® I and Iy ® S (I and Ik are the
identity operators on H and K, respectively). Hence T ® S € B(H ® K) and
|17 ® S| = ||T)|||S]|- Then, from inequalities (1.2), we get

1
SITNISI < w(T'® S) < [IT]IS]]. (1.4)
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It is also known, see [10], that
w(T)w(S) < w(T @ S5) < min{w(T)||S]], w(S)| T} (1.5)
In [10], the authors showed that

w(T®S) < min{w(T) (w(S) + R(S)), w(S) (w(T) + R(T))}
< 2w(T)w(S). (1.6)
Here R(T') = inf{w(T — XI) : X\ € C}.
In Section 2 of the present paper, we improve inequality (1.6). Indeed, we show
that

w(T ® S) < min{w(T) (K(S) + R(5)),w(S) (K(T) + R(T))}
< min{w(T) (w(S) + R(9)) ,w(S) (w(T) + R(T))}
< min{w(T) (w(S) + K(9)) , w(S) (w(T) + K(T))}
< 2w(T)w(S),

where K (T') = inf{w(T" — iAzrI) : X € C}. Here 27 is the center of the smallest
disk containing W (T"). Note that for any 7" € B(H ), we have (see, [24])

R(T) < K(T) < w(T).
We give a refinement for the upper bound of the Kittaneh inequality [20]:
1 1
w(T) < ST+ IT°]2)- (1.7)
Namely, we prove that
1 . 1 . 1 1
w(T) < 2P+ TPl + SIRATIT DI < AT 1+ 177]12)*

Here R(T") and T™* stand for the real part and the adjoint of T', respectively. We

also obtain new refinements of the classical inequality w(7T) > §||T||
We establish that

7T+ TT|| [T +T|° = |7 = T*|P"

2
wi(r) 2z 2 - ,
and
wry = ITT T NIT 02 = |7 = TP
4 8
Then, we improve the Kittaneh inequality [21]:
w*(T) > w (1.8)

Next, we extend our obtained results to the product of two operators 7" and
S on H such that commute or doubly commute (i.e., TS = ST and T'S* =
S*T). We also obtain new numerical radius inequalities for the tensor product
of two operators acting on complex Hilbert spaces. Section 3 is devoted to the
generalization of our results to semi-Hilbert spaces.
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2. MAIN RESULTS

We start our work with the following lemmas, which will be useful.

Lemma 2.1. [2| Let T € B(H). Then
WA(T) < SITT + TT°) — s (17|~ |T°)),
where m(T) is the Crawford number of T given by m(T') := inf{|z| : z € W(T)}.
Lemma 2.2. [15] Let T'€ B(H) and v € H. Then
(Tz,2)] < (|T]z,2)2 (||, 2)2.

Lemma 2.3. [18] Let T € B(H) be a positive operator. For any unit x € H and
r > 1, we have
(Tx,x)" < (TTz,x).

Lemma 2.4. [19] Let T, S € B(H) be positive operators. We have
17+ 81 < max{| 7], S]]} + |1T%57%].
Lemma 2.5. [24] Let T, S € B(H) such that TS = ST. Then
w(TS) < w(T) (K(S) + R(S))
< w(T) (w(S) + R(5))
< 2w(T)w(S).
The following theorem gives a better estimation than inequality (1.6).

Theorem 2.6. Let T' € B(H) and S € B(K). Then
w(T'® S) < min{w(T) (K(5) + R(S)) ,w(S) (K(T) + R(T))}
< min{w(T) (w(S) + R(S)) , w(S) (w(T) + R(T))}
< min{w(T) (w(S) + K(5)) , w(S) (w(T) + K(T))}
< 2w(T)w(S).

Proof. Since W (Iz®S) = W(S), then K(Iz®S) = K(S) and R(Iz®S) = R(S).
The operators T'® I and Iy ® S commute. Then by Lemma 2.5, we have

wT®S)=w((T®Ik)Ig®>9))

<w(TRIg)(K(Ig®S)+ R(Ig®S))
= w(T) (K(5) + R(9))

< w(T) (w(S) + R(S))

< w(T) (w(S) + K(S5))

< 2w(T)w(S).

Proposition 2.7. Let T, S € B(H). If T and S doubly commute, then

w?(TS) < %HT*TS*S +TT*SS*|| — %mQ (|TS| — |T*S*|).
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Proof. Since T' and S doubly commute, by Lemma 2.1, we have

WA(TS) < S|(TS)'TS + TS(TS) ||~ Jm? (TS|~ |(TS)’])

1 1
= SIS*T* TS + TSST*| = sm* (TS| = |15

1 1
= §||T*TS*S +TT*SS*|| — 5m2 (|TS| — |T*S*|).

Corollary 2.8. Let T € B(H) and S € B(K). Then
1 1
w(T®S) < 5HT*T ® S*S +TT* ® SS*|| — §m2 (T ® S| —|T* @ S*|)
< |ITI*lIS)*.

Proof. Since T'® Ik and Iy ® S doubly commute on H ® K, by applying Propo-
sition 2.7, we get

w(T®S)=w(T®Ix)Ix®5))
< ST @ Ly (T L) (I @ ) (In © 9)
ST ® LT @ L) Iy @ )Ty @ SY'|

- %m2 ((T @ Ix)(In ® 5)| = |(T ® I)* (I @ S)*])

_ %HT*T © 58S+ TT" © 55" — o (T @ 8| - T° ® 5°)
< %HT*T ® S*S|| + %HTT* ® S5

< LTS sl + SITT IS S)

= IS

Theorem 2.9. Let T,S € B(H). If T and S doubly commute, then
1 * * 1 * *
w (TS) < ZNTPISF + T PIS"Fll + SIRATIT (SIS

IN

TS+ 1722522
< ||7|?) 811>
Proof. Let x be a unit vector of H. Then by Lemma 2.2, we have
TSz, 2)| < (| TS|z, )2 (|(TS)*|z, x)?
< SUITS| +|(TS) e, )
< TS|+ |7°8%))a ).
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Therefore

(TSz,2)[* < (TS| + TS )z, 2)".

»-lklb—‘

By Lemma 2.3, we get

(T2, 0)? < LS|+ T°5°]) %, )
< TSP+ |T°5"P), ) + S (R(TS|T*S* ), )
< JUITPIS + [T 1*P)a, ) + S (RATSIIT] 5" ) )
< JUITPISP + T P15°P)a, ) + 5 (RATYT 11157 ), )
< JITPISP + 1T*PIS* Pl + S IRATIT 1SS
By Lemma 2.4 and using the fact that |||T)|T*||| = ||T?|| for any T € B(H), we

have
NTPIS1?+ [T*P1S* Pl < max{|[|T*|S1[], 1IT*[1S* I} + T ST |15
< TIPS + NTNTS 1S
= ITIPIISII? + 1211152

Since
IRATNTISIS* DI < T[S 115l
< [N TINS5
= | 7%]]]|5°|
< TN (1S IS?]I2,
then
1 * * * *
TSz, z)> < ;l|||T| |1S|?+ |T*°|S* ||+—||§R(|T||T 1S]1S™)]
1 * * * *
;1|HT| |S|?+ T |5 H+-H§R(|THT [[SI1S™)]
1
(||T||||5|| +[|72)2]]82]|2)>?
< ||T|| 1],
Thus

1 * * 1 * *
w(TS) < ZNTPISF + T P15 Pl + SIRATIT(S 1S

1 1 1
< TS+ 172211572

< ITI[IS]*.
O

Taking S = I in Theorem 2.9, we obtain a refinement of inequality (1.7) as
follows.
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Corollary 2.10. Let T € B(H). Then

1 . \
w?(T) < 1|||T|2+|T| ||+—H?R(|T|IT DI
1
Z(HT!HHTQH )?
<|IT|]*.

Proposition 2.11. Let T € B(H) and let S € B(K). Then
1 1
w (T ® 9) < Z_LHT*T ®RS*S+TT*® SS*|| + §||§R(|T||T*| ® [S]|S™)|

1
< JUTIIST -+ I72)12(15%12)?
< ITI[IS]*.

Proof. Since T® S = (T'® Ix)(Ig ® S), it suffices to apply Theorem 2.9 to the
doubly commuting operators T'® [k and Iy ® S. O
T

The following theorem gives a refinement of the inequality w(7T") > @

Theorem 2.12. Let T' € B(H). Then
|| I . .
w(T) > +—|HT+T||—||T ™l

Proof. Let x € H be a unit vector. Then
w(T) > [(Tz,z)| > |R(Tx, x)|.
Thus
w(T) = [(R(T)z, z)].
Taking the supremum over all unit vectors x, we get
w(T) = [|R(T)]]
Similarly, we get
w(T) = IS(T)]|
Here (7)) denotes the imaginary part of 7. Hence
w(T) = max{||R(T)||, [S(T)]}- (2.1)

Thus
w(T) = max{[|R(T)]], [[S(T)||}

_ RO+ IS RO =[S

2 2
IR(T) + ST T
> 2 —|HT+TII—II il
. I

=5 |||T+T*H 17 = T[],
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T
Corollary 2.13. Let T € B(H). If w(T) = @, then
1T+ T =T =T = [T
||

Proof. Since w(T) = TR then by Theorem 2.34, we get

T+ T = |7 —T7]|.
We have
1T+ T = w(T'+ 1) < 2w(T) = [T
On the other hand,
IT]] = IR(T) 4+ iS(T)|| < RO+ [[S(T) ]

1 * *
< SUT+T+ T =77
= ||T+T7|.
O
T
Next, we give a characterization for the equality w(7T) = H2—”
T
Proposition 2.14. Let T € B(H). Then w(T) = @ if and only if
1T + e7T*|| = || T — e7T*|| = ||T, for all 0 € R.
T
Proof. Suppose that w(T') = @ Then for all § € R
i0
it e
T)=—.
w(e'T) = 17
Applying Corollary 2.13, we have
19T 4+ e || = ||eT — e™T*|| = |T||, for all § € R.
The other implication is clear. O
Corollary 2.15. Let T, S € B(H) such that T and S commute and ||T'S|| =
ITIHS]]- Then
TS 1
sy s B Jyr oo yrs - 7o
Corollary 2.16. Let T € B(H) and let S € B(K). Then
1
wT®S) > Z|||T®S~I—T*®S*|| —IT®S-T"& S|
IS
+ 5
Proof. Tt suffices to apply Corollary 2.15 to the operators T'® I and Iy ® S. 0O

]

The following result gives a refinement of the inequality w(T) 5
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Theorem 2.17. Let T' € B(H). Then
T 1
w(@) 2 Ty Yy i -y i),
Proof. Let x € H be a unit vector. Then
(T, 2)]* = (R(T)z, 2)* + ((T)z, z)*

> %(K%( )z, 2)| + |( S(T)z,z)|)?
> C{R(T)z,2) + (S(T)a, )
Hence
[(Tz, z)| = \/—|< (T)x, ) + (S(T)z, z).
Taking the supremum over all unit vectors x, we get
o) > RO £SO 02)

R

It follows that
w(T) = % max{||R(T) + (1), [[R(T) — (1)}

_ R + D[+ [IR(T) = (D)
2v/2
n IR(T) + (D[] = IR(T) = S(D)]]|
2v2
S [R(T) +S(T) +i(R(T) = S(T))||
> o
n [|R(T) + (D[] = IR(T) — S(T)]]|
2v/2
_ A+ T |||9‘%(T) + S(T)|| = [R(T) — S(T)][]
22 2v/2
_ 7 N |7 + 4T — [|T — 7]
2 4 '

T
Corollary 2.18. Let T € B(H). If w(T) = @, then
[T +aT| = T =T = [T

Proof. We proceed as in the proof of Corollary 2.13 by using Theorem 2.17 and
the fact that 1"+ ¢7T™* is a normal operator. 0

Corollary 2.19. Let T,S € B(H). If T and S commute and ||TS| = ||T||S],

then
||T||H5||

w(TS) > 5

—H|TS+ iT*S*|| = ||TS — TS|
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Corollary 2.20. Let T € B(H) and S € B(K). Then
1
w(T®s) > Z|||T®S+2T* QS| - IT®S—iT" S|

7SI
-

Proof. 1t suffices to apply Theorem 2.17 to the operators T'® I and Iy ® S. [
Now, we give a refinement of inequality (1.8).

Theorem 2.21. Let T' € B(H). Then
* * *||12 _ _Tx||2
SNTT AT T+ T — T = TR

2
w?(T) 1 3 (2.3)
Proof. By inequality (2.1), we have
w(T) = max{||R(T)|1%, |S(T)]*}
_ IROIFISOIE | IR = 13D
B 2 2
o IR@P + @2 IR = 13D
- 2 2
B | 1 e
4 8 '
|

The following theorem gives another refinement of inequality (1.8).

Theorem 2.22. Let T € B(H). Then

* * k(|2 _ax||2
T+ TTH| T+ = T = )]
- 4 8
Proof. By inequality (2.2), we have

w*(T)

WA(T) > 2 max{[[R(T) + S(T) |, [R(T) — (7))
_IR@) + SO + [RT) - (T

4
L IR + SMIP ~ IR = (DI
4
o IR(T) + S(T))* + (R(T) = (D))’
= 4
L IR + SMIP ~ IR(D) = DI
4
_ IR+ SR, IR + SN~ [IR(T) = SDIPY
2 4
T TTY T+ T — T — |y
4 8 '
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We give a necessary and sufficient condition for the equality w?(T) = HT*T+4TT*H.

T +T7T*
Proposition 2.23. Let T' € B(H). Then w*(T) = u

0T + e=T*|| = ||eT — e~T*|| = | T*T + TT*||, for all 0 € R.
|\ T*T + 17T
4

if and only if

Proof. Suppose w*(T) = . Then for all # € R

w ooy — WD) e T & M T(T )|
! |

Hence from inequality (2.3), we have
1T 4 e70T*||> = ||eT — e T*||?,  for all § € R.
Let # € R. Then we get

1 , , . .
HT*T + TT*H _ §H(6zeT+ e—zGT*)2 o (ezGT _ e—zGT*)QH

S (Hez‘GT + e—z‘GT*H2 + Hez‘GT . e—iGT*H2)

1
2

_ HeieT + efiHT*HZ

— w2<ei9T + e—iGT*)

< 4w*(T) = |T*T + TT"|.
The other implication holds trivially. 0
Corollary 2.24. Let T,S € B(H). If T and S doubly commute, then
TS + TS| — 175 = T=S°|°| | WTPISP + [T PSPl

8 4 '

Corollary 2.25. Let T € B(H) and S € B(K). Then

1T @S+T*QS*||? - |IT®S -T2 S*|?

w*(TS) >

w(T®S) > 3
|T*T @ S*S +TT* ® SS*||
+ .
4
Proof. Tt suffices to apply Corollary 2.24 to the operators T'® I and Iz ® S. [
T +TT*
Corollary 2.26. Let T € B(H). Assume that w?(T) = M;H" then

T +4T*|* = | T —iT*||* = |T"T + TT"|.

T+ 1T
- 4
|T +iT*||* = ||T — iT%|%.

Proof. Since w?(T') , then by Theorem 2.22, we get

Since the operator 17"+ ¢T™ is normal, then

| T +iT*||* = w*(T +iT*) < 4w*(T) = | T*T + TT*|.
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On the other hand,
1 . k0 k
\T*T +TT"| = EH(T + TN T +T*) + (T — ) (T —iT)"||

< U+ )(T + )| + (T = aT) (T = iT7)"|)

1
2
1 -
< SUT + TP + 1T = iT*|°) = T +477*
Then
T +iT*||* = |T —iT*||* = |T*T + TT*|,.

Corollary 2.27. Let T, S € B(H). If T and S doubly commute, then
IT'S +iT*S*||? — ||T'S — iT*S*||?|
8
TS + PSP
1 .

Corollary 2.28. Let T € B(H) and let S € B(K). Then
1T @S +iT* @ S*||* - |T ® S —iT* @ S*||?]
8
| T*T ® S*S +TT* @ SS*||
+ .
4
Proposition 2.29. Let T € B(H). Then

2 o . 2 2 .
dX(T) = wf {7 = AL|[" —m™(T = AD)}.

w*(TS)

w(T®S) >

Proof. Let A € C. Then
d*(T) = d*(T — \I)
= sup  {|(T = ADa|]* = (T = AD)z,2)*} (by (1.3))

z€H, |z|=1
<\ T — M2 = m*(T — \).
Thus
d*(T) < it {|T = M|* = m*(T = A1)}
S
<|\T = erI||* — m*(T — crl)
<|T = eI
= d*(T).
It results that
d*(T) = /i\n(g{HT — M| —m*(T — XI)}.
S

101
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Remark 2.30. In [8], the authors proved that for any T' € B(H)
ITI* = w'(T) < d*(T) = (w(T) — ler])?, (2.4)

where wy(T') := inf{|z| : z € Wy(T")}. Then by Proposition 2.29, inequality (2.4),
and the trivial inequality wiZ(T) < w?(T), we obtain a refinement of the inequality

established in [10].
Proposition 2.31. Let T, S € B(H) such that T and S commute and ||TS| =

T[S Then
TSI TS +T*S|| — |IT|||S
w(Ts) > | \!! |, 7S+ 8H IS
7S = TS| = [[T[[]|S ]
+ .
8
Proof. According to [17], we have
I, RO =S s -
< .
2 + 4 + 4 —w(T)
Then

ITS) | MR@S)| = B2 Is@s)) - B
2 4 4
Since T" and S commute and ||T'S|| = ||7||||S]|, then
ST WS + TS = TS
2 8
s - 750~ sl
3 :

< w(TS).

w(TS) =

The following proposition gives a refinement of the inequality
T[S

2
the left-hand side of inequality (1.4).

Proposition 2.32. Let T € B(H) and let S € B(K). Then

s, T e S+ 17 ® S = |71 S]]
2 8
T es -1 S| - [ TIISI
8
Proof. 1t suffices to apply Proposition 2.31 to T ® Iy and Iz ® S. O

Proposition 2.33. [2] Let T € B(H). Then for all > 1

<w(T®S);

w(T®S) >

r 1 T * 1 T *|T
w?(T) < ST+ TPl = 5m® (1T = 777
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Proposition 2.34. Let T, S € B(H). If T and S doubly commute, then for all
r>1,

1

I 1 r r *|T| Q|7 z z *| 2 ox|Z
w?(TS) < ST+ TSN = om® (IT121S]2 = [T7]2]57[2) .

Proof. By Proposition 2.33, we have for all » > 1,
1 * |27 1 T * |7
w?(TS) < SIITSP + [(TS) T * = 5m* (ITS]" = [(TS)]")
1 1 . .
= §||(S*T*TS)’“ +(TSS*T*)"||* — 5m2 ((S*T*TS)2 — (TSS*T™)2)

1

1 r r ®|T| QT z z 15| Q*| 5
= SITTISI + TSP = gm® (1T [S]7 = [T7]2]57)2) -

O
Proposition 2.35. Let T € B(H) and let S € B(K). Then for allr > 1
W(T®S) < L|(TTeSS) +(TT © S|
—%mQ (T°T ® §°S)F — (TT" © 55°)5) .
Proof. Tt suffices to apply Proposition 2.34 to T ® I and Iy ® S. O

The following proposition gives a refinement of the inequality
w(T @ 5) < [[T][|S].

Proposition 2.36. Let T' € B(H) and let S € B(K). Then

1

(T®S) <= (wT S+ |T|*1S1)

IN

min{w (T[S, w(SHIT} + I T11%1S]%)

IN

(o
(
(min{w(D)S*], w(SHIT*} + [T111S]7)
(

IN

min{w?(T)[[S*[|, w(S) T2} + 1 T)1*[1S]1*)
17111
Proof. From [12], we have

~2
1
2
1
2
1
2

IA

T®S <

w((T®8)*) + ||T @ S|P

IN

w((T @ S)(T'®S)) +[ITI1°[1S]*)

VAN

(VAN
NN RN RN RN -

(o
(o
(w(T? ® %) + | TI?1S]I*)
(min{w(T*)[S*[, w(SHIT*|1} + 1T S]1)
(

min{w?(T)[[ S|, w(S) T2} + I T)*[1S]I*)
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IN

L, .
5 (in{w* (O[S, w*(IT[} + 1T SI)
< ITI[IS).

Proposition 2.37. Let T, S € B(H) such that
w(T +8) =w(T) +w(S).
Then

w(T)w(S) < =

(w(ST) + I TNISTD-

2
Proof. Since w(T + S) = w(T') + w(S) then, from the proof of [1, Proposition
3.6], there exists (z,) of unit vectors in H such that lim |(Tx,,x,)| = w(T') and

lim [(Sx,, z,)| = w(S). By the Dragomir inequality, for all a,b,e € H with
||7;|| = 1, we have

2{a, e) (e, b)| < [{a, b)| + |all[[b]].
Taking e = x,,, a = Tx,, and b = S*x,,, we get

2[(Txn, 2n) (X0, S*wn)| < (T, S*n) + | T20|[|S™ 24 |
< w(ST) + [|T[[[S1)

So, we get

20(T)w(S) < w(ST) + ([T IS,
as desired. 0

Remark 2.38. Note that we can deduce the inequality
1
WHT) < 5 (w(T) + |TI?)

established by Dragomir in [12] by letting 7' = S in Proposition 2.37.

3. EXTENSION TO SEMI-HILBERT SPACES

In this section, we extend our obtained results to semi-Hilbert spaces. In order
to state our results in detail, we first recall some notations and results from the
literature. In all that follows, A € B(H) is a positive operator on H, that is,
(Az,z) > 0, for all x € H. The operator A induces a positive semi-definite
sesquilinear form in the following manner:

(Va4 Hx H—C, (z,y) — (z,y)4 = (Ax,y) = (Al/zx,A1/2y),

where A'/2 represents the square root of A. We denote by || - ||, the seminorm

induced by (-,-),, which is given by ||z||, = /(z,x), = /| AY?z]|, for every
x € H. Itis easy to verify that ||.||4 is a norm if and only if A is injective and the
space (H, ||-]|4) is complete if and only if the range of A is closed. Let T' € B(H).

If there exists a constant ¢ > 0 such that [|Tz||a < ¢||z||4 for all z € R(A); the
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closure of R(A), where R(A) is the range of A, then the A-operator semi-norm
of T is given by

Tx
IT||a = sup m = sup |Tz||a < +o0.

2€R(A), 20 ]| 4 2€R(A), ||lz|=1

Note that, if A = I, then we get the classical norm of an operator 7', which will
simply be denoted by ||T]]. Set

BAH)={T € B(H) : |T||a < +o0}.

It is worth noting that BA(H) is not generally a subalgebra of B(H) (see, [13]).
Furthermore, it is not difficult to check that ||7']|4 = 0 if and only if ATA = 0.
Recently, there are many papers that study operators defined on a semi-Hilbert
space (H, | -]/,). One may see [6, 7, 9, 22] and their references.

Let T'e€ B(H). An operator S € B(H) is called an A-adjoint operator of T if
(Tx,y) 4 = (x,5y) , for all x,y € H (see, [4]). So, S is an A-adjoint of T" if and
only if AS = T*A, that is, S is a solution in B(H) of the equation AX = T*A.
Note that this type of operator equations can be studied by using the following
famous theorem due to Douglas.

Theorem 3.1. [I1] IfT,U € B(H), then the following statements are equivalent:
(1) R(U) € R(T),
(2) TS =U for some S € B(H),
(3) There exists A > 0 such that ||U*x| < A\|T™*z|| for all x € H.
If one of these conditions holds, then there exists a unique solution of the

operator equation TX = U, denoted by Q, such that R(Q) C R(T*). Such Q is
called the reduced solution of TX = U.

Let Ba(H) denote the set of all operators that admit A-adjoints. An applica-
tion of Theorem 3.1 shows that

Byi2(H) ={T € B(H); 3X >0 such that [|Tz||a < Al|z||4 for all x € H}.
From [13], we have
Ba(H) C B, (H) C BY(H) C B(H).
Let R(Az2) be the Hilbert space endowed with the inner product
(A%:U,A%y) := (Px, Py),

for all z,y € H, where P denotes the orthogonal projection of H onto R(A).
Starting now, we will use the shorthand notation R(A%) for the Hilbert space

1

(R(A2),(+,-)). Moreover, the norm induced by (,-) on R(A'?) will be denoted
by || - [[g(ar/z)- It is important to highlight that R(A) is dense in R(A"Y?) (sce
[13]). Moreover, since R(A) C R(AY?), we have
(Az, Ay) = (AY2 A2, AV2AY2y) = (PAY?2, PAY?y) = (2,) 4,
for any x,y € H and so
||A$||R(A1/2) = ||| a,
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for any # € H. For more details about the Hilbert space R(A'/?), we refer the
interested reader to [5, 13].

Before we move on, we need to introduce the following concepts and lemmas.
Let T'€ B(H). The A-numerical range of T' is given by

Wa(T) = {{Tx,z)a:x € H,||z||a = 1},
The A-numerical radius of T' is defined as
wa(T) =sup{|z| : z € Wu(T)},
and the A-Crawford number of T is the positive real number defined by
ma(T) = inf{|z| : z € Wa(T)}.

For more details for all these concepts, see [, 3, 4, 6] and the references therein.
Now, let us consider the operator Z4 defined by

Zy: H— R(AYV?), x+—— Zyx = Ax.
We have the following result.

Lemma 3.2. [] Let T € B(H). Then T € B 3 (H) if and only if there exists a

unique T € B(R(Az)) such that Z,T = TZ4. Moreover, ||T||B(R(A%)) =T a-

Lemma 3.4. [24] Let T € B,
(1) R(T) = Ra(T),

(2) K(T) = Ka(T),
where
RA(T) = inf{wa(T — XI) : A € C}
and

KA(T) = mf{wA(T — Z)\ZTI) A E (C}

Now, we can state our first results. In the next, let A and B be two positive
operators acting on H and K, respectively. Note that the operator A ® B is
positive on H ® K.

Lemma 3.5. LetT € B, (H) and let S € B 1 (K). ThenT®S € B,
K) and

sy (H®

TR S=T®S.

Proof. We have
Zagp(T ®5) = (Z4® Zp)(T ® S)
=7ZAT ® ZgS

—TA® SB
= (T ®S)(A® B).
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Then by Lemma 3.2, T ® S € BA%®B%(H® K) and

TS=T®S.
OJ
Theorem 3.6. Let T € B, (H) and let S € By (K). Then
wapp(T ® S) < min{wa(T) (Kp(S) + Rp(5)) , ws(S) (Ka(T) + Ra(T))}
< min{wa(T) (wp(5) + Rp(S)), wp(S) (wa(T) + Ra(T))}
< minf{wa(T) (wp(5) + Kp(5)) , wp(S) (wa(T) + Ka(T))}
< 2wa(T)wp(S).
Proof. By Lemmas 3.3 and 3.5, we have
waen(T®8) =w(T ®S) =w(T @ S). (3.1)
Applying Theorem 2.6 to T and S and using Lemma 3.4, we have the desired
inequalities. O
T
The following theorem gives a refinement of the inequality wa(7T) > %

established in [6]. For this, we need the following auxiliary lemma. We will denote
the A-adjoint of T by T#4, for any T € Bs(H). Note that T = Ra(T) + iS4 (T),
where

T 4+ Tta T — Tta
i and 4 (7) = 5
i

Ru(T) =
Lemma 3.7. [22] Let T € Ba(H). Then
Thr = (T), (T') = T
Theorem 3.8. Let T' € Bao(H). Then
wi(T) > 7|2

Proof. By Lemma 3.3, Theorem 2.12 and Lemma 3.7, we have

1
+ T+ TPA||a = 1T = T%4|al.

wa(T) = U’Sﬂ
> % + illlf O Dymatyy 1T = O )
_ ”i”BS‘“%” T Tl = 1T = Tl |
- Doty | Ly 2,y 1T )
Tl

1
5 T Z|||T+TM||A — |7 — T a].

The last equality follows from Lemma 3.2. 0J
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|17l

Corollary 3.9. Let T € Ba(H). Suppose ws(T) = o then
1T+ T |4 = | = T*[|a = ||| -
Proof. Applying Corollary 2.13 to f, we get the desired result. Il
I

Proposition 3.10. Let T' € Ba(H). Then ws(T) if and only if

9T + T4 = 69T — T[4 = | T, for all 0 € R

Proof. Applying Proposition 2.14 to T and using the fact that amS =aT +
BS for all complex numbers «, 5, we obtain the desired equalities. O

Corollary 3.11. Let T,S € Ba(H). If T and S commute and ||T'S||a =
\T||al|S||a, then

T||allS 1
U)A(TS) > W + 1|||TS + TﬁASﬁA”A - HTS - TﬁASﬁAHA’.
Proof. Since T" and S commute and 7?5' = f S , then T and S also commute.
Hence we can apply Corollary 2.15 to T" and S. 0

Corollary 3.12. Let T € Bao(H) and let S € Bg(K). Then

1
wagn(T®S) > T @S +TH @5 |agp —IT®S — T @ 5| acsl
[T]|allSe
+ 7 .
Proof. Using Corollary 2.16 to m, the result follows. O
Proposition 3.13. Let T € B4(H). Then

T 1
wa() 2 A4 Sy iy — 7 — iz

Proof. Tt is a simple consequence of Theorem 2.34 applied to T. 0

Proposition 3.14. Let T,S € B i (H) such that TS = ST and [|T'S|[a =
HTHAHSHA Then

TS 1
wa(TS) > | 5 I + Z|HTS +iTHA SR || 4 — ||TS — iT*4 8% | 4|.
Proof. Applying Corollary 2.19 to T and S , we get the result. 0

Corollary 3.15. Let T' € B4(H) and let S € Bg(K). Then
1
wagn(T®S) > Z|IT@ 8 +iT" @ 5% |aep — IT ® S —iT* @ 5| 4l

N !ITIIAQHSHg

—_——

Proof. 1t suffices to apply Proposition 3.14 to T ® Iy and Iz ® S. O
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Proposition 3.16. Let T,S € Ba(H) such that TS = ST and T#S = ST*4.
Then

—~—

1 1 —~
wh(TS) < SITHTSHS + TTH S5 4 — 5m? (yTsy - \TﬁASﬁA\) .

Proof. Since T'S = ST, then TS = §T; thus 7S = ST. We have m = gﬁ:‘
Then - -
Tt4S = STha,

Hence T and S doubly commute, so the result is obtained by using Proposition
2.7. OJ

Corollary 3.17. Let T € Bs(H) and let S € Bp(K). Then

By Lemma 3.7, we get

1
wiop(T © S) < S| THT © 528 + TTH © S5 | 4e

1 ~—— —_ —
—5m? (T &S| - T @ Sto) ) < T3S

Proof. Using equality (3.1) and applying Corollary 2.8 to T and S, we obtain the
required inequalities. O

Theorem 3.18. Let T, S € Bs(H) such that TS = ST and T*4S = ST* . Then

1 1 — — e —
wi(T8) < TS + TTHSS* |4 + SIRATYTEIS]S52 )]

B(R(A2))
1 2013 Q2|12 )2
< JUTNallSILa + DT ANS™I)
< |ITIAIS]F.
Proof. We get the desired result by applying Theorem 2.9 to T and S. OJ
Feki [13] proved that
1 1

wa(T) < SUITa+1T213)- (3.2)

The following corollary gives a refinement of inequality (3.2).

Corollary 3.19. Let T € B4(H). Then

1 1 ~
WA(T) < FITHT + T Ly + S IRTITH DI s,

1 1
< Z(ITlla + 1713
<|IT|%.

Proof. Letting S = Iy in Theorem 3.18, the results follow. 0J
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Proposition 3.20. Let T € Bs(H) and let S € Bg(K). Then
1
Waep(T ® S) < ZHTNAT ® SMS + TTH ® SS5%| 4

1 - __ ~ __
+ S IIRAT @ Ix[|T% @ Ix[[1r @ Sla @ S8l 5 g a3,

1 1 1
< ZUTLall SN+ 1T 4115%]13)
< |ITIAI1S1I5-

e~ —

Proof. Applying Theorem 2.9 to the doubly commuting operators T"® [ and
Iy ® S, we have the required result. 0

Theorem 3.21. Let T € B4(H). Then

JNTRT + TT [ T+ TR — |17 = T |

2
T
wA( )_ 4 3

Proof. 1t is a simple consequence of Theorem 2.21 applying to T. O

T*AT + TT#
We give a sufficient and necessary condition for w?(T) = H ”A.

4
Proposition 3.22. Let T € Ba(H). Then
TeAT 1 T'Tha
if and only if
19T + e T |% = ||eT — e T* % = |T*T + TT*|| 4, for all 0 € R.
Proof. Applying Proposition 2.23 to T, we get the suitable equivalence. O

Corollary 3.23. Let T, S € Ba(H) such that TS = ST and T*4S = ST*. Then

IS + TS5 |3 — | TS — TH4 8% |3
8
|T#ATS#4S + TTH 5S4 4
+ 1 :

w*(TS) >

Proof. 1t suffices to apply Corollary 2.24 to the doubly commute operators T and
S. O

Corollary 3.24. Let T, S € Ba(H). Then

T ® S+ T @ S|4 —||T®S — T S™|3]
8
|T*AT @ S*8S + TTH* © SS*5|| 4
y .

Proof. The result follows easily from Corollary 2.25 applied to T and S. 0J

w,24®B(T ® S) >

N
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Theorem 3.25. Let T € B4(H). Then
o WT TG = T = a5 | 7T + TT

2
T
wiy(T) 3 1

Proof. Tt is a consequence of Theorem 2.22 applied to T. 0
Corollary 3.26. Let T € B4(H). Suppose w’(T) = w; then

|7 T3 = 1T = T3 = [T + TTH] .
Proof. Applying Corollary 2.26 to T, we find the desired result. 0

Corollary 3.27. Let T, S € Ba(H) such that TS = ST and T*4S = ST*. Then
ITS + 755 |3 — TS — Tt

w?(TS) 3
| T#AT S S + TTH 5544 4
+ .
4
Proof. The proof follows from Corollary 2.27 applying to T and S. OJ

Corollary 3.28. Let T' € B4(H) and let S € Bg(K). Then
1T ® S +iTt @ S|4 — [T ® S —iTH @ S*2 4]
8
N |T#T ® S*8S + TT @ S5 4
1 :

wi@B(T@) S) >

Proof. Using Corollary 2.28 to T and S , we get the required inequalities. 0
Proposition 3.29. Let T € B 1 (H). Then
B(T) = {7~ M3 = mA(T ~ AL},

where
\eC

Proof. By Proposition 2.29 and Lemma 3.2, we get

o . _ 2 _ /:/ 2 _ ~_ 2
A(T) = inf |T = M5 = i ([T = A3 =T =M
2 -~ . N_ 2 _ 2 N_
=d3(T) = ilel(f:{HT /\]HB(R(A%)) my (T — M)}

41y~ mAT =D}

. - 2 2 o
e = AT = m3 (T = AD)}.

inf {[|7 — M|]?
AeC B(R(

Proposition 3.30. Let T € Ba(H). Then
|

ITa IR a4 — Eap S a(T)]] 4 — 1Bla|
2 + 4 + A S




112 A. ELBARBOUCHI, M.C. KAADOUD

Proof. We have

- 1 ~ ~ 1 ~ ~
1= = * . == fa L
IR rcaty = 31T+ roaty = 517+ T praty
1 —~— 1
— _ S #
1
=I5 (T+T%) 4 = [Ra(T)l|.
Hence
IR ety = 1Ra@)] (33)
By the same manner, we get
Using Proposition 3.30 and equalities (3.3) and (3.4), we obtain the desired in-
equality. O
Proposition 3.31. Let T, S € Bs(H). If T and S commute A and ||T'S||a =
T[4 llS][4, then
T all.S TS + T*aS%4 || 4 — ||T||allS
wa(TS) > I HA2H la | HITS+ ‘zLA [T [|allS]]A]
TS = TS84 = ITllalS Al
8
Proof. Applying Proposition 2.31 to ZF, we find the required formula. O

Proposition 3.32. Let T € Bs(H) and let S € Bg(K). Then
ITNalSls | NT® S+ T @ 5 |lags — IT]ll S|4

2 8
T®S—TgSs —IT)|allS
il 8||A®B ITlallSllsl waop(T ® S).
Proof. 1t suffices to apply Proposition 3.31 to T'® Ix and Iy ® S. O

Proposition 3.33. Let T € B4(H). Then for all v > 1
WD) S SITHTY + (T = Sma (T = [T5]7)
Proof. 1t is a simple deduction from Proposition 2.33 applied to T. O
Proposition 3.34. Let T € Bs(H) and let S € Bg(K). Then for allr > 1
W (T® S) < %H(T“T @ $S) 4 (TTH ® SSH)||2
_ %mA (T8 | @ sl

Proof. Combining Proposition 3.33 applied to T'® S, and the equality (T ®
S)iaes = Tt @ S*2 yields the desired inequality. O
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Proposition 3.35. Let T € B 1 (H) and let S € B,y (K). Then

1

wies(T @ 8) < 5 (waes(T? ® S%) + | TI5]1S|I5)

2

1 1
< g min{wa(T*) 5% 5, wp(S)IT7||a} + FITIANS]5

1. 1
< 5mm{wi(T)HSQHB,wB(SZ)HTZHA} + §HTH124HSH2B

IA

1 1
5 Win{wi (D)5 [l5, wi(S)IT7[a} + S ITIANS 5

ITIA11S15-

IN

Proof. By using Lemmas 3.2, 3.3 and Proposition 2.36, whenever it is necessary,

we have

wi@B (T ® S)

I
) »—nwlr—twn—ml»—nwl»—nwlr—wl»—twu— I £

IN

IN

[\

'ﬂ
$

[

'ﬂ

(Tes
(5)

w((T)? & () +ITIE, oy 1512 )

(w 7 © 5 + ITIA1SII3)
(w (12 & 5 + ITIAISI15)
(waes(T? © S%) + [|IT|[%11S]1%)

w(@ @ %) + |TI315)3)

/\

1
min{w(7?)||S?| WS T2 gy a }+ SIS B

B(R(B))’ B(R(A2))

. 1
min{wa (%)% 5, wp (ST 4} + S ITIANSIE

ADNS 3, wa(SHIT* |4} + _HT“AHSHB

|

=
=
—_
g
b>

L
5 win{wi (T)[[5%]l5, wi(S)I 774} + §HTHAHSHB

TINS5
O

Proposition 3.36. Let T,S € Bo(H). If wa(T +S) = wa(T) +wa(S), then

wa(T)wa(S) < %(wA(ST) + 1T MallS1la)-

Proof. Applying Proposition 2.37 to T and S , we get the required inequality. [

Remark 3.37. Note that we obtain the inequality

WA(T) < 5 (wa(T) + |TIR)
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forany T' € B 3 (H), which is established in [13], by letting 7' = ' in Proposition
3.36.
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