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ABSTRACT. We study existence and L*°-regularity results for a general class
of strongly nonlinear elliptic problems associated with the differential inclusion
B(u) + A(u) + H(z,u, Du) 3 f,

where A is a Leray—Lions operator from WO1 P(Q) into its dual, B is a maximal
monotone mapping such that 0 € §(0), while H(z,s,{) is a nonlinear term,
which satisfies some growth condition but no sign-condition on s. The right-
hand side, f, is assumed to belong to L>(2).

1. INTRODUCTION

Let © be a bounded domain in RV (N > 1) with sufficiently smooth boundary
0f). The objective of this paper is to study the existence and L*°-regularity results
for the following strongly nonlinear elliptic inclusion

B(u) + A(u) + H(xz,u, Du) 3 f in D'(Q),
(£, f)
we WyP(Q), H(z,u, Du) € L'(Q),

where A is a Leray-Lions operator from W, () into its dual W5 (Q) (1 < p <
o0) defined as A(u) = —div(a(z,u, Du)), f € L>®(Q2), § is a maximal monotone
mapping such that 0 € $(0), and H is a nonlinear lower order term having a
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growth condition of the form |H(z,s,&)| < g(s)|¢[P with g € L}*(R), g > 0 and
without assuming any sign-condition on s.

We point out that, in the case of sign-condition, the solvability of the problem
(E, f) is very well understood with L or L'-data (see [1] and [2]). In these
previous papers, Akdim and Ouboufettal proved the existence of weak solutions
in appropriate Sobolev spaces through utilizing the Yosida approximation of the
graph and via the strong convergence of the truncations.

In the case where § = 0, Porretta [15] has proved the existence result for
the problem where the right-hand side is a bounded Radon measure on €2; more
precisely, the problem treated in [15] is of the form

A(w) + g(u)|Dup = i in Q

u=0 on Jf2.

Another result in this direction can be found in [10] where the problem is
studied with f € L™(Q2). In this last work, the authors proved that there exists
a bounded weak solution for m > % and unbounded entropy solution for % >
m > 5. A different approach (without sign condition) was used in [9], under
the assumption b(z, s,&) = As — |[> with A > 0. We recall also that the authors
in [8] used the methods of lower and upper-solutions.

For the case of sign-condition, many important works have appeared during
these last decades, namely, [5, 6, 7].

For H = 0, the work in the L'-theory for p-Laplacian type equations is [3],
where the problem

B(u) — div (a(x,Du)) > f in Q,

u=20 on 011,

is studied for any  maximal monotone graph such that 0 € 5(0). It is proved
that, for any f € L'(Q), there exists a unique, named entropy solution.

The present paper is organized into four sections. The next one is on pre-
liminaries. We include the precise hypotheses on our problem; we define weak
solution; and we also state the main result. Section 3 is devoted to the proof of
theorem. In the last section, we present an example for illustrating our abstract
result.

2. ASSUMPTIONS AND MAIN RESULT

Let © be a bounded domain in RY (N > 1) with sufficiently smooth boundary
0. Our aim is to show existence and L*™-regularity results to the strongly
nonlinear elliptic inclusion problem with Dirichlet boundary conditions

B(u) + A(u) + H(x,u, Du) > fin D'(Q),

(£, f)
we WyP(Q), H(z,u, Du) € L),
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in which A is a nonlinear operator from W,*(2) into its dual W=7 (Q) G+ =

1) defined by A(u) = —div(a(z,u, Du)), where a : Q@ x R x RY — RY is a
Carathéodory function satisfying the following assumptions:
Assumption (H,):

CL($7S,§) 5 Z )‘|§|p7 (21)
la(z, 5,€)| < Aao(z) + [s[P~" + [€["7), (2.2)
(a(x7 375) - &(.’L’,S,U)) ’ (5 - 77) >0 (23)

for all ¢ #n € RN, where ag(z) € L (Q), ap > 0, A >0, and X > 0.

Moreover, H : Q x R x RY — R is a Carathéodory function such that
Assumption (H,):
[H(z,s,6)] < g(s)l¢]", (2.4)
where g € L'(R) and g > 0.

As to the nonlinearity 5 in the problem (E, f), we assume that
Assumption (Hj3):
B : R — 2% a set valued, maximal monotone mapping such that 0 € 3(0).

We consider that
Assumption (H,):
feL>Q).

Definition 2.1. A weak solution to (F, f) is a pair of functions (u, b) € W, () x
L'(Q2) such that u(x) € D(B(x)), b(x) € B(u(z)) a.e. in Q, H(z,u, Du) € L'(Q)

and
/b¢+/ x,u, Du) D¢+/H ,u, Du) :/Qfgp (2.5)

holds for all ¢ € Wy P(Q) N L>(Q).
Our objective is to prove the following result.

Theorem 2.2. Under the assumptions (Hy) — (Hy), there exists at least one weak
solution (u,b) € WyP(Q) N L=(Q) x L®(Q) of the problem (E, f).

3. PROOF OF THEOREM 2.2

This section is devoted to proving Theorem 2.2. The main idea in our proofs
is to consider test functions of exponential type, these resemble, in some sense,
those used in the proofs of [10].

From now on, we will use the standard truncation function 7}, k > 0, defined
for all s € R by T (s) = max{—k, min{s, k}}. We also consider G (s) = s —T(s)

Sg(t
and (s) = / %dt, where ¢ is the function appears in (2.4).
0



EXISTENCE OF SOLUTION FOR STRONGLY NONLINEAR ELLIPTIC PROBLEM 167

Step 1: The approximation problem

First, we introduce the approximate problem

BE(T%(UE)) — div(a(z,us, Du.)) + He(z,ue, Du) = f in £,

(Ee, f)
u. =0 on 0f),
where H )
l‘? S?
o8 = 13 i (e, 5,0)
satisfies )
|Hs(x757£)’ < ’H('T75>§>|? |H€(‘T78>£>| < g

and [B:(-) : R — R is the Yosida approximation of 5(-). Note that, for any u €
Wol’p(Q), we have
1 .
(B, ) > 0, [5.(u)| < | and Limp.(u) = B(u).

We recommend that the reader consult [11], for additional information on the
maximal monotone mapping.
1 1
Since |B:(T1(u.))| < = and [Hc(z,u., Du.)| < =, for any fixed e > 0, there
c £ €

exists at least one solution u. of (E., f) (see [13, 14]). That is, for each 0 < e < 1
and f € W1 (Q), there exists at least one solution u. € W, () such that

| arwe+ [ atoueDu) - Do+ [ Holou Dude = (1) (31

holds for all ¢ € W, ?(Q), where (-, -) denotes the duality pairing between W, ()
and W12 (Q).

Step 2: A priori estimates

Let ¢ € WyP(Q) N L®(Q) with ¢ > 0. Taking ¢ = exp(y(uc))¢ as a test
function in (3.1), we obtain

[ 5T ) expr o+ [ ale.ue, D) - Deexp(a(wa))o)

+ [ Haue Duesp(au)o = | Fespu)e.
then

| st + [ 28 ot w0 ot Du) - Du.
Q Q

—|—/a(x,u€,Du€) exp(v(us))-D(Z)—i—/QHs(x,ug,DuE)eXp('y(uE))gb

= [ fexp(y(uc))o
Q
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by (2.1) and (2.4) we get

/QBE(Ti‘ (ue)) exp(y(u:))p + / exp(y(ue))a(z, us, Du.) - D¢

< / f exp(y(ue)). (3.2)

Similarly, for each ¢ € W7 (Q) N L>(Q), ¢ > 0. Taking ¢ = exp(—7(u.))¢ as
a test function in (3.1), we obtain

| BTy ep(=r(w)6+ [ alo, e D exp(= () - Do
Q Q
> [ Fexp(=a(u)o (33)

Let ® be a locally Lipschitz continuous and increasing real function such that
®(0) = 0. Thus, taking ¢ = ®(ul) in (3.2) and ¢ = ®(u_) in (3.3), it yields

[ BT ) expr @) + [ espla(u)® (uale ue Du) - Dut

< [ restunes)
and
—/Q@’E(Tl(us))eXp(—’y(ug))(I)(uE)—/Qexp(—’y(ug))q)/(ug)a(:c,uE,DUE)‘Dug

- / f exp(—y(us))B(us ).
Q

Disregarding first the nonnegative terms and taking into account (2.1) along
with the fact that exp(£7y(u.)) are bounded, we add up both formulas obtaining
C > 0 such that

[@wipar <c [ 1ol (3.4)
Q Q
Taking ®(u.) = Gi(ue) in (3.4), it yields

[ 1pGuwr < [ 1fGutua (3.5)

By applying Stampacchia’s L*>°-regularity procedure (see [16]), it follows that
there exists C', > 0 satisfying

el < Coo (3.6)
Let ®(u.) = ue in (3.4). We obtain

[ pur<c [l (3.7)

By (3.6), it yields
HUEHWOLP(Q) <C (3.8)

Step 3: Basic convergence results
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As a consequence of (3.6) and (3.8), we can extract a subsequence, still denoted
by u., such that

u. — u weakly in W2 (Q) (3.9)

and
us — u strongly in L(2) and a.e. in €2, for any ¢ > 1, (3.10)

with
O <u<C.. (3.11)

Taking into account (3.11), we get that |B.(7T1(ue))| is uniformly bounded.
Consequently, there exists b € L>(2) such that

Be(Ty(ue)) = b in L¥(Q). (3.12)
Moreover,
_60(_000) S b S /80(000)7 (313)

where 3% denotes the minimal selection of the graph of 3. Namely, 3°() is the
minimal in the norm element of 5(1), that is,

B = inf{|r| :r € R and r € B(1)}.
Since u. — u strongly in L'(2), applying [4, Lemma G], it follows that b(z) €
B(u(zx)) a.e. on €.

Let us see now that
ue — u strongly in Wy (Q). (3.14)
To prove this, we will prove that
lim [ (a(z,u., Du.) — a(x,u., Du)) - D(u. — u) = 0.
e—0 Q

To begin with the proof of it, let § = exp(—sup|y|). Then

(5/Q(a(x,u€, Du.) — a(z,u, Du)) - D(us — u)
< / exp(vy(ue)) (a(x, ue, Du.) — a(z, us, Du)) - D(ue. — u)
{ue—u>0}

+ / exp(—y(ue)) ((z, ue, Du.) — a(x, ue, Du)) - D(u. — u)
{ue—u<0}

=L -2+ I-12,

where

;= / exp(7(ue))a(, ue, Due) - D(ue — u)
{ue—u>0}

F=[ et Du) Dl - w
{ue—u>0}

B[ ewruate e, Dun) - D - u)
{ue—u<0}

B[ (o) — ol D) Dl ).
{ue—u<0}



170 M. OUBOUFETTAL, Y. AKDIM

Thus, we only have to prove that

limsup I} — IZ+ I? — I <0.

e—0
Having in mind (2.2), (3.10) and that exp(y(u.)) is bounded, it follows that
exp(vy(ue))a(z, ue, Du) — exp(y(u))a(x, u., Du) in Lp/(Q),

and then (3.9) implies
lim I? = 0.

e—0
In the same way,
lim I = 0.
e—0
Take ¢ = (u. —u)™ in (3.2), it yields
/ﬂﬁe(Ti (u2)) exp(y(ue)) (uz —u) ™+ /Q exp(y(ue))a(z, ue, Due) - D(ue —u)*

< / Fesp(r(w))(u. —uwt.  (3.15)

In view of (3.10), we have u. — w in L'(Q), and thanks to £.(T1 (u.)) = b in
L>(Q), then

e—0

Similarly, we have f belongs to L>°(Q2). Then

iy | 5T} (02) exp(y(.)) e — )* = 0. (3.16)
Q

li_r)% g fexp(y(ue))(ue —u)t = 0. (3.17)

Thus, from (3.15), (3.16) and (3.17), we conclude that
limsup I! < 0.

e—0

By taking ¢ = (u. — u)~ in (3.3), reasoning as above, one deduces that

lim sup 13 < 0.

e—0

Finally, a result in [8] (see also [12]) implies (3.14).

Step 4: Passing to the limit

As a consequence of (3.14), we have for a subsequence
Du, — Du a.e. in 2
which with
us —> u a.e. in €2
yields, since a(z, u., Du.) is bounded in (L¥' (Q))V,
a(z, ue, Du.) — a(x, u, Du) strongly in (LP'(2))V. (3.18)
Next, we need to prove that
H_(x,u., Du.) — H(z,u, Du) strongly in L'(Q). (3.19)
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First, we note that
H.(z,u., Du.) — H(z,u, Du) a.e in €. (3.20)

So we need only the equi-integrability of the sequence H.(z, u., Du.) and Vitali’s
convergence theorem.

Indeed, let ¢ = / $)X{s>n}ds in (3.2). We obtain

[ 8w e [ glsxinds
Q 0

+ [ explGlug(uxmmole e D) - Du
Q

< [ fesn(Gu) [ ahnicnds

as the first term on the left-hand side is nonnegative. Since

Ue 400
/ 9(8)X(s>nyds < / g(s)ds
0 h

“+o0
/ g(ue)|DuclP < C/ g(s)ds
{us>h} h

and then since g € L'(R), we deduce that

by (2.1), we get

h—o0 e€]0;1]

lim sup / g(ue)|Du.|P = 0.
{us>h}

0

Similarly, taking ¢ = 9(8)X{s<—nyds in (3.3), we obtain the corresponding
result on the set {u. < —he}. Hence
lim sup / g(uz)|Duc|P = 0. (3.21)
700 e€]0:1] J {fuc >}

A standard argument allows to conclude from (3.14) and (3.21) that g(u.)|Du.|P
strongly converges in L'(Q2) to g(u)|DulP. Then we deduce from (2.4) that the
sequence H.(z,u., Du.) is equi-integrable and, by Vitali’s theorem, that (3.19)
holds true.

Finally, from (3.12), (3.18), and (3.19), we can pass to the limit in (3.1). We

obtain
/bgo—i-/ (x,u, Du) Dgo—l—/Ha:uDu :/fgo
Q

for any ¢ € W, ?(Q) N L®(Q).
Thus, with this last step, the proof of Theorem 2.2 is concluded.
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4. EXAMPLE

Let © be a bounded domain of RY. Let us consider the Carathéodory functions

1
1+ s2

a(x7 87 5) - |€|p_2§7 H(:L‘7 875') = |€|p

and [ the maximal monotone graph defined by

Bs)=(s—1" —(s+1)".

It is easy to show that the Carathéodory function a(z, s, ) satisfies the growth
condition (2.2), the coercivity (2.1), and the strict monotonie condition (2.3).
Also, the Carathéodory function H(z,s,&) satisfies the condition (2.4), where
9(s) = 15 is a function belongs to L'(R).

Finally, the hypotheses of Theorem 2.2 are satisfied. Therefore for all f €
L>(2), the following problem

B(u) — Ap(u) + H(x,u, Du) > f in D'(),
(E,[)
we WyP(Q) N L2(Q), H(z,u, Du) € L'(Q),

has at least one solution.
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