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ABSTRACT. Let ® be a unital x-algebra containing a nontrivial projection.
Let ¢ be a nonzero scalar. In this paper, under some mild conditions on R, we
prove that a mapping ¥ : ® — R satisfies

VEoF®G) =¥ E)0F®G+E0V(F)®:G+EoF ®: Y (G),

for all E, F,G € R if and only if ¥ is an additive *-derivation and ¥(CE) =
CU(FE) for all E € R.

1. INTRODUCTION AND PRELIMINARIES

Let R be a x-algebra over the complex field C. For E, F ¢ R, FE©oF = EF+FFE
and £ ®; F' = EF + (FE* denote Jordan and ¢-Jordan *-product of £ and F,
respectively. If ( = —1, then (-Jordan *-product becomes the skew Lie product.
They were extensively studied because these naturally arise in the problem of
representing quadratic functionals (for details see [8, 9, 10, 11]) with sesquilinear
functionals and in the problem of characterizing ideals (for details see [2] and [0]).
A mapping ¥ between *-algebras Rt and F is said to preserve the (-Jordan -
product if V(E & F') = V(E) &, ¥(F) for all £, F' € R. Recently, many authors
have paid more attention to the mappings preserving the (-Jordan x-product
between x-algebra (for details see [1, 3, 4, 5]).

Recall that an additive map ¥ : ® — R is said to be an additive derivation
if W(EF) = V(E)F + EV(F) for all B, F € R. Furthermore, V¥ is said to be an

Date: Received: 21 October 2024; Revised: 21 April 2025; Accepted: 23 April 2025.
* Corresponding author.
2020 Mathematics Subject Classification. Primary: 47B47; Secondary: 47C15, 46L10.
Key words and phrases. *-derivation; (-Jordan x-derivation; Mixed Jordan triple derivation;
x-algebras.
188



NONLINEAR MIXED ¢(-JORDAN TRIPLE *-DERIVATIONS 189

additive *-derivation if it is an additive derivation and satisfies W(E*) = W(E)* for
all E € R. Let ¥ : & — R be a mapping (without the additivity assumption).
We say U is a nonlinear Jordan derivation if

VWEF)=V(E)e F+ EoY(F),
and in the similar lines, ¥ is said to be a (-Jordan x-derivation if
V(E®: F)=V(E)®; F+E® V(F)
holds for all £, F € R.

Taking into account of nonlinear Jordan derivation or {-Jordan x-derivation,
we can enhance their development in a natural manner. A map ¥ : & — R is
said to be a nonlinear Jordan triple derivation if

VWEeFoG) =Y FE)oFoG+E0VY(F)oG+ Ee Fo Y (G),
and in the similar way, V¥ is said to be a (-Jordan *-triple derivation if
VE® Fe G)=V(E)® F®G+E®V(F)® G+ E® F®e¥(G)

holds for all E, F,G € R. Here E ®; F &, G stands for (E &, F) ®¢ G.

In the past few years, there has been a notable surge in research dedicated
to the investigation of mixed Lie or Jordan products, capturing the interest of
numerous researchers in different algebras. Yaoxian and Jianhua [13] proved that
every nonlinear mixed Lie triple derivation on factor von Neumann algebras is
an additive x-derivation. Taghavi , Rohi and Darvish [12] proved that every non-
linear *-Jordan derivations on von Neumann algebras is an additive *-derivation.
In, Zhou, Yang, and Zhang [14] proved that every nonlinear mixed Lie triple
derivation on prime x-algebras is an additive x-derivation. Moreover, Rehman et
al. in [7], proved that every nonlinear mixed Jordan triple derivation on unital
x-algebras is an additive x-derivation.

Motivated by the above results, in this paper, we prove that a nonlinear mixed
(-Jordan triple x-derivation on x-algebras is an additive x-derivation. A map
¥ : R — R is said to be a nonlinear mixed (-Jordan triple *-derivation if

VE0F® G =Y E)oF®G+EoVY(F)® G+ EoF® ¥ (G)
forall £, F,G € R.

2. MAIN RESULTS
The following is the main result presented in this paper.

Theorem 2.1. Let R be a unital x-algebra with unit I containing a nontrivial
projection P such that
XRP=0= X =0, (2.1)
XRI-P)=0= X =0,
and let ¢ be a nonzero scalar. Then a mapping ¥V : R — R satisfies
VEF® G =V E)oF® G+Eo0VY(F)®G+EoeF® V(G (23)

forall E, F,G € R if and only if V is an additive x-derivation and V((E) = (V¥ (E)
for all E € R.
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Let P; =P and let P, = I — P. Denote R, ; = P,RP; for i,j = 1,2. By the
Peirce decomposition of i, we have i = Zf i1 J; ;. In all that follows, when we
write Ej; ;, it indicates that F;; € ®; ;. It is evident that our focus should be on
proving the necessity. To accomplish this, we will present a series of lemmas to
complete the proof of the theorem.

Lemma 2.2. With above notation, ¥(0) = 0.
Proof. it follows from ¥ (0) = ¥ (0@ 0®, 0) = ¥(0) @ 0 ® 0+ 0@ ¥(0) ®; 0 +
0@ 0®: ¥ (0)=0. O
Lemma 2.3. Fori,j, k€ {1,2},i # j, B € Rix, Fij € Nij, we have

V(B + Fij) = U(Eg) + V(Fjj).
Proof. We only prove the case when ¢ = k = 1,5 = 2. The proof of the other case
is similar. Let W = W(FE; + Fio) — V(FEy1) — V(F12). We only need to prove that
W = 0. For any A € C, since é@()\PQ) ®C Ell =0and é@ ()\PQ) ®C (Ell —|—F12) =
% © (APs) ®¢ Fia. It follows from Lemma 2.2, that

I I
‘1’(5) © (AP2) ®¢ (Ev1 + Fi2) + 5 © U(AP2) ®¢ (E11 + Fi2)

1
+ 5 @ (/\7)2) @C \I/<E11 + F12)

1
:\I’(i © (AP2) ®¢ (E11 + Fia)

I I
:\1;(5 © (AP2) ®¢ En1) + ‘If(§ © (AP2) ®¢ F12)

I I I
=U(5) @ (\P:) @ By + 5 © V(AP,) @ B + 5 © (AP2) @ U(En)

I I I
+U(5) © (\Py) @ Fiz + 5 © ¥(WP2) @¢ Fiz + 5 © (AP) @¢ ¥(Fia).

Hence % © (AP2) ® W =0, thatis AP, W + MWP, =0, for any A € C. Let
)\—FXC 7& 0. We get ng = 0,W21 =0 and W22 = 0.

Similarly, since 2@ (AP —AP2)®¢ Fia = 0 and @ (A(P1—APs)@¢ (Eii+Fi2) =
L® (A\(P1 — AP,) ®¢ Eiy. it follows that

1 — I _
\D(i) © ()\CP1 — )\PQ) @g (Ell + Flg) + 5 © \I/()\Cpl — XPQ) @( (Ell + F12)

I _
+ 5 © (ACP1 — APs) ®¢ V(E1 + Fia)

:\Il(é ® (AP — AP2) ®¢ (E1y + Fia))

I < I -

=U(5© (\(P1 = APy) @¢ Enn) + U(5 @ (\(Py = APs) @ Fio)
I < I -

:\11(5) ©® (ACP1 — APs) ®¢ Eny + 3 © U(A(Py — AP:) ®¢ Eyy

I - I 5
+ 3 ® (AP — APs) ®¢ V(E;) + \IJ(§) © (A(P1 — AP2) ®¢ Fio
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1 — I _
+ 5 © \I’()\CP1 — )\732) @g Fis + 5 © ()\Cpl — >\P2) @g \I’(Flg).
Hence £ © (A(P; — AP;) ® W = 0, that is (A + A)(Wiy = 0, for any A € C and
then Wi; = 0. Now we get W = 0, hence V(Ey; + Fip) = V(Ey) + V(Fp). O
Lemma 2.4. For E11 c §R11, F22 € éRQQ, we have \I/(Ell +F22) = ‘IJ(Ell)+\II(F22)

Proof. We only need to show that W = U(E; + Fy) — V(Eyy) — V(Fy) =
0. For any A € C, é © (APy) ®¢ Fry = 0 and é © (AP1) ®¢ (B + Fa) = é ®
(APy) ®¢ Eqp. It follows that

1 1
\II(E) © (APy) ®¢ (E1y + Fi) + 5 © U (AP1) ®¢ (Eni + Fa)

I
t50© (AP1) ®¢ W (L + Fia)

:\If(é © (APy) ®¢ (Evq + Fi))

I I
:\11(5 © (AP1) ®¢ En) + ‘I’(é © (AP1) ®¢ Fy)

I I I

:‘11(5) © (AP1) ®¢ Enn + 5 © U(APy) ®¢ B + 5 © (AP1) ®¢ Y(E1)
I I I

5) © (APy) ®¢ Foo + 3 © W(APy) ®¢ Foo + 5 © (AP) ®¢ Y (Fya).
Hence é © (A\P) ® W =0, thatis AP\W + AX(WP; = 0, for any A € C. Let
A AC # 0. We get Wiy = 0, Wiy = 0 and Wa; = 0. Similarly, we can get Way = 0.
Therefore, the Lemma has been proven. O
Lemma 2.5. For E12 S §R12, FQl S %21, we have \I/<E12+F21) = \IJ(E12>+\I/(F21)
Proof. We only need to prove that W = V(FE + Fy) —_\I/(Elg) — U(Fy) =
0. For any A € C, é@()\CPI_APQ)®<E12 = (0and %@(/\Cpl—AP2>®C(E12+F21> =
£® (A(P1 — AP;) ®¢ Fy;. It follows that

+ U(

I — I _
V() © (A(PL — APs) ®¢ (Ero + Fo1) + 5© U(AP — AP2) ®¢ (Erg + Fo)

2

+ g © (ACPy — APy) ®¢ V(B2 + Fu)
:\If(g © (A(Py — APy) ®&¢ (E1z + Fay))
Z‘I’(g © (ACP1 — APy) ®¢ Eia) + \Il(g © (A(Py — AP2) ®¢ Fyy)
:\Il(é) © (A(Py — APy) ®; Eig + é © U(APy — APy) ®¢ B

I — I _
+ 5 © (ACP1 — APs) ®¢ Y (E12) + \I’(ﬁ) © (AP — AP2) ®¢ Fyy

I - 1 —
+ B © U(A(P1 — AP2) ®¢ Foy + 5 © (A(P1 — APy) ®¢ U(Fy).
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Hence £ © (A(Py — AP2) ®¢ W = 0, that is (A 4+ A()(Wiy = 0, for any A € C, and
then Wi, = Wy, = 0. Now since % © E9 ®: Pi = 0, it follows that

I I I
\11(5) © (B2 + Fo1) ®: P1 + 5 © VU (E12 + Fo) ®c P1 + 3 © (Er2 + Fo1) ®¢ ¥(P1)

I
:\II(E © (B2 + o) ®¢ Pr)

I I
Z\IJ<§ © Fiy ®¢ Pl) + ‘I’(§ © Fy ®¢ 771)

1 1 1
:qj(§) © B ®¢ Pr + 5@ V(E) & P+ 5@ By ®c ¥ (Py)
1 1 I
+W(5) @ For @ Pyt 5 @ W(Fy) @ Py + 5 © Foy @ U(Py).

Hence é © W @ P, = 0, from which we get that W5 = 0. Similarly, we have
Wi = 0. Proving the Lemma. O

Lemma 2.6. For any E1; € Ry, F1a € Rig, Go1 € Roq, we have

‘IJ(EH + F12 + Ggl) = \IJ(EH) + \IJ<F12) + ‘P(Ggl) and
U(Ey + Fia + Gop) = W(Ey) + V(F12) + V(Ga).
PT’OOf. We only prove, W = \IJ(EH +F12 +G21) - \I/(EH) - \IJ(F12) - @(Ggl) = 0.

Similarly, we can show that W(FEsy + Fio + Ga1) = V(Ea) + V(F1o) + V(Ga).
For any A\ € C, since é © (AP2) ®¢ E1q = 0. It follows from Lemma 2.5, that

I 1
‘I’(§) © (AP2) ®¢ (B + Fia+ Go1) + 5 © U(APy) ®¢ (Eri + Fia + Ga1)

I
- 3 © (APs) ®¢ V(E1y + Fia + Ga1)

I
:\11(5 © (AP2) ®¢ (B + Fia+ Ga1))

:\Il(é © (A\Py) ®¢ E11) + \If(é © (APy) ®¢ (Fi2 + Ga1))

I I I
2\11(5) ® (A\P2) ®¢ By + 3 © U(A\Py) ®¢ Enp + 5 © (AP2) ®¢ V(E11)

1 I
+ W(i) © (AP3) ®¢ (Fia 4+ Go1) + 5 © VU(AP;) ®¢ (Fi2 + Ga1)
1

+ 3 © (AP2) ®¢ (U (Fi12) + ¥(Ga)).

Hence %@()\PQ)@CW =0, forany A € C. Let \A+AC # 0. We get Wip =0, Wo =0
and Wy, = 0. Since é@ (APL — A(Py) ®¢ G21 = 0, it follows from Lemma 2.2 that

I _
‘1'(5) © (AP1 — A(P2) ®¢ (B + Fia + Go)

I _
+ 5 © V(AP — A(P2) ®¢ (E11 + Fia + Go1)
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+ é © (AP1 — ACP2) @& (B + Fiz + Gn)
:\y(é ® (NP — ACP) @ (Evy + Fia + Gar))
:\p(é © (AP — AX(Py) ®¢ (B + Fi2)) + xp(é © (AP — ACP2) ®¢ Gan)
_ (é ® (WPy — ACP) ®¢ Eu1) + \If(é © (AP — ACPy) ®¢ Fiz)

I _
:‘I’(§) © (AP1 — A(P2) ®¢ (B + Fia + Go)

I _
+35@ U(AP1 — A(Ps) &¢ (Bt + Fia + Ga)

+2© (WP = ACPy) @ (U(En) + W(Fio) + ¥(Gon)).

Hence £ ® (AP; — A(Py) ®: W = 0, for any A € C. From which we get that

2
Wi, = 0, proving the Lemma. O

Lemma 2.7. For Eij c éRZ'j,Fij < %ijv 1 S l 7é ] S 27 we have \II<EZ] + E]) =
V(L) + U(F).

Proof. It can be easily shown that %@ (P;+F;j)®: (Pj+F;;) = Eij+ F; +(E +
CFy; E5;. 1t follows from Lemmas 2.3 and 2.6, that

U(E; + Fy) + V(CE;,) + Y (CF,ES)
:\y(é © (Pi + Fij) ®¢ (P; + Fij))

I I
=U(5) @ (Pi+ Fy) & (P; + Fy) + 5 @ U(Pi + Fyy) ®¢ (P + i)

I
+ 5 © (PZ + Fij) ®¢ \IJ(PJ + FU)

= (é) © (Pi + Fij) ®c (P; + Fij) + é © (V(P;) + V(Fyy)) ®c (P; + Fij)

+ é © (Pi + Fyj) ®c (¥ (P;) + U(Fy))

1 1 1 1
=U(5 @ Pi®P;) + U(5 ©Pi @ Fyy) + V(5 @ By & P;) + U(5 © By & Fy)
:\I’(Fij) + \IJ(Eij + CE:;) + \II(CFUEZ*])
=U(E;;) + VU(Fy;) + W (CE;,) + V(CF,;E);).
Consequently, V(E;; + F;;) = V(E;;) + V(F;).

Lemma 2.8. For E; € R, Fiy € Ry, i = 1,2, we have V(Ey; + Fy;) = V(Ey;) +
U(Fy).

Proof. Let W = V(E; + Fy;) —V(E;) — V(F;). We only need to prove W = 0. For
any )\ - (C, since é © ()\P]) ®C E” = é © ()\P]) ®C Ez = % © ()\PJ> ®C (Eu + Ez) =
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0 (i # j), it follows that
1 1 1
V(5 @ (AP)) & (Eii + Fa)) = V(5 @ (AP;) ®¢ L) + U(5 @ (AP;) ®¢ Fi).
Hence £ ® (AP;) ®: W = 0. From which we get that W;; = W;; = W;; = 0.
For any, G;; € R;;(i # j), it follows from Lemma 2.7, that

I I I
\11(5) © (Eyu+ Fy) ®¢ Gij + 5 @ V(E; + Fy;) ®: Gij + 5 © (Ey + Fiy) ®: ¥(Gyj)

1
2\11(5 © (Ey + Fyi) ®¢ Gij)
1 1

I I
= (5) © (Eiu + Fii) ®c Gij + 5 @ (V(Ey) + Y(Fy)) ®¢ Gij

1

Hence é © Wy ®¢ Gij =0, that is Wqu =0, for all Gij S §Rij7 WuGP] = 0 for
all G € R. It follows from (2.1) and (2.2) that W;; = 0. Proving the Lemma. O

Lemma 2.9. For any E11 < §R11, F12 < §R12, G21 < §R21, H22 € %22, we have
V(B + Fia + Gop + Hap) = V(Ey) + V(Fig) + Y (Gar) + W(Hyg).

PT’OOf. Let W = \I](Ell + F12 + G21 + HQQ) — \II(EH) — \I/(Flz) — \I/(Ggl) — \I/(HQQ)
We only need to prove that 7' = 0. For any A € C, since £ ® (APy) ®¢ Has = 0,
it follows from Lemma 2.6, that

I _
‘I’(ﬁ) © (AP1) ®¢ (Evy + Fia + Goy + Hyy)
I _
+ 3 © U(AP1) ®¢ (Evi + Fia + Go1 + Hao)

+=© (\Py) ®¢ V(B + Fio + Gor + Hy)

=VU(= © (APy) ®¢ (E11 + Fia + Ga1 + Ha))

NN~ N~

~¥(} © (OPy) @ (B + Foo + o)) + (5 © (VP @ (H22)

~ N

:‘Ij(i) © (AP1) ®¢ (E11 + Fia + Goy + Ha)

I
+ 3 © W(AP1) ®¢ (Er1 + Fio + Go1 + Ha)

+ é © (AP1) @¢ (¥(En) + ¥(Fi2) + U(Gor) + U (Ha)).

Hence é@ (AP1) ®: W =0, for any A € C. From which we have Wy; =0, Wy, =
0, Wy = 0.
Similarly, we get W5y = 0. Hence the Lemma stands proved. O
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Lemma 2.10. V s additive.

Proof. One can easily observe this by combining consequences of Lemmas 2.7
2.9. 0

Lemma 2.11. (i) PrU(Py)Py = —P1¥(P2)Pa,
(Z’L) PQ\I/(Pl)Pl = _PQ\II(PQ)P17
(ZZZ) 731\1/(7)2)7)1 = PQ@(Pl)PQ =0.

Proof. (i) It follows from P; ® Py ®¢ P2 = 0 and by Lemma 2.2,

0 :‘I/('Pl © P1 ®¢ 'Pg)
:\I/(P1) © Py ®¢ Py+ P © \I/(Pl) ®¢ Ps+ P11 P1 ®¢ \11(732)
=2P1U(P1) Py + 2CPoV(P1) Py + 2P,V (P2) + 2V (Pa) Py

Multiplying both sides by P; from left and by P, from right, we get
PrU(Py)Py = —P1U(Py)Ps
(it) It follows from Py @ Po ®¢ P1 = 0 and by Lemma 2.2,

0 :‘I’('Pz © Ps ®¢ 7)1)
:\I/(PQ) © Po ®¢ P+ P© \IJ(PQ) ®¢ P14+ Py © Po ®¢ \11(731)
:2772\1/(7)2)7)1 + 2CP1\I/(,P2>*P2 + QPQ\I/(Pl) + Qg\Ij(P1>’P2.

Multiplying both sides by P from left and by P; from right, we get
P (Py)Pr = =PV (Pr)Ps.

(171) We assume that (#—1. From (i) we have 2P,V (P;)Py + 2(PoW(P1)*Py +
2PV (Py) + 2V (P2)P; = 0. Multiplying both sides of this equation by P,
from left and right respectively, we get P1¥(P2)P1 = 0. From (i) we have
2732\11(7)2)7)1 + 2CP1\I’(7D2)*7)2 + 27)2\1’(7)1) + 2C\I/(’P1>’P2 = 0. Multiplying both
sides of this equation by Py from left and right respectively, we get PoW(P;)Py =
0. O

Lemma 2.12. Pl\P(Pl)Pl == PQ‘P(PQ)PQ =0.

Proof. For every Ei5 € Ry2, we have U(P; © Py ®¢ E2) = 2U(E49).
On the other hand, we have
\I’(P1 © P1 ®¢ E12) :\I/('Pl) © P ®¢ FEiy+Po \If('Pl) ®¢ D)
+P1@ P ®¢ \I/(Em)
:2\11<P1)P1E12 + 2P1\II(P1)E12 + 2<E12\I’(P1)*P1

+ 2PV (E1s) 4+ 2CV(Eq2)Ps.
On comparing the above two equations, we get W(P;)P1E12 + P1V(Py)E2 +
CERY(P) P+ PV (E) + (VY (E12)Py — Y(E12) = 0. Multiplying last equation
by P; from the left and by P, from the right, we get PyW(P;)E1, = 0, that

is, P1U(P1)PEP; = 0, for all E € R. It follows from (2.1) and (2.2) that
P1U(P1)Py = 0. Similarly, we can prove that PoW(Py) Py = 0. O
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Lemma 2.13. (l) \I/(Pl) = ,Pl\I}(Pl)PQ‘f—PQ\II(,Pl)Pl, ‘11<'P2) = 'Pl\I’(PQ),PQ—f—
PV (Py)Pr,
(73) W(I) =0.
Proof. (i) By using Peirce decomposition, we can write
U(Py) = PrU(P1)P1 + PrU(P1) Py + PV (P1)P1 + PV (Pr)Po.

Using Lemmas 2.11 and 2.12 we get W(P;) = PV (P;)Pe+PoW(Py)P;. Similarly,
we can show that W(Py) = PV (P2) Py + PV (Ps)P;.

(i1) It follows from Lemmas 2.9-2.11, that W () = U(Py)+V(Py) = P1V(Py)P,
L PU(P)PL 4+ PLU(Py)Ps + Pl (Py) P, = 0. 0

Lemma 2.14. V(E*) = U(E)* for all E € R.

Proof. From Lemma 2.10, we have V(E © [ ®, ) = V(2E + 2(E*) = 2V(F) +
2V (E*). On the other hand using Lemma 2.13(ii), we have

VEeI® ) =Y (E)el® [=2V(E)+2(V(E)".
By comparing the above equations, we find V(E*) = U(E)*. O

Lemma 2.15. V(CE) = (V(F) for all E € R.

Proof. For any E € R, it follows from V() = 0 that
2U(E)+2U(CE)=V(Ie1®: F)=(2])®: V(E) =2V (E) +2¢V(E).

Hence, V(CF) = (V(F) for all £ € R. O

Now, let S = PV (P1)Py — PoW(P;)P1. Then S = —S*. Defining a map O :
R— Rby O(F) =V(E)—(ES—SE) for all E € R. It is easy to verify that for
all B, F,G e R,O(E@F®:G) =0(F)oF®.G+EeO(F)®.G+E0F®:0(G).
Remark 2.16. © has the following properties

(2) O(E*) =0O(E)* for all F € R,
i1) © is additive,
i) O(P, )— 0, forl 1,2,
(iv) (1) =
v) O is a * -derivation if and only if ¥ is a x-derivation and ©(CE) =
(O(F) for all E € R.

Lemma 2.17. O(R;;) C Ry, 6,5 = 1,2.
Proof. For E;j € ;5,1 <1 # j < 2. Using the above Remark 2.16,

20(E;j) =01 @P; & Ejy) =10 P, ®: O(E;;) = 2P,0(E;;) + 2(0(E;;)P;
It gives P,O(E;;)P; = P;O(E;;)P; = 0. On the other hand, we have
0=0{0L;®P;) =100(E;)®:P; =20(E;;)®:P; = 20(E;;)Pi+2(P;O(E;;)"

It gives P,O(E;;)P; = 0. Now, we get O(E;;) = PiO(E;;))Pi € Ry, 1 <i#j < 2.

Let E; € Ry, i = 1,2. We have 0 = @(I@P ®¢ Eii) =10 P; ® O(E;) =
2P; ®¢ O(Ey;) = 2P; @( Ey) + 2CO(E;)P;. It gives P,O(E;)P; = P;O( 11)772 =
0, 1 <i# j <2 Now, welet O(E;) = P,O(E;)P: + P;O( u)P For any
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Fj € Rij, 1 <i# 35 <2, Since O(F;;) € RN;j, we have 0 = O( ©® F;; ®¢ Ej;) =
I0O(F;)®c Ey+ 10 Fj®:O(Ey;) = O(Fy;) ®c Eyi+ Fi; ®: O(Ey) = F; ®:O(Ey)
holds true for any Fj; € R;;, 1 <i# j < 2. It follows from (2.1) and (2.2) that
P;O(E;)P; = 0. Now we get O(E;;) = P,O(E;)P; € Ry, i =1,2. O
Lemma 2.18. For E;;, F;; € ®;; and E;j, Fjj € Ry, 1 <i# j <2, we have
(1) O(EiiFyj) = O(Ey) Fy; + EiO(F),
(i) O(EuFy) = O(E;) Fiy + ExO(Fy),
(ii1) O(E Fyi) = O(Ei;) Fyi + Ei;0(Fji),
(iv) O(E;; Fj;) = O(E;) Fj; + EijO(Fj;).
Proof. (i) By using Remark 2.16 that © is additive, we have
O(I ® E; ® Fy;) = O(2E; ®¢ Fy;) = 20(E,Fy).
On the other hand, using Lemma 2.15 and ©(/) = 0, we have
O(I ® E; ® Fy) =1 @ O(Ey) ® Fyj + 1 © Ey; ®¢ O(Fy)
=20(Ej;) ®¢ Fyj + 2E;; ®¢ O(F)
=20(E;)F;; + 2E,;0(F;).
By comparing the above two equations, we get
O(EiiFi;) = O(Ei) Fyj + Ei©(F;).
(i1) Now, for any G;; € R;;, we have from Lemma 2.17, that
O(E;i Fi)Gij + EiFii©(Giy) =0(Ei FiuGij)
=O(Ey) FiuGij + EyO(FuGij)
=0(E;) FiuGij + Ei©(F)Gij + £ Fi©(Gij).
Hence (O(E;;F;;) — ©(Ey)Fyi — E;O(F;))Gi; = 0, for any G;; € R;;, It follows
that
O(EiiFii) = O(Ly) Fii + Ei©(Fy).
(i73) By using Remark 2.16 that © is additive, we have
O(I ® E;; ®¢ Fj;) = O(2E;; ®¢ Fj;) = 20(E;; Fy;).
On the other hand, using Lemma 2.15 and ©(/) = 0, we have
Ol ® E;jj & Fj;) =1 @ O(Ey;) ®¢ Fji + 1 © E;; & O(F};)
=20(E;;) ®¢ Fji + 2E;; ®¢ O(Fj:)
=20(Ey) Fj; + 2E;0(Fy).
By comparing the above two equations, we get
O(EijFji) = O(Ei;) Fji + EO(Fjq).
(iv) For any Gj; € Rj; (i # j), we have from Lemma 2.17, that
G;iO(EiFj5) + O(Gji) Eij Fj; =0(GjiEiFyj)
=0(GjiEij) Fjj + G By O (Fj;5)
=0(Gji) EijFjj + G50 (Ey) Fjj + G5 EiO(Fj;).



198 M. A. SIDDEEQUE, M. S. ALAM, R. A. BHAT

Hence G]Z(@(EZ]F”) — @(EZ)}FN - EZ]@(P}])) = 0, for any Gji € §Rji . It follows
that

O(E;;Fy;) = O(Ey) Fy; + Eij©(F};).
O
Lemma 2.19. VU is an additive derivation.

Proof. It follows from Lemma 2.17 that 0 = ©(E;; Fy;) = O(E;;) Fu + Ei;0(Fu),
if i,7,k,1 € {1,2}, j # k. By Lemma 2.18 and additivity of O, it is easy to show
that © is an additive derivation. Hence ¥ is an additive derivation. O

Proof of Theorem 2.1. Now, by the Remark 2.16 and Lemma 2.19, we get that
U is an additive *-derivation and V((E) = (V(E) for all E € R.
O
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