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NONLINEAR MIXED ζ-JORDAN TRIPLE ∗-DERIVATIONS ON
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Abstract. Let ℜ be a unital ∗-algebra containing a nontrivial projection.
Let ζ be a nonzero scalar. In this paper, under some mild conditions on ℜ, we
prove that a mapping Ψ : ℜ −→ ℜ satisfies

Ψ(E ⊚ F ⊛ζ G) = Ψ(E)⊚ F ⊛ζ G+ E ⊚Ψ(F )⊛ζ G+ E ⊚ F ⊛ζ Ψ(G),

for all E,F,G ∈ ℜ if and only if Ψ is an additive ∗-derivation and Ψ(ζE) =
ζΨ(E) for all E ∈ ℜ.

1. Introduction and preliminaries

Let ℜ be a ∗-algebra over the complex field C. For E,F ∈ ℜ, E⊚F = EF+FE
and E ⊛ζ F = EF + ζFE∗ denote Jordan and ζ-Jordan ∗-product of E and F ,
respectively. If ζ = −1, then ζ-Jordan ∗-product becomes the skew Lie product.
They were extensively studied because these naturally arise in the problem of
representing quadratic functionals (for details see [8, 9, 10, 11]) with sesquilinear
functionals and in the problem of characterizing ideals (for details see [2] and [6]).
A mapping Ψ between ∗-algebras ℜ and F is said to preserve the ζ-Jordan ∗-
product if Ψ(E ⊛ζ F ) = Ψ(E)⊛ζ Ψ(F ) for all E,F ∈ ℜ. Recently, many authors
have paid more attention to the mappings preserving the ζ-Jordan ∗-product
between ∗-algebra (for details see [1, 3, 4, 5]).

Recall that an additive map Ψ : ℜ −→ ℜ is said to be an additive derivation
if Ψ(EF ) = Ψ(E)F + EΨ(F ) for all E,F ∈ ℜ. Furthermore, Ψ is said to be an
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additive ∗-derivation if it is an additive derivation and satisfies Ψ(E∗) = Ψ(E)∗ for
all E ∈ ℜ. Let Ψ : ℜ −→ ℜ be a mapping (without the additivity assumption).
We say Ψ is a nonlinear Jordan derivation if

Ψ(E ⊚ F ) = Ψ(E)⊚ F + E ⊚Ψ(F ),

and in the similar lines, Ψ is said to be a ζ-Jordan ∗-derivation if
Ψ(E ⊛ζ F ) = Ψ(E)⊛ζ F + E ⊛ζ Ψ(F )

holds for all E,F ∈ ℜ.
Taking into account of nonlinear Jordan derivation or ζ-Jordan ∗-derivation,

we can enhance their development in a natural manner. A map Ψ : ℜ −→ ℜ is
said to be a nonlinear Jordan triple derivation if

Ψ(E ⊚ F ⊚G) = Ψ(E)⊚ F ⊚G+ E ⊚Ψ(F )⊚G+ E ⊚ F ⊚Ψ(G),

and in the similar way, Ψ is said to be a ζ-Jordan ∗-triple derivation if
Ψ(E ⊛ζ F ⊛ζ G) = Ψ(E)⊛ζ F ⊛ζ G+ E ⊛ζ Ψ(F )⊛ζ G+ E ⊛ζ F ⊛ζ Ψ(G)

holds for all E,F,G ∈ ℜ. Here E ⊛ζ F ⊛ζ G stands for (E ⊛ζ F )⊛ζ G.
In the past few years, there has been a notable surge in research dedicated

to the investigation of mixed Lie or Jordan products, capturing the interest of
numerous researchers in different algebras. Yaoxian and Jianhua [13] proved that
every nonlinear mixed Lie triple derivation on factor von Neumann algebras is
an additive ∗-derivation. Taghavi , Rohi and Darvish [12] proved that every non-
linear ∗-Jordan derivations on von Neumann algebras is an additive ∗-derivation.
In, Zhou, Yang, and Zhang [14] proved that every nonlinear mixed Lie triple
derivation on prime ∗-algebras is an additive ∗-derivation. Moreover, Rehman et
al. in [7], proved that every nonlinear mixed Jordan triple derivation on unital
∗-algebras is an additive ∗-derivation.

Motivated by the above results, in this paper, we prove that a nonlinear mixed
ζ-Jordan triple ∗-derivation on ∗-algebras is an additive ∗-derivation. A map
Ψ : ℜ −→ ℜ is said to be a nonlinear mixed ζ-Jordan triple ∗-derivation if

Ψ(E ⊚ F ⊛ζ G) = Ψ(E)⊚ F ⊛ζ G+ E ⊚Ψ(F )⊛ζ G+ E ⊚ F ⊛ζ Ψ(G)

for all E,F,G ∈ ℜ.

2. Main results

The following is the main result presented in this paper.

Theorem 2.1. Let ℜ be a unital ∗-algebra with unit I containing a nontrivial
projection P such that

XℜP = 0 =⇒ X = 0, (2.1)
Xℜ(I − P) = 0 =⇒ X = 0, (2.2)

and let ζ be a nonzero scalar. Then a mapping Ψ : ℜ −→ ℜ satisfies
Ψ(E ⊚ F ⊛ζ G) = Ψ(E)⊚ F ⊛ζ G+ E ⊚Ψ(F )⊛ζ G+ E ⊚ F ⊛ζ Ψ(G) (2.3)

for all E,F,G ∈ ℜ if and only if Ψ is an additive ∗-derivation and Ψ(ζE) = ζΨ(E)
for all E ∈ ℜ.
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Let P1 = P and let P2 = I − P . Denote ℜi,j = PiℜPj for i, j = 1, 2. By the
Peirce decomposition of ℜ, we have ℜ =

∑2
i,j=1 ℜi,j. In all that follows, when we

write Ei,j, it indicates that Ei,j ∈ ℜi,j. It is evident that our focus should be on
proving the necessity. To accomplish this, we will present a series of lemmas to
complete the proof of the theorem.
Lemma 2.2. With above notation, Ψ(0) = 0.

Proof. it follows from Ψ(0) = Ψ(0 ⊚ 0 ⊛ζ 0) = Ψ(0) ⊚ 0 ⊛ζ 0 + 0 ⊚ Ψ(0) ⊛ζ 0 +
0⊚ 0⊛ζ Ψ(0) = 0. □
Lemma 2.3. For i, j, k ∈ {1, 2}, i ̸= j, Ekk ∈ ℜkk, Fij ∈ ℜij, we have

Ψ(Ekk + Fij) = Ψ(Ekk) + Ψ(Fij).

Proof. We only prove the case when i = k = 1, j = 2. The proof of the other case
is similar. Let W = Ψ(E11+F12)−Ψ(E11)−Ψ(F12). We only need to prove that
W = 0. For any λ ∈ C, since I

2
⊚(λP2)⊛ζE11 = 0 and I

2
⊚(λP2)⊛ζ (E11+F12) =

I
2
⊚ (λP2)⊛ζ F12. It follows from Lemma 2.2, that

Ψ(
I

2
)⊚ (λP2)⊛ζ (E11 + F12) +

I

2
⊚Ψ(λP2)⊛ζ (E11 + F12)

+
I

2
⊚ (λP2)⊛ζ Ψ(E11 + F12)

=Ψ(
I

2
⊚ (λP2)⊛ζ (E11 + F12)

=Ψ(
I

2
⊚ (λP2)⊛ζ E11) + Ψ(

I

2
⊚ (λP2)⊛ζ F12)

=Ψ(
I

2
)⊚ (λP2)⊛ζ E11 +

I

2
⊚Ψ(λP2)⊛ζ E11 +

I

2
⊚ (λP2)⊛ζ Ψ(E11)

+ Ψ(
I

2
)⊚ (λP2)⊛ζ F12 +

I

2
⊚Ψ(λP2)⊛ζ F12 +

I

2
⊚ (λP2)⊛ζ Ψ(F12).

Hence I
2
⊚ (λP2) ⊛ζ W = 0, that is λP2W + λζWP2 = 0, for any λ ∈ C. Let

λ+ λζ ̸= 0. We get W12 = 0,W21 = 0 and W22 = 0.
Similarly, since I

2
⊚(λζP1−λP2)⊛ζF12 = 0 and I

2
⊚(λζP1−λP2)⊛ζ (E11+F12) =

I
2
⊚ (λζP1 − λP2)⊛ζ E11. it follows that

Ψ(
I

2
)⊚ (λζP1 − λP2)⊛ζ (E11 + F12) +

I

2
⊚Ψ(λζP1 − λP2)⊛ζ (E11 + F12)

+
I

2
⊚ (λζP1 − λP2)⊛ζ Ψ(E11 + F12)

=Ψ(
I

2
⊚ (λζP1 − λP2)⊛ζ (E11 + F12))

=Ψ(
I

2
⊚ (λζP1 − λP2)⊛ζ E11) + Ψ(

I

2
⊚ (λζP1 − λP2)⊛ζ F12)

=Ψ(
I

2
)⊚ (λζP1 − λP2)⊛ζ E11 +

I

2
⊚Ψ(λζP1 − λP2)⊛ζ E11

+
I

2
⊚ (λζP1 − λP2)⊛ζ Ψ(E11) + Ψ(

I

2
)⊚ (λζP1 − λP2)⊛ζ F12
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+
I

2
⊚Ψ(λζP1 − λP2)⊛ζ F12 +

I

2
⊚ (λζP1 − λP2)⊛ζ Ψ(F12).

Hence I
2
⊚ (λζP1 − λP2)⊛ζ W = 0, that is (λ+ λζ)ζW11 = 0, for any λ ∈ C and

then W11 = 0. Now we get W = 0, hence Ψ(E11 + F12) = Ψ(E11) + Ψ(F12). □
Lemma 2.4. For E11 ∈ ℜ11, F22 ∈ ℜ22, we have Ψ(E11+F22) = Ψ(E11)+Ψ(F22).

Proof. We only need to show that W = Ψ(E11 + F22) − Ψ(E11) − Ψ(F22) =
0. For any λ ∈ C, I

2
⊚ (λP1) ⊛ζ F22 = 0 and I

2
⊚ (λP1) ⊛ζ (E11 + F22) = I

2
⊚

(λP1)⊛ζ E11. It follows that

Ψ(
I

2
)⊚ (λP1)⊛ζ (E11 + F22) +

I

2
⊚Ψ(λP1)⊛ζ (E11 + F22)

+
I

2
⊚ (λP1)⊛ζ Ψ(E11 + F22)

=Ψ(
I

2
⊚ (λP1)⊛ζ (E11 + F22))

=Ψ(
I

2
⊚ (λP1)⊛ζ E11) + Ψ(

I

2
⊚ (λP1)⊛ζ F22)

=Ψ(
I

2
)⊚ (λP1)⊛ζ E11 +

I

2
⊚Ψ(λP1)⊛ζ E11 +

I

2
⊚ (λP1)⊛ζ Ψ(E11)

+ Ψ(
I

2
)⊚ (λP1)⊛ζ F22 +

I

2
⊚Ψ(λP1)⊛ζ F22 +

I

2
⊚ (λP1)⊛ζ Ψ(F22).

Hence I
2
⊚ (λP1) ⊛ζ W = 0, that is λP1W + λζWP1 = 0, for any λ ∈ C. Let

λ+λζ ̸= 0. We get W11 = 0,W12 = 0 and W21 = 0. Similarly, we can get W22 = 0.
Therefore, the Lemma has been proven. □
Lemma 2.5. For E12 ∈ ℜ12, F21 ∈ ℜ21, we have Ψ(E12+F21) = Ψ(E12)+Ψ(F21).

Proof. We only need to prove that W = Ψ(E12 + F21) − Ψ(E12) − Ψ(F21) =
0. For any λ ∈ C, I

2
⊚(λζP1−λP2)⊛ζE12 = 0 and I

2
⊚(λζP1−λP2)⊛ζ(E12+F21) =

I
2
⊚ (λζP1 − λP2)⊛ζ F21. It follows that

Ψ(
I

2
)⊚ (λζP1 − λP2)⊛ζ (E12 + F21) +

I

2
⊚Ψ(λζP1 − λP2)⊛ζ (E12 + F21)

+
I

2
⊚ (λζP1 − λP2)⊛ζ Ψ(E12 + F21)

=Ψ(
I

2
⊚ (λζP1 − λP2)⊛ζ (E12 + F21))

=Ψ(
I

2
⊚ (λζP1 − λP2)⊛ζ E12) + Ψ(

I

2
⊚ (λζP1 − λP2)⊛ζ F21)

=Ψ(
I

2
)⊚ (λζP1 − λP2)⊛ζ E12 +

I

2
⊚Ψ(λζP1 − λP2)⊛ζ E12

+
I

2
⊚ (λζP1 − λP2)⊛ζ Ψ(E12) + Ψ(

I

2
)⊚ (λζP1 − λP2)⊛ζ F21

+
I

2
⊚Ψ(λζP1 − λP2)⊛ζ F21 +

I

2
⊚ (λζP1 − λP2)⊛ζ Ψ(F21).
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Hence I
2
⊚ (λζP1 − λP2)⊛ζ W = 0, that is (λ+ λζ)ζW11 = 0, for any λ ∈ C, and

then W11 = W22 = 0. Now since I
2
⊚ E12 ⊛ζ P1 = 0, it follows that

Ψ(
I

2
)⊚ (E12 + F21)⊛ζ P1 +

I

2
⊚Ψ(E12 + F21)⊛ζ P1 +

I

2
⊚ (E12 + F21)⊛ζ Ψ(P1)

=Ψ(
I

2
⊚ (E12 + F21)⊛ζ P1)

=Ψ(
I

2
⊚ E12 ⊛ζ P1) + Ψ(

I

2
⊚ F21 ⊛ζ P1)

=Ψ(
I

2
)⊚ E12 ⊛ζ P1 +

I

2
⊚Ψ(E12)⊛ζ P1 +

I

2
⊚ E12 ⊛ζ Ψ(P1)

+ Ψ(
I

2
)⊚ F21 ⊛ζ P1 +

I

2
⊚Ψ(F21)⊛ζ P1 +

I

2
⊚ F21 ⊛ζ Ψ(P1).

Hence I
2
⊚ W ⊛ζ P1 = 0, from which we get that W21 = 0. Similarly, we have

W12 = 0. Proving the Lemma. □

Lemma 2.6. For any E11 ∈ ℜ11, F12 ∈ ℜ12, G21 ∈ ℜ21, we have

Ψ(E11 + F12 +G21) = Ψ(E11) + Ψ(F12) + Ψ(G21) and
Ψ(E22 + F12 +G21) = Ψ(E22) + Ψ(F12) + Ψ(G21).

Proof. We only prove, W = Ψ(E11+F12+G21)−Ψ(E11)−Ψ(F12)−Ψ(G21) = 0.
Similarly, we can show that Ψ(E22 + F12 +G21) = Ψ(E22) + Ψ(F12) + Ψ(G21).

For any λ ∈ C, since I
2
⊚ (λP2)⊛ζ E11 = 0. It follows from Lemma 2.5, that

Ψ(
I

2
)⊚ (λP2)⊛ζ (E11 + F12 +G21) +

I

2
⊚Ψ(λP2)⊛ζ (E11 + F12 +G21)

+
I

2
⊚ (λP2)⊛ζ Ψ(E11 + F12 +G21)

=Ψ(
I

2
⊚ (λP2)⊛ζ (E11 + F12 +G21))

=Ψ(
I

2
⊚ (λP2)⊛ζ E11) + Ψ(

I

2
⊚ (λP2)⊛ζ (F12 +G21))

=Ψ(
I

2
)⊚ (λP2)⊛ζ E11 +

I

2
⊚Ψ(λP2)⊛ζ E11 +

I

2
⊚ (λP2)⊛ζ Ψ(E11)

+ Ψ(
I

2
)⊚ (λP2)⊛ζ (F12 +G21) +

I

2
⊚Ψ(λP2)⊛ζ (F12 +G21)

+
I

2
⊚ (λP2)⊛ζ (Ψ(F12) + Ψ(G21)).

Hence I
2
⊚(λP2)⊛ζW = 0, for any λ ∈ C. Let λ+λζ ̸= 0. We get W12 = 0,W21 = 0

and W22 = 0. Since I
2
⊚ (λP1−λζP2)⊛ζ G21 = 0, it follows from Lemma 2.2 that

Ψ(
I

2
)⊚ (λP1 − λζP2)⊛ζ (E11 + F12 +G21)

+
I

2
⊚Ψ(λP1 − λζP2)⊛ζ (E11 + F12 +G21)
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+
I

2
⊚ (λP1 − λζP2)⊛ζ Ψ(E11 + F12 +G21)

=Ψ(
I

2
⊚ (λP1 − λζP2)⊛ζ (E11 + F12 +G21))

=Ψ(
I

2
⊚ (λP1 − λζP2)⊛ζ (E11 + F12)) + Ψ(

I

2
⊚ (λP1 − λζP2)⊛ζ G21)

=Ψ(
I

2
⊚ (λP1 − λζP2)⊛ζ E11) + Ψ(

I

2
⊚ (λP1 − λζP2)⊛ζ F12)

=Ψ(
I

2
)⊚ (λP1 − λζP2)⊛ζ (E11 + F12 +G21)

+
I

2
⊚Ψ(λP1 − λζP2)⊛ζ (E11 + F12 +G21)

+
I

2
⊚ (λP1 − λζP2)⊛ζ (Ψ(E11) + Ψ(F12) + Ψ(G21)).

Hence I
2
⊚ (λP1 − λζP2) ⊛ζ W = 0, for any λ ∈ C. From which we get that

W11 = 0, proving the Lemma. □

Lemma 2.7. For Eij ∈ ℜij, Fij ∈ ℜij, 1 ≤ i ̸= j ≤ 2, we have Ψ(Eij + Fij) =
Ψ(Eij) + Ψ(Fij).

Proof. It can be easily shown that I
2
⊚ (Pi+Fij)⊛ζ (Pj+Fij) = Eij+Fij+ζE∗

ij+
ζFijE

∗
ij. It follows from Lemmas 2.3 and 2.6, that

Ψ(Eij + Fij) + Ψ(ζE∗
ij) + Ψ(ζFijE

∗
ij)

=Ψ(
I

2
⊚ (Pi + Fij)⊛ζ (Pj + Fij))

=Ψ(
I

2
)⊚ (Pi + Fij)⊛ζ (Pj + Fij) +

I

2
⊚Ψ(Pi + Fij)⊛ζ (Pj + Fij)

+
I

2
⊚ (Pi + Fij)⊛ζ Ψ(Pj + Fij)

=Ψ(
I

2
)⊚ (Pi + Fij)⊛ζ (Pj + Fij) +

I

2
⊚ (Ψ(Pi) + Ψ(Fij))⊛ζ (Pj + Fij)

+
I

2
⊚ (Pi + Fij)⊛ζ (Ψ(Pj) + Ψ(Fij))

=Ψ(
I

2
⊚ Pi ⊛ζ Pj) + Ψ(

I

2
⊚ Pi ⊛ζ Fij) + Ψ(

I

2
⊚ Eij ⊛ζ Pj) + Ψ(

I

2
⊚ Eij ⊛ζ Fij)

=Ψ(Fij) + Ψ(Eij + ζE∗
ij) + Ψ(ζFijE

∗
ij)

=Ψ(Eij) + Ψ(Fij) + Ψ(ζE∗
ij) + Ψ(ζFijE

∗
ij).

Consequently, Ψ(Eij + Fij) = Ψ(Eij) + Ψ(Fij). □

Lemma 2.8. For Eii ∈ ℜii, Fii ∈ ℜii, i = 1, 2, we have Ψ(Eii + Fii) = Ψ(Eii) +
Ψ(Fii).

Proof. Let W = Ψ(Eii+Fii)−Ψ(Eii)−Ψ(Fii). We only need to prove W = 0. For
any λ ∈ C, since I

2
⊚ (λPj)⊛ζ Eii =

I
2
⊚ (λPj)⊛ζ Fii =

I
2
⊚ (λPj)⊛ζ (Eii +Fii) =
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0 (i ̸= j), it follows that

Ψ(
I

2
⊚ (λPj)⊛ζ (Eii + Fii)) = Ψ(

I

2
⊚ (λPj)⊛ζ Eii) + Ψ(

I

2
⊚ (λPj)⊛ζ Fii).

Hence I
2
⊚ (λPj)⊛ζ W = 0. From which we get that Wij = Wji = Wjj = 0.

For any, Gij ∈ ℜij(i ̸= j), it follows from Lemma 2.7, that

Ψ(
I

2
)⊚ (Eii + Fii)⊛ζ Gij +

I

2
⊚Ψ(Eii + Fii)⊛ζ Gij +

I

2
⊚ (Eii + Fii)⊛ζ Ψ(Gij)

=Ψ(
I

2
⊚ (Eii + Fii)⊛ζ Gij)

=Ψ(
I

2
⊚ (Eii ⊛ζ Gij)) + Ψ(

I

2
⊚ (Fii ⊛ζ Gij))

=Ψ(
I

2
)⊚ (Eii + Fii)⊛ζ Gij +

I

2
⊚ (Ψ(Eii) + Ψ(Fii))⊛ζ Gij

+
I

2
⊚ (Eii + Fii)⊛ζ Ψ(Gij).

Hence I
2
⊚Wii ⊛ζ Gij = 0, that is WiiGij = 0, for all Gij ∈ ℜij, WiiGPj = 0 for

all G ∈ ℜ. It follows from (2.1) and (2.2) that Wii = 0. Proving the Lemma. □

Lemma 2.9. For any E11 ∈ ℜ11, F12 ∈ ℜ12, G21 ∈ ℜ21, H22 ∈ ℜ22, we have
Ψ(E11 + F12 +G21 +H22) = Ψ(E11) + Ψ(F12) + Ψ(G21) + Ψ(H22).

Proof. Let W = Ψ(E11+F12+G21+H22)−Ψ(E11)−Ψ(F12)−Ψ(G21)−Ψ(H22).
We only need to prove that T = 0. For any λ ∈ C, since I

2
⊚ (λP1) ⊛ζ H22 = 0,

it follows from Lemma 2.6, that

Ψ(
I

2
)⊚ (λ̄P1)⊛ζ (E11 + F12 +G21 +H22)

+
I

2
⊚Ψ(λ̄P1)⊛ζ (E11 + F12 +G21 +H22)

+
I

2
⊚ (λ̄P1)⊛ζ Ψ(E11 + F12 +G21 +H22)

=Ψ(
I

2
⊚ (λ̄P1)⊛ζ (E11 + F12 +G21 +H22))

=Ψ(
I

2
⊚ (λ̄P1)⊛ζ (E11 + F12 +G21)) + Ψ(

I

2
⊚ (λ̄P1)⊛ζ (H22))

=Ψ(
I

2
)⊚ (λ̄P1)⊛ζ (E11 + F12 +G21 +H22)

+
I

2
⊚Ψ(λ̄P1)⊛ζ (E11 + F12 +G21 +H22)

+
I

2
⊚ (λ̄P1)⊛ζ (Ψ(E11) + Ψ(F12) + Ψ(G21) + Ψ(H22)).

Hence I
2
⊚ (λP1)⊛ζ W = 0, for any λ ∈ C. From which we have W11 = 0,W12 =

0,W21 = 0.
Similarly, we get W22 = 0. Hence the Lemma stands proved. □



NONLINEAR MIXED ζ-JORDAN TRIPLE ∗-DERIVATIONS 195

Lemma 2.10. Ψ is additive.

Proof. One can easily observe this by combining consequences of Lemmas 2.7–
2.9. □

Lemma 2.11. (i) P1Ψ(P1)P2 = −P1Ψ(P2)P2,
(ii) P2Ψ(P1)P1 = −P2Ψ(P2)P1,
(iii) P1Ψ(P2)P1 = P2Ψ(P1)P2 = 0.

Proof. (i) It follows from P1 ⊚ P1 ⊛ζ P2 = 0 and by Lemma 2.2,
0 =Ψ(P1 ⊚ P1 ⊛ζ P2)

=Ψ(P1)⊚ P1 ⊛ζ P2 + P1 ⊚Ψ(P1)⊛ζ P2 + P1 ⊚ P1 ⊛ζ Ψ(P2)

=2P1Ψ(P1)P2 + 2ζP2Ψ(P1)
∗P1 + 2P1Ψ(P2) + 2ζΨ(P2)P1.

Multiplying both sides by P1 from left and by P2 from right, we get
P1Ψ(P1)P2 = −P1Ψ(P2)P2

(ii) It follows from P2 ⊚ P2 ⊛ζ P1 = 0 and by Lemma 2.2,
0 =Ψ(P2 ⊚ P2 ⊛ζ P1)

=Ψ(P2)⊚ P2 ⊛ζ P1 + P2 ⊚Ψ(P2)⊛ζ P1 + P2 ⊚ P2 ⊛ζ Ψ(P1)

=2P2Ψ(P2)P1 + 2ζP1Ψ(P2)
∗P2 + 2P2Ψ(P1) + 2ζΨ(P1)P2.

Multiplying both sides by P2 from left and by P1 from right, we get
P2Ψ(P2)P1 = −P2Ψ(P1)P1.

(iii) We assume that ζ ̸=−1. From (i) we have 2P1Ψ(P1)P2 + 2ζP2Ψ(P1)
∗P1 +

2P1Ψ(P2) + 2ζΨ(P2)P1 = 0. Multiplying both sides of this equation by P1

from left and right respectively, we get P1Ψ(P2)P1 = 0. From (ii) we have
2P2Ψ(P2)P1 + 2ζP1Ψ(P2)

∗P2 + 2P2Ψ(P1) + 2ζΨ(P1)P2 = 0. Multiplying both
sides of this equation by P2 from left and right respectively, we get P2Ψ(P1)P2 =
0. □

Lemma 2.12. P1Ψ(P1)P1 = P2Ψ(P2)P2 = 0.

Proof. For every E12 ∈ ℜ12, we have Ψ(P1 ⊚ P1 ⊛ζ E12) = 2Ψ(E12).
On the other hand, we have

Ψ(P1 ⊚ P1 ⊛ζ E12) =Ψ(P1)⊚ P1 ⊛ζ E12 + P1 ⊚Ψ(P1)⊛ζ E12

+ P1 ⊚ P1 ⊛ζ Ψ(E12)

=2Ψ(P1)P1E12 + 2P1Ψ(P1)E12 + 2ζE12Ψ(P1)
∗P1

+ 2P1Ψ(E12) + 2ζΨ(E12)P1.

On comparing the above two equations, we get Ψ(P1)P1E12 + P1Ψ(P1)E12 +
ζE12Ψ(P1)

∗P1 +P1Ψ(E12) + ζΨ(E12)P1 −Ψ(E12) = 0. Multiplying last equation
by P1 from the left and by P2 from the right, we get P1Ψ(P1)E12 = 0, that
is, P1Ψ(P1)P1EP2 = 0, for all E ∈ ℜ. It follows from (2.1) and (2.2) that
P1Ψ(P1)P1 = 0. Similarly, we can prove that P2Ψ(P2)P2 = 0. □
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Lemma 2.13. (i) Ψ(P1) = P1Ψ(P1)P2+P2Ψ(P1)P1, Ψ(P2) = P1Ψ(P2)P2+
P2Ψ(P2)P1,

(ii) Ψ(I) = 0.

Proof. (i) By using Peirce decomposition, we can write
Ψ(P1) = P1Ψ(P1)P1 + P1Ψ(P1)P2 + P2Ψ(P1)P1 + P2Ψ(P1)P2.

Using Lemmas 2.11 and 2.12 we get Ψ(P1) = P1Ψ(P1)P2+P2Ψ(P1)P1. Similarly,
we can show that Ψ(P2) = P1Ψ(P2)P2 + P2Ψ(P2)P1.

(ii) It follows from Lemmas 2.9-2.11, that Ψ(I) = Ψ(P1)+Ψ(P2) = P1Ψ(P1)P2

+ P2Ψ(P1)P1 + P1Ψ(P2)P2 + P2Ψ(P2)P1 = 0. □
Lemma 2.14. Ψ(E∗) = Ψ(E)∗ for all E ∈ ℜ.

Proof. From Lemma 2.10, we have Ψ(E ⊚ I ⊛ζ I) = Ψ(2E + 2ζE∗) = 2Ψ(E) +
2ζΨ(E∗). On the other hand, using Lemma 2.13(ii), we have

Ψ(E ⊚ I ⊛ζ I) = Ψ(E)⊚ I ⊛ζ I = 2Ψ(E) + 2ζΨ(E)∗.

By comparing the above equations, we find Ψ(E∗) = Ψ(E)∗. □
Lemma 2.15. Ψ(ζE) = ζΨ(E) for all E ∈ ℜ.

Proof. For any E ∈ ℜ, it follows from Ψ(I) = 0 that
2Ψ(E) + 2Ψ(ζE) = Ψ(I ⊚ I ⊛ζ E) = (2I)⊛ζ Ψ(E) = 2Ψ(E) + 2ζΨ(E).

Hence, Ψ(ζE) = ζΨ(E) for all E ∈ ℜ. □
Now, let S = P1Ψ(P1)P2 − P2Ψ(P1)P1. Then S = −S∗. Defining a map Θ :

ℜ −→ ℜ by Θ(E) = Ψ(E)−(ES−SE) for all E ∈ ℜ. It is easy to verify that for
all E,F,G ∈ ℜ,Θ(E⊚F⊛ζG) = Θ(E)⊚F⊛ζG+E⊚Θ(F )⊛ζG+E⊚F⊛ζΘ(G).

Remark 2.16. Θ has the following properties
(i) Θ(E∗) = Θ(E)∗ for all E ∈ ℜ,
(ii) Θ is additive,
(iii) Θ(Pi) = 0, for i= 1,2,
(iv) Θ(I) = 0,
(v) Θ is a ∗ -derivation if and only if Ψ is a ∗-derivation and Θ(ζE) =

ζΘ(E) for all E ∈ ℜ.

Lemma 2.17. Θ(ℜij) ⊆ ℜij, i, j = 1, 2.

Proof. For Eij ∈ ℜij, 1 ≤ i ̸= j ≤ 2. Using the above Remark 2.16,
2Θ(Eij) = Θ(I ⊚ Pi ⊛ζ Eij) = I ⊚ Pi ⊛ζ Θ(Eij) = 2PiΘ(Eij) + 2ζΘ(Eij)Pi

It gives PiΘ(Eij)Pi = PjΘ(Eij)Pj = 0. On the other hand, we have
0 = Θ(I⊚Eij⊛ζPi) = I⊚Θ(Eij)⊛ζPi = 2Θ(Eij)⊛ζPi = 2Θ(Eij)Pi+2ζPiΘ(Eij)

∗

It gives PjΘ(Eij)Pi = 0. Now, we get Θ(Eij) = PiΘ(Eij)Pi ∈ ℜij, 1 ≤ i ̸= j ≤ 2.
Let Eii ∈ ℜii, i = 1, 2. We have 0 = Θ(I ⊚ Pj ⊛ζ Eii) = I ⊚ Pj ⊛ζ Θ(Eii) =

2Pj ⊛ζ Θ(Eii) = 2PjΘ(Eii) + 2ζΘ(Eii)Pj. It gives PiΘ(Eii)Pj = PjΘ(Eii)Pi =
0, 1 ≤ i ̸= j ≤ 2. Now, we let Θ(Eii) = PiΘ(Eii)Pi + PjΘ(Eii)Pj. For any
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Fij ∈ ℜij, 1 ≤ i ̸= j ≤ 2, Since Θ(Fij) ∈ ℜij, we have 0 = Θ(I ⊚ Fij ⊛ζ Eii) =
I⊚Θ(Fij)⊛ζEii+I⊚Fij⊛ζΘ(Eii) = Θ(Fij)⊛ζEii+Fij⊛ζΘ(Eii) = Fij⊛ζΘ(Eii)
holds true for any Fij ∈ ℜij, 1 ≤ i ̸= j ≤ 2. It follows from (2.1) and (2.2) that
PjΘ(Eii)Pj = 0. Now we get Θ(Eii) = PiΘ(Eii)Pi ∈ ℜii, i = 1, 2. □
Lemma 2.18. For Eii, Fii ∈ ℜii and Eij, Fij ∈ ℜij, 1 ≤ i ̸= j ≤ 2, we have

(i) Θ(EiiFij) = Θ(Eii)Fij + EiiΘ(Fij),
(ii) Θ(EiiFii) = Θ(Eii)Fii + EiiΘ(Fii),
(iii) Θ(EijFji) = Θ(Eij)Fji + EijΘ(Fji),
(iv) Θ(EijFjj) = Θ(Eij)Fjj + EijΘ(Fjj).

Proof. (i) By using Remark 2.16 that Θ is additive, we have
Θ(I ⊚ Eii ⊛ζ Fij) = Θ(2Eii ⊛ζ Fij) = 2Θ(EiiFij).

On the other hand, using Lemma 2.15 and Θ(I) = 0, we have
Θ(I ⊚ Eii ⊛ζ Fij) =I ⊚Θ(Eii)⊛ζ Fij + I ⊚ Eii ⊛ζ Θ(Fij)

=2Θ(Eii)⊛ζ Fij + 2Eii ⊛ζ Θ(Fij)

=2Θ(Eii)Fij + 2EiiΘ(Fij).

By comparing the above two equations, we get
Θ(EiiFij) = Θ(Eii)Fij + EiiΘ(Fij).

(ii) Now, for any Gij ∈ ℜij, we have from Lemma 2.17, that
Θ(EiiFii)Gij + EiiFiiΘ(Gij) =Θ(EiiFiiGij)

=Θ(Eii)FiiGij + EiiΘ(FiiGij)

=Θ(Eii)FiiGij + EiiΘ(Fii)Gij + EiiFiiΘ(Gij).

Hence (Θ(EiiFii) − Θ(Eii)Fii − EiiΘ(Fii))Gij = 0, for any Gij ∈ ℜij, It follows
that

Θ(EiiFii) = Θ(Eii)Fii + EiiΘ(Fii).

(iii) By using Remark 2.16 that Θ is additive, we have
Θ(I ⊚ Eij ⊛ζ Fji) = Θ(2Eij ⊛ζ Fji) = 2Θ(EijFji).

On the other hand, using Lemma 2.15 and Θ(I) = 0, we have
Θ(I ⊚ Eij ⊛ζ Fji) =I ⊚Θ(Eij)⊛ζ Fji + I ⊚ Eij ⊛ζ Θ(Fji)

=2Θ(Eij)⊛ζ Fji + 2Eij ⊛ζ Θ(Fji)

=2Θ(Eij)Fji + 2EijΘ(Fji).

By comparing the above two equations, we get
Θ(EijFji) = Θ(Eij)Fji + EijΘ(Fji).

(iv) For any Gji ∈ ℜji (i ̸= j), we have from Lemma 2.17, that
GjiΘ(EijFjj) + Θ(Gji)EijFjj =Θ(GjiEijFjj)

=Θ(GjiEij)Fjj +GjiEijΘ(Fjj)

=Θ(Gji)EijFjj +GjiΘ(Eij)Fjj +GjiEijΘ(Fjj).
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Hence Gji(Θ(EijFjj)−Θ(Eij)Fjj −EijΘ(Fjj)) = 0, for any Gji ∈ ℜji . It follows
that

Θ(EijFjj) = Θ(Eij)Fjj + EijΘ(Fjj).

□
Lemma 2.19. Ψ is an additive derivation.
Proof. It follows from Lemma 2.17 that 0 = Θ(EijFkl) = Θ(Eij)Fkl + EijΘ(Fkl),
if i, j, k, l ∈ {1, 2}, j ̸= k. By Lemma 2.18 and additivity of Θ, it is easy to show
that Θ is an additive derivation. Hence Ψ is an additive derivation. □
Proof of Theorem 2.1. Now, by the Remark 2.16 and Lemma 2.19, we get that
Ψ is an additive ∗-derivation and Ψ(ζE) = ζΨ(E) for all E ∈ ℜ.

□
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