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ABSTRACT. This paper introduces the concept of generalized slant H-Toeplitz
operators on the Bergman space. It entails obtaining the matrix representation
of the operator corresponding to the harmonic symbols. Additionally, the paper
delves into the algebraic properties of the operator, presents its invariant space,
and studies its Berezin transform. Through this study, we provide a deeper
understanding of the generalized slant H-Toeplitz operators on the Bergman
space, opening avenues for further research and insights.

1. INTRODUCTION

Let D represent the open unit disc in the complex plane C. Let dA be the
normalized two dimensional Lebesgue measure on D. Consider the Banach space
L*(D,dA) comprising complex-valued, measurable functions f on DD that satisfy
111> = [, |f(2)]?dA(2) < co. The space L*(D,dA) forms the Hilbert space with
the inner product defined as

(f ) = / J(2)g(2)dA(2),

for all f and g in L?(D,dA). The Bergman space, denoted by A?%(ID), is defined
as the set of analytic functions in L*(ID,dA). An alternative description of the
Bergman space is given by
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A%(D) being a closed subspace of the Hilbert space L*(ID,dA), is a Hilbert space
itself. Tt is known that {p;(2)}52,, where p;(2) = Vi + 12 for z € D, forms an
orthonormal basis for the space A%(D). For a given z € D, the function defined on
D by ha(w) = —

YA T 0 Sz

the orthogonal projection from L?*(ID,dA) onto A*(D). Given that P(f) € A*(D)
for f € L?*(D,dA), using the property of reproducing kernel &, we obtain

is called reproducing kernel for z in A?(D). Let P denote

f(w)
PUNE = (Pr) = | s da)
The space L*(D,dA) is the Banach space of Lebesgue measurable functions f
on D with || ||, = esssup{|f(2)| : z € D} < oo. For a function ¢ € L*(ID, dA),
the multiplication operator My is defined as the operator My : L*(D,dA) —
L*(D,dA) such that My(f) = ¢ f for all f € L*(D,dA). The Toeplitz operator
Ty on the Bergman space with the symbol v is given by

Ty(f) = PMy(f) forall fe A*(D).

Consider the flip operator J on A?(D) defined by J(pi(2)) = ¢ir1(z) for all
nonnegative integers i. For the given symbol %, the Hankel operator H, on
A%(D) is defined by Hy(f) = PMyJ(f) for all f € A*(D).

In 1979, McDonald and Sundberg [7] initiated the discussion on Toeplitz oper-
ators in the setting of Bergman space. Subsequently, various properties of both
Toeplitz and Hankel operators have been studied extensively by several other
authors such as Axler, Stroethoff, Zeng [2, 8, 9, 11]. Over the years, mathemati-
cians have extended and generalized these operators, leading to the exploration of
intriguing subclasses with unique properties. In this context, the concept of slant
Toeplitz operators introduced by Ho [5] in 1996 and the subsequent characteriza-
tion of slant Hankel operators by Arora and collaborators [1] in 2006 have added
valuable insights and applications, particularly in areas like data compression,
interpolation problems, and perturbation theory.

This paper builds upon these advancements by introducing and investigating
the generalized slant H-Toeplitz operator on the Bergman space. The generalized
slant H-Toeplitz operator extends the study of the slant H-Toeplitz operators
conducted by Gupta and Singh [4] on the Hardy space. We aim to provide a
matrix representation for the harmonic symbol associated with the generalized
slant H-Toeplitz operator, offering a concrete mathematical foundation for its
study. Our exploration includes the examination of algebraic properties inherent
to this operator, shedding light on its behavior within the Bergman space. More-
over, we present an invariant subspace of the operator, where the application of
the generalized slant H-Toeplitz operator keeps the fundamental characteristics
of the subspace unchanged. Furthermore, the paper delves into the discussion of
the Berezin transform for the generalized slant H-Toeplitz operator, connecting
our findings to the broader context of operator theory. Through this study, we
contribute to the ongoing research in operator theory, providing a deeper under-
standing of the generalized slant H-Toeplitz operator on the Bergman space.



GENERALIZED SLANT H-TOEPLITZ OPERATORS 201

2. GENERALIZED SLANT H-TOEPLITZ OPERATORS

In this section, we define the generalized slant H-Toeplitz operator and compute
its matrix representation corresponding to the harmonic symbol. Subsequently,
we discuss its algebraic properties and find its invariant subspace.

For a positive integer k > 2, the generalized slant operator, Wj : A?(D) —
A%(D) is defined as follows:

N [ ifi=ki
Wi(e) = { 0 otherwise .

The operator W, is a bounded linear operator with |[W;|| = vk. The adjoint of

ki+1
W, is given by Wi (2") = Zjl i

For any ¢ € L*(ID, dA), the generalized slant Toeplitz operator on the Bergman
space A?(D) is defined as Wi T, (f) = Wi PMy(f) for all f € A*(D). Similarly,
the generalized slant Hankel operator is defined as W Hy(f) = Wiy PM,J(f) for
all f € A?(D). To determine the matrix representation of the operators W, T,
and Wi Hy, the following lemma plays a crucial role.

, where 7 is a nonnegative integer.

Lemma 2.1. [6] For nonnegative-integers i and j, we have
1—7+1

P( Zizj) _ 1+ 1

0 if 1<7,
where P is an orthogonal projection of L*(D,dA) onto A*(D).

27 if i,

Consider the harmonic symbol, 1 (z Zoznz + Z Bmz™ € L>(D). We

find (i, j)th entry of the matrix representatlon of the generahzed slant Toeplitz
operator, W, T,, with respect to the orthonormal basis {¢;(z)}2, of A%(D). If i
and j are nonnegative integers, then

(WiTy(;), i) = (WePMy(\/j +127),Vi+ 12")

= \/H—l\/m<<§:anz”+i5m2m>zj,PW,:zi>
= (ki+1) \/ <<Zanz —|—Zﬁmz >27 ’>
= (ki +1) \/ Zan<z”“ MY+ Zﬁm<zj,zm+ki>].

Case I: For ki > j, we get

J+1

(WiTy(p), i) = i1 ki (2.2)
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Case II: For ki < j, we have

(WiTy(pj), pi) = NESWES

Using (2.2) and (2.3), we can express the (4, j)th entry ¢;; of the generalized
slant Toeplitz operator as

Bj—ki- (2.3)

J+1 o
i—l——l Olfi—j if ki>j,
ki+1
Vi+ 1y +1
Example 2.2. For k = 2, the operator W}, T, is called the slant Toeplitz operator.
We can represent its matrix as follows:

Biki  if ki<j.

B 1 1 1 1 .
Qo ﬁﬁl \/552 \/ZﬁS ﬁﬁ4
1 3 3 3
/242 051 50 \/1\@51 \/gﬁﬁZ
1 2 4 5
WoT V3 \/;as a2 301 \/;040
28y = 1 2 3 5
71056 ZOég, ZO{4 Qa3 Z(XQ
1 2 3 4
/58 57 \/;046 55 071

Again, to write the (¢, j)th entry of generalized slant Hankel operator Wi, H,,
(WiHy(9;), i)
= (WiPMyJ(p5), ¢i)
= (WiPMy(D551), ¢i)

= \/H——l\/m <P(Z 2" + Z ﬁm2m>?“, kit 1 1zki>
n=0 m=1

1+1
— (ki + 1),/*7:1 (P(X e 51) 54 (PY 21, o)
1
n=0 m=1
i+ 2 L
= (ki+1) ‘7,—1_1 <Z Oznz",z]“““>
Vi

n=0

ki+1 J+2

S ki+j+2Vi+l

Observe that the operator Wi, H,, is independent of the choice of co-analytical

part of the harmonic symbol 1. Consequently, two symbols in L>(D, A) induce

the same generalized slant Hankel operator if and only if their Fourier coefficients
agree for the nonnegative indices.

The space consisting of all harmonic functions in L?*(ID, A) is referred to as the

Harmonic Bergman space and is represented by B?(D). The Harmonic Bergman

kit j1- (2.4)
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space is a closed subspace of L?(ID, A) and forms Hilbert space with the orthonor-
mal basis {v/n + 12"}22,U{v/n+12"}>,. Let Q : L*(D, A) — B?*(D) denote
the orthogonal projection of L?(ID, A) onto B?(DD).

Lemma 2.3. The orthogonal projection Q of L*(D, A) onto B*(D) satisfies the
following:

i1

N —sz{ Zilif i,
Q7)) =

j—t+1 . . e

— 1 > 1,

) fiz

for nonnegative integers i and j.

Proof. The orthogonal projection @ of L*(ID, A) onto B*(D) can be represented

as Q(f) = P(f) + P(f) — Pf(0) for f¢& L*(D,A). From this, we obtain
Q') = P(Z'2) + P(21%), (2.5)

for nonnegative integers ¢ and j. - o
Case I: Let ¢ > j, then by Lemma 2.1, we get P(Z'z?) = 0 and P(2'z7) =

—7+1 .. o L — 7+ 1 .
%zlﬁ. This implies Q(z'27) :.%EZ_J.
Case II: Let j > i, then P(z'27) = ‘%ZJZ and P(2'z’) = 0. Thus, using
J
o ) —1+1 . .
(2.5), we obtain Q(z'z?) = ‘&z]_z. O

J+1
Define the operator, K : A?(D) — B%*(D) as follows:

K(p20)(2) = 0i(2) and K(p2i11)(z) = @ir1(2),

where 7 is a nonnegative integer and z € ID. The operator K is a bounded linear
operator on the Bergman space with ||K|| = 1. The adjoint K* of the operator
K is given by : K*: B*(D) — A*(D) by K*(¢;)(2) = w2i(2) and K*(pi41(2)) =
2i+1(2), for all nonnegative integers i. Thus, from the definitions of K and K*,
we get that KK* = [BQ(]D)) and K*K = [AQ(IDJ)-

Inspired by the definitions of the generalized slant Toeplitz operator and gener-
alized slant Hankel operator, we define the generalized slant H-Toeplitz operator
as follows:

Definition 2.4. For ¢ € L>(ID, A), the generalized slant H-Toeplitz operator is
defined on the Bergman space as the operator, S§ : A%(D) — A*(D) such that

From the definition of the generalized slant H-Toeplitz operator, it follows that

the operator SfZ is a bounded linear operator on A?(D) and is also linear with
respect to the corresponding symbol.

Theorem 2.5. The operator Sﬁ satisfies the following properties:
(i) S} is a bounded linear operator on A*(D) with ||S§| < VE|$]|oo, for b €
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L=(D, dA).
(it) For any scalars, A\, \' and functions 1,9 in L>*(D,dA), SY, yy = AS +
N SE,.
w/

Remark 2.6. For the harmonic symbol, ¢ (z Zanz + Z fmz™ € L>(D),

we find the (7, j)th entry of the matrix of generahzed slant H Toephtz operator

as follows:
(i) For j = 21, Sj(¢;) = WiPMyK (pa1) = Wi PMy(@1) = Wi Ty (1)
Using (2.2) and (2.3), we get that

[+1 ki+1
SE(0,), 1) = i if ki > L and (SE(9;), 1) = —————
/i.¢(ij)(p> e TR 2 Land (Sile) e = s e
1 < (.

(11) FOl"j = 2l—|—1, S{Z((p]) = WkPMwK((p2[+1) = WkPMw(m> = WkPMwJ(QDl) =
Wi Hy (o).

Therefore, from (2.4) we obtain (S} (y;), ;) =

Bk if

ki+1 [+2
ki+l+2Vi+1
This derivation serves as motivation for introducing the matrix of the gen-
eralized slant H-Toeplitz operator as follows: For a harmonic symbol 1(z) =

Olit141-

Zanz + Z Bmz™ € L*™(D), the matrix representation of generalized slant

H Toephtz has (4,7)th entry s; ; satisfying

( ki+1
—_— i or j =2, 1> ki,
\/2—1\/—511@ for g
[+1
Sij = iilaki_l for g =21, 1 < ku,
ki+1 [+ 2
i =20+ 1.
A R At forj +

Example 2.7. For k = 2, the operator sz is called slant H-Toeplitz operator
and its matrix With respect to the orthonormal basis {¢;(2)}:2, of A*(D) for the

symbol ¥(z Z a2+ Z BnZ™ is represented as

(e
s 1
=2
g
o
S
Q
[}
Sk
kS
[\V)

Q
no
Q‘g u;éw
N | wlNo
o o “
-3 ot
o e
2 2
ot w
o ol S
\gnﬁ‘
NeJ[e8)
A o
S
2 ﬁ\
Q
o

Sle wi~ ol

5
Q
Ne}
o
Q
5
S
Q
=
ST
Q
(@)}
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The next theorem shows that for the harmonic symbol v, the mapping v — S{Z
is one to one, where B(A%*(D)) denotes the set of all bounded linear operators on

A2(D).

Theorem 2.8. The mapping I : B*(D) — B(A*(D)) defined by T'(¢) = S} is
one-one.

Proof. Let 1(z Zanz + Zﬁmz and ¢'(z Zo/ 2"+ ZB Z™ be

two harmonic functlons. Assume that sz = sz,, which 1mphes that Sw—w = 0.
Consequently, S}_,, () = 0, for each ¢ > 0. This leads to (S}_,.(¢;), i) = 0

for nonnegative integers ¢, 7. In particular,
1

\/m(ﬁj — ) = 0 for each

J > 0 which implies that 3; = 3} for j > 1. Again, for odd numbered columns, we

(S _y(925), o) = 0 for arbitrary j > 0. Thus,

1
]—ﬂ(aj —aj)=0or
aj = o for all j > 0. Also, (sz_w,(@o), ©o) = 0 implies that ag = . Therefore,
1 = 1" demonstrating that the map I" is one-one. O

have (S, (¢2541), wo) = 0 for arbitrary j > 0. That is

An operator A is termed a diagonal operator if (Ap;, ¢;) = 0 for all nonnega-
tive integers 7, j such that ¢ # j. It is observed that for the harmonic symbol 1,
the operator sz is a diagonal operator only when its symbol ¥ is zero.

Theorem 2.9. The operator Sq’z is a diagonal operator if and only if the harmonic
function v is identically zero.

Proof. For v = 0, the operator sz is trivially a diagonal operator. Let sz be the
diagonal operator on the Bergman space with the symbol

Z a2+ Z Bmz™ € L=(D). Then (S} (¢;), ¢;) = 0 for all nonnegative

1ntegers i j such that 1# .
Case I: For i = 2, we get

kj+ 1
— B or | > kj,
k N e T
(Sy (@), v5) = l
jilozkj ! forl <kj.

Case II: For i = 2] + 1, we have (S} (pa41), 0;) = kff{; \/f:akﬁlﬂ

Since (S} (i), ;) = 0, from Cases I and II, we conclude that the values of
the coefficients «,, and 3, of the harmonic symbol ¥ must be zero. This result
establishes that v is identically zero. 0
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Theorem 2.10. For the harmonic symbol(z Z 2" + Z fmz™ € L=(D),

the adjoint of the generalized slant H-Toeplitz opemtor Sk is given by Sk
K*QMgWy, where Q) is the orthogonal projection L*(D, A) onto B*(D).

Proof. Computing the (4,7)th entry of the matrix of the operator K*QMzW; for

the symbol ¥ (z Z anz" + Z Bmz™ € L>(D), we obtain the following:

(K*QMzWigi, i) = (K*QMzWin/j + 127 Vi+12")

= m<K*QMfzkj z’>
(k] +]1)+ < Zanzk] 74 Zﬂ Zerk] z>
(ki )Vitd <Z kj—ntl o,

n

Vitl \&~ kj+1
- n_kj+1——n k m+kj
I AR DN
n=kj+1 m=1
([ [1+1
——— Ol =20, 1 < kj
j+1ak] 3 ¢ y LS R],
kj+1 —

G+ +1)

ki+1  [TF2
( kj+ri+2Vj+1
which is same as the (7, j)th entry of the matrix of the operator Si*. O

Apjyir1, ©=20+1,

Proposition 2.11. Let ) € L®(D) be a co-analytic function; then the generalized

slant H-Toeplitz operator on the Bergman space satisfies S{ZS{Z* = %sz.

Proof. Using Theorem 2.10, we obtain the following expression for a co-analytic
function ¢ in the space L>°(D) and a nonnegative integer :
SESE (') = Wu PMy K K*QMzW; (2')
= Wi PMyQMzW; (')
kl+1
= TWkP M¢QM ( )

kl+1
= ———WiPM,p (")
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O

An operator T is called a Hilbert—Schmidt operator if its Hilbert—Schmidt
norm is finite. The following theorem shows that there is no nonzero generalized
H-Toeplitz operator that is Hilbert—Schmidt.

Theorem 2.12. For an essentially bounded harmonic function ¢ on D, the
operator SZZ is Hilbert—Schmidt operator if and only if ¢ = 0.

Proof. Consider (z Zanz + Zﬁm € L*(D). Let S be Hilbert-

Schmidt operator. Using the deﬁnition of the operator, we get

SISt =listol + S I1S5enl P+ Dl Sl I

j=0 Jj=1 Jj=0

—|[WiPMyspo| " + 3| [WiPMygp,
j=1
:HWkPZ 2" ’
n=0
+3 G+ 1)Hsz 0+ WP S B[
j=1 n=0 m=1

2 > 2
+ Z( \WkPM@j+1
=0

—i—Z(]—i—Q)HWkPZaanH n
7=0 n
© 2
|
n=0
+;(9+1)HW,€;%_JZ +szl 1 H
—l—Z(j—i—Q)HWk Z _ianz”’rl
7=0 n:j—i-ln
=[] amz"]]
n=0
+1 2
+Z]+1 HWkZan 2" +Wk2%ﬁj—m mH
+1 12
+Z]+2HWk h n+j+1 %

2

|a’m‘2—|—23+1 HWkZ@n iz +szm+1ﬂj me
j=1
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kn+1 nll?
#3152 3 o 26

Case I: j is a multiple of k. Then from (2.6), we get the following:

J
=1
o 00 oo k
2 |akn|2 . . k:m—{—l m2
;yw%ﬂ\=n+1+;;U+1M§:mW¢z+2; f+1@*mz‘
"k
= kn+1 12
+;J+2szn+]+2 Q41 2"
J
< sl S K eyl
=2 U+l +Y (j+1 ( )
;0(1 )Zj - ;(J )mzzo )
Tk
x 00 2
. En4+1 \2|Qgptq
+§;O*4D§;(knij+2>’a211J‘ (2.7)
J= n=

Case II: j is not a multiple of k. Again using (2.6), we obtain

Rl :Z[ I I i)

7=0 ¥l m=0

SHE

> kn+1 \2 j+2 5
+;<kn+j+2) n+1|ak ““|] (28)

Since ZHS:ZQOJ'HQ < o0, from (2.7) and (2.8), we deduce that the jth term of

=0
the series on the right hand side (in either case) tends to zero. This implies that
a, =0 and £, =0 for n > 0, m > 1. Consequently, the symbol ¢) = 0. U

We know that a subspace V is said to be invariant under a linear operator T'
on a Hilbert space H, if T(V) C V. If both V and V* are invariant under 7,
then V is termed a reducing subspace for 7. In the upcoming theorem, we find an

(k—1)N
invariant subspace of S¥, where the symbol ¢ takes the form ¢(z) = Z i,
with IV as a nonnegative integer. Let VV = Span {zl :0 <1 < N}. This subspace
V is a closed subspace of A?(D). We demonstrate that V is invariant under S{Z
but does not qualify as a reducing subspace for it.
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(k—1)N
Theorem 2.13. For the symbol ¥ (z) = Z cizt € L™(D,dA), the subspace

I=—00

V = Span{z': 0 <1 < N} of A*(D) is invariant under S},

Proof. Case I: Let 0 < i < oo. We will compute S;(zl), for 0 <l < N.

1
If | = 2m. Then, S% (2!) = S¥ (22™) = W, PM.: K (2*™) = W), PM.i( m 2™)
i z 2m +1
m+1 —; . k (2 ;
=\ ams kaP(zlzm). Using Lemma 2.1, we find that S7(2#") = 0 for i > m.
m
—1 1 m—i
For i < m, when k divides m — i, we have S (2*") = mott 25
VvV 2m+1)(m+ 1)
and zero otherwise. 5
Also for I = 2m+1, SE (22™H) = W PML K (2*"H) = Jm——fmwkp(?zmﬂ) =

0. Therefore, for both values of [, even or odd, S;(zl) eV for 0 < i < oo and
0<I<N.
Case II: For 0 <i < (k—1)N, we have

+ 2 ) T —m m-+2 i—(m+1)
Ski 2m+1) m W.P izm+1) —% — if; > 1. k
S = o WP = g e 7 iz mAl

1 i+m
divides i — (m + 1) and 0 otherwise. Also, S (z*™) = 4/ 2m —:_ T B if i+ om s
m
divisible by k, and zero otherwise. Thus, in any case, Sfi(zl) eV for —oco <1 <
(k—1)N,0<I<N.
Since the generalized slant H-Toeplitz is linear in its symbol, using Theorem 2.5,

(k—=1)N (k—1)N
we get that SE(z!) = WPMyK (') = ) WiPM.K() = ) ¢Sh(2) €

Vior0<I<N.As sz is a linear operator, we get that S (f) € V forany f € V
and hence the subspace V is invariant under the generalized slant H-Toeplitz
operator. O

The following example shows that S (V) € V- and hence the space V is not
a reducing subspace for the operator S{Z.

Example 2.14. Consider S, for ¢ =2V € L>(D, dA), where N > 2.
Then, for 22¥ € V+, we get that

2wy (Z*N) = WoPMv-2 K (2°V)

N+1 3
= WoPM-_n_2(2N) = Wy(z2
V an 1 2P Mae-a (27) \/(N+1)(2N+1) 2(27)

z¢ V>t

3
B \/(N+ 1)(2N +1)
This implies that S3(V*') € V*-.
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We know that, a closed subspace V is invariant under a linear operator T if
and only if V7 is invariant under 7. This leads to the following corollary:

(k—1)N
Corollary 2.15. For the symbol ¥(z) = Z cizt € L®(D,dA), the subspace

1=—00

%6 (for given V = Span {z' : 0 <1 < N} ) is invariant under S{Z*.

In particular, for ¢ = 2V, the following example demonstrates that the sub-
space V1 is invariant under S*,”, the adjoint of the operator S .

Example 2.16. The subspace V* of the Bergman space A?(DD) is invariant under
the operator SfN*.

* kl+1
For I > N, Sk (') = H—+1K*QMZN(Zkl>- Since kl > N, we have
x kl+1
k¥ Dy x)( Kl=N
S () = T REQUMY)
El—N+1
_ + K (M)
[+1
_kl-N+1 \/2(kl N +1 s
I+ kl—N+1
2(kl = N)+ 1vkl — N +1
:C'zz(kl_N), where C' = \/ ( )+ 1V i .

[+1

For f € V*, using this relation for nonnegative integer i < N, we get

(S5 1(2)20) = (S5T(Y @) ) = (D2 €20 2y~
I=N+1 I=N+1

This shows that S¥*(V1) C V< establishing that V* is invariant under the
operator Sk

3. BEREZIN TRANSFORM OF GENERALIZED SLANT H-TOEPLITZ OPERATORS

The Berezin transform has proven to be a valuable tool in the examination of
Toeplitz and Hankel operators in the setting of the Bergman spaces. Researchers
such as Zhao and Zheng [12] have explored the positivity of Toeplitz operators
using the Berezin transform, while others like Zeng [11], Axler and Dechao [3],
and Stroethoff [10] have investigated commutativity and compactness of Toeplitz
operators through this lens. Motivated by these significant studies, we extend our
exploration to the Berezin transform of the generalized slant H-Toeplitz operator.

Let zp € D. Then, for any arbitrary ( € D, normalizing the reproducing kernel,
we get a family of the unit vectors k,,, as follows:

(S N e Y TR
- ”hZOH - (1_Z_OC>2 - (1 ‘ 0| )%( +1) 0 < . (31)

kZO (C)
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Definition 3.1. Let B be a bounded linear operator on a Hilbert space H. The
Berezin transform of the function B, denoted by B, is defined as follows:

B(z) = (Bk.,k.)  forall z€D.

The Berezin transform B, is a bounded function on D. Stroethoff [10] demon-
strated that B = 0 if and only if B = 0. In the next theorem, we discuss the
Berezin transform of the generalized slant operator acting on the Bergman space.

Proposition 3.2. The Berezin transform of the generalized slant operator, Wy
is given by the following:

Wi(z0) = (1 — |20]? 22 (kn +1)2"%"
n=0

where zy € D.

Proof. For an arbitrary ¢ € D using the expression (3.1), we get the following:

Wi(k=)(Q) = (1= 2)Wi Y (n+ 1)%"¢"
= (1= |2 (kn+ 1)7"¢"
Lt )¢
- (1 | 0| ) (1 . Cz_ok)2

Using the above expression, the Berezin transform of the generalized slant oper-
ator is given by

Wk<ZO> <Wkkzo (C)v kZO (C)>

e}

= (1= |2/ () _(kn+ )%™ (" k., (Q))

[e.9]

= (1= 20| (kn+ 1)(5"¢", k-, (€))

= (1|2}

(

kn 4+ 1)(z"¢", (1 — |20*) R, (C))

= (1 — |Zol2)2 (k;n + 1)2?_() nZ()
n=0
]

The following proposition shows that the Berezin transform 5:’“, is bounded by

VE|[¢ |-

Proposition 3.3. For a harmonic function 1 in the space L>°(D,dA), ||§1’Z|| <

VE|[¥]|.
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Proof. Let zy € D; then using the definition of the Berezin transform, we have

~ Dy
S5(e0)l = (b kel = (S, )| < 1S5 < VEL

OJ

Applying the operator K to the normalized reproducing kernel, it is a straight-
forward exercise to verify the following.

Lemma 3.4. The operator K : A%2(D) — B*(D) satisfies the following:
K (K (C))
= (1= )Y (V@ + Dlm T D77¢" + 2m + D + 217",

m=0

for zg and ¢ € D.

Using G(zo, ¢) to denote the expression of K (k,,(¢)) in Lemma 3.4, we compute
the Berezin transform of the generalized slant H-Toeplitz operator.

Theorem 3.5. For any L= (D, dA) function v, the Berezin transform of S{Z can
be expressed as

+ (k- >zoZ’“
(Zo (1= 120 | ¥(¢) G(20,¢ dA(Q),
/ ( - ZOC )

for zy € D.
Proof. Given zg € D, the Berezin transform of sz can be computed as follows:
Sk (ZO) <ka2’oa kzc> = <WkPM¢K(kZO)7 kzo) = <PM¢K<I€20>7 Wl:(kzo»

The adjoint of the generalized slant operator is given by

Wi (ks)(Q) = (1 = Jz)YWi O (n + 1)7"¢")
=(1—|zO\2>Z<lm+1> ok
1y L (B = D=
= (1= leo") =7 —=hy2 (3.2)

Applying Lemma 3.4 and using (3.2), we get
S(20) = (VK (ksy), PO (kxy)))
/ s W) (QAA(Q)

+ (k- >zOZ’“
1 — |20 77b 207 dA C .
|20]?) / ( a0y (€)
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Remark 3.6. For any function ¢ € L*>°(ID, dA), the Berezin transform 5:5)(,20) tends
to zero as |z,| — 17.
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