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GENERALIZED SLANT H-TOEPLITZ OPERATORS ON THE
BERGMAN SPACE

AMITA AGGARWAL1∗ AND ANURADHA GUPTA2

Communicated by A. Jiménez-Vargas

Abstract. This paper introduces the concept of generalized slant H-Toeplitz
operators on the Bergman space. It entails obtaining the matrix representation
of the operator corresponding to the harmonic symbols. Additionally, the paper
delves into the algebraic properties of the operator, presents its invariant space,
and studies its Berezin transform. Through this study, we provide a deeper
understanding of the generalized slant H-Toeplitz operators on the Bergman
space, opening avenues for further research and insights.

1. Introduction

Let D represent the open unit disc in the complex plane C. Let dA be the
normalized two dimensional Lebesgue measure on D. Consider the Banach space
L2(D, dA) comprising complex-valued, measurable functions f on D that satisfy
∥f∥2 =

∫
D |f(z)|

2dA(z) < ∞. The space L2(D, dA) forms the Hilbert space with
the inner product defined as

⟨f, g⟩ =

∫
D
f(z)g(z)dA(z),

for all f and g in L2(D, dA). The Bergman space, denoted by A2(D), is defined
as the set of analytic functions in L2(D, dA). An alternative description of the
Bergman space is given by

A2(D) =
{
f(z) =

∑
anz

n :
∞∑
n=0

|an|2

n+ 1
<∞

}
.
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A2(D) being a closed subspace of the Hilbert space L2(D, dA), is a Hilbert space
itself. It is known that {φi(z)}∞i=0, where φi(z) =

√
i+ 1 zi for z ∈ D, forms an

orthonormal basis for the space A2(D). For a given z ∈ D, the function defined on
D by hz(w) =

1

(1− zw)2
, is called reproducing kernel for z in A2(D). Let P denote

the orthogonal projection from L2(D, dA) onto A2(D). Given that P (f) ∈ A2(D)
for f ∈ L2(D, dA), using the property of reproducing kernel hz, we obtain

P (f)(z) = ⟨Pf, hz⟩ =

∫
D

f(w)

(1− zw)2
dA(w).

The space L∞(D, dA) is the Banach space of Lebesgue measurable functions f
on D with ∥f∥∞ = ess sup{|f(z)| : z ∈ D} < ∞. For a function ψ ∈ L∞(D, dA),
the multiplication operator Mψ is defined as the operator Mψ : L2(D, dA) →
L2(D, dA) such that Mψ(f) = ψf for all f ∈ L2(D, dA). The Toeplitz operator
Tψ on the Bergman space with the symbol ψ is given by

Tψ(f) = PMψ(f) for all f ∈ A2(D).

Consider the flip operator J on A2(D) defined by J(φi(z)) = φi+1(z) for all
nonnegative integers i. For the given symbol ψ, the Hankel operator Hψ on
A2(D) is defined by Hψ(f) = PMψJ(f) for all f ∈ A2(D).

In 1979, McDonald and Sundberg [7] initiated the discussion on Toeplitz oper-
ators in the setting of Bergman space. Subsequently, various properties of both
Toeplitz and Hankel operators have been studied extensively by several other
authors such as Axler, Stroethoff, Zeng [2, 8, 9, 11]. Over the years, mathemati-
cians have extended and generalized these operators, leading to the exploration of
intriguing subclasses with unique properties. In this context, the concept of slant
Toeplitz operators introduced by Ho [5] in 1996 and the subsequent characteriza-
tion of slant Hankel operators by Arora and collaborators [1] in 2006 have added
valuable insights and applications, particularly in areas like data compression,
interpolation problems, and perturbation theory.

This paper builds upon these advancements by introducing and investigating
the generalized slant H-Toeplitz operator on the Bergman space. The generalized
slant H-Toeplitz operator extends the study of the slant H-Toeplitz operators
conducted by Gupta and Singh [4] on the Hardy space. We aim to provide a
matrix representation for the harmonic symbol associated with the generalized
slant H-Toeplitz operator, offering a concrete mathematical foundation for its
study. Our exploration includes the examination of algebraic properties inherent
to this operator, shedding light on its behavior within the Bergman space. More-
over, we present an invariant subspace of the operator, where the application of
the generalized slant H-Toeplitz operator keeps the fundamental characteristics
of the subspace unchanged. Furthermore, the paper delves into the discussion of
the Berezin transform for the generalized slant H-Toeplitz operator, connecting
our findings to the broader context of operator theory. Through this study, we
contribute to the ongoing research in operator theory, providing a deeper under-
standing of the generalized slant H-Toeplitz operator on the Bergman space.
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2. Generalized slant H-Toeplitz operators

In this section, we define the generalized slant H-Toeplitz operator and compute
its matrix representation corresponding to the harmonic symbol. Subsequently,
we discuss its algebraic properties and find its invariant subspace.

For a positive integer k ≥ 2, the generalized slant operator, Wk : A2(D) →
A2(D) is defined as follows:

Wk(z
j) =

{
zi if j = ki
0 otherwise .

The operator Wk is a bounded linear operator with ∥Wk∥ =
√
k. The adjoint of

Wk is given by W ∗
k (z

i) =
ki+ 1

i+ 1
zki, where i is a nonnegative integer.

For any ψ ∈ L∞(D, dA), the generalized slant Toeplitz operator on the Bergman
space A2(D) is defined as WkTψ(f) = WkPMψ(f) for all f ∈ A2(D). Similarly,
the generalized slant Hankel operator is defined as WkHψ(f) = WkPMψJ(f) for
all f ∈ A2(D). To determine the matrix representation of the operators WkTψ
and WkHψ, the following lemma plays a crucial role.

Lemma 2.1. [6] For nonnegative-integers i and j, we have

P (zizj) =


i− j + 1

i+ 1
zi−j if i ≥ j,

0 if i < j,

where P is an orthogonal projection of L2(D, dA) onto A2(D).

Consider the harmonic symbol, ψ(z) =
∞∑
n=0

αnz
n +

∞∑
m=1

βmz
m ∈ L∞(D). We

find (i, j)th entry of the matrix representation of the generalized slant Toeplitz
operator, WkTψ with respect to the orthonormal basis {φi(z)}∞i=0 of A2(D). If i
and j are nonnegative integers, then

⟨WkTψ(φj), φi⟩ = ⟨WkPMψ(
√
j + 1zj),

√
i+ 1zi⟩

=
√
i+ 1

√
j + 1

〈( ∞∑
n=0

αnz
n +

∞∑
m=1

βmz
m
)
zj, P W ∗

k z
i
〉

= (ki+ 1)

√
j + 1

i+ 1

〈( ∞∑
n=0

αnz
n +

∞∑
m=1

βmz
m
)
zj, zki

〉
= (ki+ 1)

√
j + 1

i+ 1

[
∞∑
n=0

αn
〈
zn+j, zki

〉
+

∞∑
m=1

βm
〈
zj, zm+ki

〉]
.

(2.1)
Case I: For ki ≥ j, we get

⟨WkTψ(φj), φi⟩ =

√
j + 1

i+ 1
αki−j. (2.2)
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Case II: For ki < j, we have

⟨WkTψ(φj), φi⟩ =
ki+ 1√

i+ 1
√
j + 1

βj−ki. (2.3)

Using (2.2) and (2.3), we can express the (i, j)th entry ci,j of the generalized
slant Toeplitz operator as

ci,j =



√
j + 1

i+ 1
αki−j if ki ≥ j,

ki+ 1√
i+ 1

√
j + 1

βj−ki if ki < j .

Example 2.2. For k = 2, the operator WkTψis called the slant Toeplitz operator.
We can represent its matrix as follows:

W2Tψ =



α0
1√
2
β1

1√
3
β2

1√
4
β3

1√
5
β4 . . .

1√
2
α2 α1

√
3
2
α0

3√
4
√
2
β1

3√
5
√
2
β2 . . .

1√
3
α4

√
2
3
α3 α2

√
4
3
α1

√
5
3
α0 . . .

1√
4
α6

√
2
4
α5

√
3
4
α4 α3

√
5
4
α2 . . .

1√
5
α8

√
2
5
α7

√
3
5
α6

√
4
5
α5 α4 . . .

... ... ... ... ...


.

Again, to write the (i, j)th entry of generalized slant Hankel operator WkHψ,
⟨WkHψ(φj), φi⟩
= ⟨WkPMψJ(φj), φi⟩
= ⟨WkPMψ(φj+1), φi⟩

=
√
i+ 1

√
j + 2

〈
P
( ∞∑
n=0

αnz
n +

∞∑
m=1

βmz
m
)
zj+1,

ki+ 1

i+ 1
zki

〉
= (ki+ 1)

√
j + 2

i+ 1

[〈
P
( ∞∑
n=0

αnz
n zj+1

)
, zki

〉
+
〈
P

∞∑
m=1

βmz
m+j+1, zki

〉]
= (ki+ 1)

√
j + 2

i+ 1

〈 ∞∑
n=0

αnz
n, zki+j+1

〉
=

ki+ 1

ki+ j + 2

√
j + 2

i+ 1
αki+j+1. (2.4)

Observe that the operator WkHψ is independent of the choice of co-analytical
part of the harmonic symbol ψ. Consequently, two symbols in L∞(D, A) induce
the same generalized slant Hankel operator if and only if their Fourier coefficients
agree for the nonnegative indices.

The space consisting of all harmonic functions in L2(D, A) is referred to as the
Harmonic Bergman space and is represented by B2(D). The Harmonic Bergman
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space is a closed subspace of L2(D, A) and forms Hilbert space with the orthonor-
mal basis {

√
n+ 1zn}∞n=0 ∪ {

√
n+ 1 zn}∞n=1. Let Q : L2(D, A) → B2(D) denote

the orthogonal projection of L2(D, A) onto B2(D).

Lemma 2.3. The orthogonal projection Q of L2(D, A) onto B2(D) satisfies the
following:

Q(zizj) =


i− j + 1

i+ 1
zi−j if i > j,

j − i+ 1

j + 1
zj−i if j ≥ i,

for nonnegative integers i and j.

Proof. The orthogonal projection Q of L2(D, A) onto B2(D) can be represented
as Q(f) = P (f) + P (f)− Pf(0) for f ∈ L2(D, A). From this, we obtain

Q(zizj) = P (zizj) + P (zizj), (2.5)
for nonnegative integers i and j.
Case I: Let i > j, then by Lemma 2.1, we get P (zizj) = 0 and P (zizj) =
i− j + 1

i+ 1
zi−j. This implies Q(zizj) = i− j + 1

i+ 1
zi−j.

Case II: Let j ≥ i, then P (zizj) =
j − i+ 1

j + 1
zj−i and P (zizj) = 0. Thus, using

(2.5), we obtain Q(zizj) =
j − i+ 1

j + 1
zj−i. □

Define the operator, K : A2(D) → B2(D) as follows:

K(φ2i)(z) = φi(z) and K(φ2i+1)(z) = φi+1(z),

where i is a nonnegative integer and z ∈ D. The operator K is a bounded linear
operator on the Bergman space with ∥K∥ = 1. The adjoint K∗ of the operator
K is given by : K∗ : B2(D) → A2(D) by K∗(φi)(z) = φ2i(z) and K∗(φi+1(z)) =
φ2i+1(z), for all nonnegative integers i. Thus, from the definitions of K and K∗,
we get that KK∗ = IB2(D) and K∗K = IA2(D).

Inspired by the definitions of the generalized slant Toeplitz operator and gener-
alized slant Hankel operator, we define the generalized slant H-Toeplitz operator
as follows:

Definition 2.4. For ψ ∈ L∞(D, A), the generalized slant H-Toeplitz operator is
defined on the Bergman space as the operator, Skψ : A2(D) → A2(D) such that
Skψ(f) = WkPMψK(f) for all f ∈ A2(D).

From the definition of the generalized slant H-Toeplitz operator, it follows that
the operator Skψ is a bounded linear operator on A2(D) and is also linear with
respect to the corresponding symbol.

Theorem 2.5. The operator Skψ satisfies the following properties:
(i) Skψ is a bounded linear operator on A2(D) with ∥Skψ∥ ≤

√
k∥ψ∥∞, for ψ ∈
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L∞(D, dA).
(ii) For any scalars, λ, λ′ and functions ψ, ψ′ in L∞(D, dA), Skλψ+λ′ψ′ = λSkψ +

λ′Skψ′ .

Remark 2.6. For the harmonic symbol, ψ(z) =
∞∑
n=0

αnz
n +

∞∑
m=1

βmz
m ∈ L∞(D),

we find the (i, j)th entry of the matrix of generalized slant H-Toeplitz operator
as follows:
(i) For j = 2l, Skψ(φj) = WkPMψK(φ2l) = WkPMψ(φl) = WkTψ(φl).

Using (2.2) and (2.3), we get that

⟨Skψ(φj), φi⟩ =

√
l + 1

i+ 1
αki−l if ki ≥ l and ⟨Skψ(φj), φi⟩ =

ki+ 1√
i+ 1

√
l + 1

βl−ki if
ki < l.
(ii) For j = 2l+1, Skψ(φj) = WkPMψK(φ2l+1) = WkPMψ(φl+1) = WkPMψJ(φl) =
WkHψ(φl).

Therefore, from (2.4) we obtain ⟨Skψ(φj), φi⟩ =
ki+ 1

ki+ l + 2

√
l + 2

i+ 1
αki+l+1.

This derivation serves as motivation for introducing the matrix of the gen-
eralized slant H-Toeplitz operator as follows: For a harmonic symbol ψ(z) =
∞∑
n=0

αnz
n +

∞∑
m=1

βmz
m ∈ L∞(D), the matrix representation of generalized slant

H-Toeplitz has (i, j)th entry si,j satisfying

si,j =



ki+ 1√
i+ 1

√
l + 1

βl−ki for j = 2l, l > ki,

√
l + 1

i+ 1
αki−l for j = 2l, l ≤ ki,

ki+ 1

ki+ l + 2

√
l + 2

i+ 1
αki+l+1 for j = 2l + 1.

Example 2.7. For k = 2, the operator Skψ is called slant H-Toeplitz operator
and its matrix with respect to the orthonormal basis {φi(z)}∞i=0 of A2(D) for the

symbol ψ(z) =
∞∑
n=0

αnz
n +

∞∑
m=1

βmz
m is represented as

S2
ψ =



α0
1√
2
α1

1√
2
β1

1√
3
α2

1√
3
β2 . . .

1√
2
α2

3
4
α3 α1

3
5

√
3
2
α4

√
3
2
α0 . . .

1√
3
α4

5
6

√
2
3
α5

√
2
3
α3

5
7
α6 α2 . . .

1√
4
α6

7
8

√
2
4
α7

√
2
4
α5

7
9

√
3
4
α8

√
3
4
α4 . . .

1√
5
α8

9
10

√
2
5
α9

√
2
5
α7

9
11

√
3
5
α10

√
3
5
α6 . . .

... ... ... ... ...


.
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The next theorem shows that for the harmonic symbol ψ, the mapping ψ → Skψ
is one to one, where B(A2(D)) denotes the set of all bounded linear operators on
A2(D).

Theorem 2.8. The mapping Γ : B2(D) → B(A2(D)) defined by Γ(ψ) = Skψ is
one-one.

Proof. Let ψ(z) =
∞∑
n=0

αnz
n +

∞∑
m=1

βmz
m and ψ′(z) =

∞∑
n=0

α′
nz

n +
∞∑
m=1

β′
mz

m be

two harmonic functions. Assume that Skψ = Skψ′ , which implies that Skψ−ψ′ = 0.

Consequently, Skψ−ψ′(φi) = 0, for each i ≥ 0. This leads to ⟨Skψ−ψ′(φj), φi⟩ = 0
for nonnegative integers i, j. In particular,
⟨Skψ−ψ′(φ2j), φ0⟩ = 0 for arbitrary j > 0. Thus, 1√

j + 1
(βj − β′

j) = 0 for each
j > 0 which implies that βj = β′

j for j ≥ 1. Again, for odd numbered columns, we

have ⟨Skψ−ψ′(φ2j+1), φ0⟩ = 0 for arbitrary j > 0. That is 1√
j + 2

(αj − α′
j) = 0 or

αj = α′
j for all j > 0. Also, ⟨Skψ−ψ′(φ0), φ0⟩ = 0 implies that α0 = α′

0. Therefore,
ψ = ψ′ demonstrating that the map Γ is one-one. □

An operator A is termed a diagonal operator if ⟨Aφi, φj⟩ = 0 for all nonnega-
tive integers i, j such that i ̸= j. It is observed that for the harmonic symbol ψ,
the operator Skψ is a diagonal operator only when its symbol ψ is zero.

Theorem 2.9. The operator Skψ is a diagonal operator if and only if the harmonic
function ψ is identically zero.

Proof. For ψ = 0, the operator Skψ is trivially a diagonal operator. Let Skψ be the
diagonal operator on the Bergman space with the symbol

ψ(z) =
∞∑
n=0

αnz
n +

∞∑
m=1

βmz
m ∈ L∞(D). Then ⟨Skψ(φi), φj⟩ = 0 for all nonnegative

integers i, j such that i ̸= j.
Case I: For i = 2l, we get

⟨Skψ(φ2l), φj⟩ =


kj + 1

√
j + 1

√
l + 1

βl−kj for l > kj,

√
l + 1

j + 1
αkj−l for l ≤ kj.

Case II: For i = 2l + 1, we have ⟨Skψ(φ2l+1), φj⟩ = kj+1
kj+l+2

√
l+2
j+1

αkj+l+1.

Since ⟨Skψ(φi), φj⟩ = 0, from Cases I and II, we conclude that the values of
the coefficients αn and βm of the harmonic symbol ψ must be zero. This result
establishes that ψ is identically zero. □
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Theorem 2.10. For the harmonic symbol ψ(z) =
∞∑
n=0

αnz
n +

∞∑
m=1

βmz
m ∈ L∞(D),

the adjoint of the generalized slant H-Toeplitz operator Skψ is given by Skψ
∗
=

K∗QMψW
∗
k , where Q is the orthogonal projection L2(D, A) onto B2(D).

Proof. Computing the (i, j)th entry of the matrix of the operator K∗QMψW
∗
k for

the symbol ψ(z) =
∞∑
n=0

αnz
n +

∞∑
m=1

βmz
m ∈ L∞(D), we obtain the following:

⟨K∗QMψW
∗
kφj, φi⟩ =

〈
K∗QMψW

∗
k

√
j + 1zj,

√
i+ 1zi

〉
=

√
(i+ 1)(j + 1)

〈
K∗QMψz

kj, zi
〉

=
(kj + 1)

√
i+ 1√

j + 1

〈
K∗Q

( ∞∑
n=0

αnz
kjzn +

∞∑
m=1

βmz
m+kj

)
, zi

〉
=

(kj + 1)
√
i+ 1√

j + 1

〈
kj∑
n=0

kj − n+ 1

kj + 1
αnz

kj−n

+
∞∑

n=kj+1

n− kj + 1

n+ 1
αn z

n−kj +
∞∑
m=1

βmz
m+kj, Kzi

〉

=



√
l + 1

j + 1
αkj−l, i = 2l, l ≤ kj,

kj + 1√
(j + 1)(l + 1)

βl−kj, i = 2l, l > kj,

kj + 1

kj + l + 2

√
l + 2

j + 1
αkj+l+1, i = 2l + 1,

which is same as the (i, j)th entry of the matrix of the operator Skψ
∗. □

Proposition 2.11. Let ψ ∈ L∞(D) be a co-analytic function; then the generalized
slant H-Toeplitz operator on the Bergman space satisfies SkψSkψ

∗
= kl+1

l+1
M|ψ|2 .

Proof. Using Theorem 2.10, we obtain the following expression for a co-analytic
function ψ in the space L∞(D) and a nonnegative integer l:

SkψS
k
ψ

∗
(zl) = WkPMψKK

∗QMψW
∗
k (z

l)

= WkPMψQMψW
∗
k (z

l)

=
kl + 1

l + 1
WkPMψQMψ(z

kl)

=
kl + 1

l + 1
WkPM|ψ|2(z

kl)

=
kl + 1

l + 1
M|ψ|2(z

l).
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□
An operator T is called a Hilbert–Schmidt operator if its Hilbert–Schmidt

norm is finite. The following theorem shows that there is no nonzero generalized
H-Toeplitz operator that is Hilbert–Schmidt.
Theorem 2.12. For an essentially bounded harmonic function ψ on D, the
operator Skψ is Hilbert–Schmidt operator if and only if ψ = 0.

Proof. Consider ψ(z) =
∞∑
n=0

αnz
n +

∞∑
m=1

βmz
m ∈ L∞(D). Let Skψ be Hilbert–

Schmidt operator. Using the definition of the operator, we get
∞∑
j=0

∣∣∣∣Skψφj∣∣∣∣2 =||Skψφ0||2 +
∞∑
j=1

∣∣∣∣Skψφ2j

∣∣∣∣2 + ∞∑
j=0

∣∣∣∣Skψφ2j+1

∣∣∣∣2
=
∣∣∣∣WkPMψφ0

∣∣∣∣2 + ∞∑
j=1

∣∣∣∣∣∣WkPMψφj

∣∣∣∣∣∣2 + ∞∑
j=0

∣∣∣∣∣∣WkPMψφj+1

∣∣∣∣∣∣2
=
∣∣∣∣∣∣WkP

∞∑
n=0

αnz
n
∣∣∣∣∣∣2

+
∞∑
j=1

(j + 1)
∣∣∣∣∣∣Wk

∞∑
n=0

αnz
n+j +WkP

∞∑
m=1

βmz
mzj

∣∣∣∣∣∣2
+

∞∑
j=0

(j + 2)
∣∣∣∣∣∣WkP

∞∑
n=0

αnz
j+1zn

∣∣∣∣∣∣2
=
∣∣∣∣∣∣Wk

∞∑
n=0

αnz
n
∣∣∣∣∣∣2

+
∞∑
j=1

(j + 1)
∣∣∣∣∣∣Wk

∞∑
n=j

αn−j z
n +Wk

j∑
m=1

j −m+ 1

j + 1
βmz

j−m
∣∣∣∣∣∣2

+
∞∑
j=0

(j + 2)
∣∣∣∣∣∣Wk

∞∑
n=j+1

n− j

n+ 1
αnz

n−j−1
∣∣∣∣∣∣2

=
∣∣∣∣ ∞∑
n=0

αknz
n
∣∣∣∣2

+
∞∑
j=1

(j + 1)
∣∣∣∣∣∣Wk

∞∑
n=j

αn−j z
n +Wk

j−1∑
m=0

m+ 1

j + 1
βj−m z

m
∣∣∣∣∣∣2

+
∞∑
j=0

(j + 2)
∣∣∣∣∣∣Wk

∞∑
n=0

n+ 1

n+ j + 2
αn+j+1 z

n
∣∣∣∣∣∣2

=
|αkn|2

n+ 1
+

∞∑
j=1

(j + 1)
∣∣∣∣∣∣Wk

∞∑
n=j

αn−j z
n +Wk

j−1∑
m=0

m+ 1

j + 1
βj−m z

m
∣∣∣∣∣∣2
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+
∞∑
j=0

(j + 2)
∣∣∣∣∣∣ ∞∑
n=0

kn+ 1

kn+ j + 2
αkn+j+1 z

n
∣∣∣∣∣∣2. (2.6)

Case I: j is a multiple of k. Then from (2.6), we get the following:

∞∑
j=0

∣∣∣∣Skψφj∣∣∣∣2 = |αkn|2

n+ 1
+

∞∑
j=1

(j + 1)
∣∣∣∣∣∣ ∞∑
n=
j

k

αkn−j z
n +

j

k
−1∑

m=0

km+ 1

j + 1
βj−km z

m
∣∣∣∣∣∣2

+
∞∑
j=0

(j + 2)
∣∣∣∣∣∣ ∞∑
n=0

kn+ 1

kn+ j + 2
αkn+j+1 z

n
∣∣∣∣∣∣2

=
∞∑
j=0

(j + 1)
∞∑

n=
j

k

∣∣αkn−j∣∣2
n+ 1

+
∞∑
j=1

(j + 1)

j

k
−1∑

m=0

(km+ 1

j + 1

)2
∣∣βj−km∣∣2
m+ 1

+
∞∑
j=0

(j + 2)
∞∑
n=0

( kn+ 1

kn+ j + 2

)2
∣∣αkn+j+1

∣∣2
n+ 1

. (2.7)

Case II: j is not a multiple of k. Again using (2.6), we obtain

∞∑
j=0

∣∣∣∣Skψφj∣∣∣∣2 = ∞∑
j=0

[
∞∑

n=

⌊ j
k

⌋
+1

j + 1

n+ 1

∣∣αkn−j∣∣2 +
⌊ j
k

⌋
∑
m=0

(km+ 1)2
∣∣βj−km∣∣2

(m+ 1)(j + 1)

+
∞∑
n=0

( kn+ 1

kn+ j + 2

)2 j + 2

n+ 1

∣∣αkn+j+1

∣∣2]. (2.8)

Since
∞∑
j=0

||Skψφj||2 < ∞, from (2.7) and (2.8), we deduce that the jth term of

the series on the right hand side (in either case) tends to zero. This implies that
αn = 0 and βm = 0 for n ≥ 0,m ≥ 1. Consequently, the symbol ψ = 0. □

We know that a subspace V is said to be invariant under a linear operator T
on a Hilbert space H, if T (V) ⊆ V . If both V and V⊥ are invariant under T,
then V is termed a reducing subspace for T. In the upcoming theorem, we find an

invariant subspace of Skψ, where the symbol ψ takes the form ψ(z) =

(k−1)N∑
i=−∞

ciz
i,

with N as a nonnegative integer. Let V = Span {zl : 0 ≤ l ≤ N}. This subspace
V is a closed subspace of A2(D). We demonstrate that V is invariant under Skψ
but does not qualify as a reducing subspace for it.
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Theorem 2.13. For the symbol ψ(z) =

(k−1)N∑
i=−∞

ciz
i ∈ L∞(D, dA), the subspace

V = Span {zl : 0 ≤ l ≤ N} of A2(D) is invariant under Skψ.

Proof. Case I: Let 0 < i <∞. We will compute Sk
zi
(zl), for 0 ≤ l ≤ N .

If l = 2m. Then, Sk
zi
(zl) = Sk

zi
(z2m) = WkPMziK(z2m) = WkPMzi(

√
m+ 1

2m+ 1
zm)

=

√
m+ 1

2m+ 1
WkP (z

izm). Using Lemma 2.1, we find that Sk
zi
(z2m) = 0 for i > m.

For i ≤ m, when k divides m − i, we have Sk
zi
(z2m) =

m− i+ 1√
(2m+ 1)(m+ 1)

z
m−i
k

and zero otherwise.
Also for l = 2m+1, Sk

zi
(z2m+1) = WkPMziK(z2m+1) =

√
m+ 2

2(m+ 1)
WkP (z

izm+1) =

0. Therefore, for both values of l, even or odd, Sk
zi
(zl) ∈ V for 0 < i < ∞ and

0 ≤ l ≤ N .
Case II: For 0 ≤ i ≤ (k − 1)N , we have

Skzi(z
2m+1) =

√
m+ 2

2m+ 2
WkP (z

izm+1) =
i−m

i+ 1

√
m+ 2

2m+ 2
z

i−(m+1)
k if i ≥ m + 1, k

divides i− (m + 1) and 0 otherwise. Also, Skzi(z2m) =
√

m+ 1

2m+ 1
z

i+m
k if i +m is

divisible by k, and zero otherwise. Thus, in any case, Skzi(zl) ∈ V for −∞ < i <
(k − 1)N , 0 ≤ l ≤ N .
Since the generalized slant H-Toeplitz is linear in its symbol, using Theorem 2.5,

we get that Skψ(zl) = WkPMψK(zl) =

(k−1)N∑
i=−∞

ciWkPMziK(zl) =

(k−1)N∑
i=−∞

ciS
k
zi(z

l) ∈

V for 0 ≤ l ≤ N. As Skψ is a linear operator, we get that Skψ(f) ∈ V for any f ∈ V
and hence the subspace V is invariant under the generalized slant H-Toeplitz
operator. □

The following example shows that Skψ(V ⊥) ̸⊆ V ⊥ and hence the space V is not
a reducing subspace for the operator Skψ.

Example 2.14. Consider S2
ψ, for ψ = z(N−2) ∈ L∞(D, dA), where N > 2.

Then, for z2N ∈ V ⊥, we get that

S2
z(N−2)(z

2N) = W2PMz(N−2)K(z2N)

=

√
N + 1

2N + 1
W2PMz(N−2)(zN) =

√
3

(N + 1)(2N + 1)
W2(z

2)

=

√
3

(N + 1)(2N + 1)
z /∈ V ⊥.

This implies that S2
ψ(V

⊥) ̸⊆ V ⊥.
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We know that, a closed subspace V is invariant under a linear operator T if
and only if V⊥ is invariant under T ∗. This leads to the following corollary:

Corollary 2.15. For the symbol ψ(z) =

(k−1)N∑
i=−∞

ciz
i ∈ L∞(D, dA), the subspace

V ⊥ (
for given V = Span {zl : 0 ≤ l ≤ N}

)
is invariant under Skψ

∗.

In particular, for ψ = zN , the following example demonstrates that the sub-
space V ⊥ is invariant under SkzN

∗, the adjoint of the operator SkzN .

Example 2.16. The subspace V ⊥ of the Bergman space A2(D) is invariant under
the operator SkzN

∗.

For l > N , SkzN
∗
(zl) =

kl + 1

l + 1
K∗QMzN (z

kl). Since kl > N , we have

SkzN
∗
(zl) =

kl + 1

l + 1
K∗Q(zklzN)

=
kl −N + 1

l + 1
K∗(zkl−N)

=
kl −N + 1

l + 1

√
2(kl −N) + 1

kl −N + 1
z2(kl−N)

= Cz2(kl−N), where C =

√
2(kl −N) + 1

√
kl −N + 1

l + 1
.

For f ∈ V ⊥, using this relation for nonnegative integer i ≤ N , we get〈
SkzN

∗
f(z), zi

〉
= ⟨SkzN

∗( ∞∑
l=N+1

clz
l
)
, zi⟩ =

〈 ∞∑
l=N+1

Cz2(kl−N), zi
〉
= 0.

This shows that SkzN
∗
(V ⊥) ⊆ V ⊥ establishing that V ⊥ is invariant under the

operator SkzN
∗.

3. Berezin transform of generalized slant H-Toeplitz operators

The Berezin transform has proven to be a valuable tool in the examination of
Toeplitz and Hankel operators in the setting of the Bergman spaces. Researchers
such as Zhao and Zheng [12] have explored the positivity of Toeplitz operators
using the Berezin transform, while others like Zeng [11], Axler and Dechao [3],
and Stroethoff [10] have investigated commutativity and compactness of Toeplitz
operators through this lens. Motivated by these significant studies, we extend our
exploration to the Berezin transform of the generalized slant H-Toeplitz operator.

Let z0 ∈ D. Then, for any arbitrary ζ ∈ D, normalizing the reproducing kernel,
we get a family of the unit vectors kz0 , as follows:

kz0(ζ) =
hz0(ζ)

∥hz0∥
=

1− |z0|2

(1− z0ζ)2
= (1− |z0|2)

∞∑
n=0

(n+ 1)z0
nζn. (3.1)
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Definition 3.1. Let B be a bounded linear operator on a Hilbert space H. The
Berezin transform of the function B, denoted by B̃, is defined as follows:

B̃(z) = ⟨Bkz, kz⟩ for all z ∈ D.

The Berezin transform B̃, is a bounded function on D. Stroethoff [10] demon-
strated that B = 0 if and only if B̃ = 0. In the next theorem, we discuss the
Berezin transform of the generalized slant operator acting on the Bergman space.

Proposition 3.2. The Berezin transform of the generalized slant operator, Wk

is given by the following:

W̃k(z0) = (1− |z0|2)2
∞∑
n=0

(kn+ 1)z0
nz0

kn,

where z0 ∈ D.

Proof. For an arbitrary ζ ∈ D using the expression (3.1), we get the following:

Wk(kz0)(ζ) = (1− |z0|2)Wk

∞∑
n=0

(n+ 1)z0
nζn

= (1− |z0|2)
∞∑
n=0

(kn+ 1)z0
knζn

= (1− |z0|2)
1 + (k − 1)ζz0

k

(1− ζz0
k)2

.

Using the above expression, the Berezin transform of the generalized slant oper-
ator is given by

W̃k(z0) = ⟨Wkkzo(ζ), kzo(ζ)⟩

= (1− |z0|2)⟨
∞∑
n=0

(kn+ 1)z0
knζn, kzo(ζ)⟩

= (1− |z0|2)
∞∑
n=0

(kn+ 1)⟨z0knζn, kzo(ζ)⟩

= (1− |z0|2)
∞∑
n=0

(kn+ 1)⟨z0knζn, (1− |z0|2)hzo(ζ)⟩

= (1− |z0|2)2
∞∑
n=0

(kn+ 1)z0
knz0

n.

□
The following proposition shows that the Berezin transform S̃kψ, is bounded by√
k||ψ||∞.

Proposition 3.3. For a harmonic function ψ in the space L∞(D, dA), ||S̃kψ|| ≤√
k||ψ||∞.
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Proof. Let z0 ∈ D; then using the definition of the Berezin transform, we have

|S̃kψ(z0)| = |⟨Skψkz0 , kz0⟩| = |
〈
Skψ

hz0
∥hz0∥

,
hz0

∥hz0∥
〉
| ≤ ||Skψ|| ≤

√
k∥ψ∥∞.

□
Applying the operator K to the normalized reproducing kernel, it is a straight-

forward exercise to verify the following.

Lemma 3.4. The operator K : A2(D) → B2(D) satisfies the following:
K(kz0(ζ))

= (1− |z0|2)
∞∑
m=0

(√
(2m+ 1)(m+ 1)z0

mζm +
√

2(m+ 1)(m+ 2)z0
(2m+1)ζ

m+1
)
,

for z0 and ζ ∈ D.

Using G(z0, ζ) to denote the expression of K(kz0(ζ)) in Lemma 3.4, we compute
the Berezin transform of the generalized slant H-Toeplitz operator.

Theorem 3.5. For any L∞(D, dA) function ψ, the Berezin transform of Skψ can
be expressed as

S̃kψ(z0) = (1− |z0|2)
∫
D
ψ(ζ)G(z0, ζ)

[1 + (k − 1)z0ζ
k

(1− z0 ζ
k
)2

]
dA(ζ),

for z0 ∈ D.

Proof. Given z0 ∈ D, the Berezin transform of Skψ can be computed as follows:

S̃kψ(z0) = ⟨Skψkzo , kzo⟩ = ⟨WkPMψK(kz0), kz0⟩ = ⟨PMψK(kz0),W
∗
k (kz0)⟩.

The adjoint of the generalized slant operator is given by

W ∗
k (kz0)(ζ) = (1− |z0|2)W ∗

k

( ∞∑
n=0

(n+ 1)z0
nζn

)
= (1− |z0|2)

∞∑
n=0

(kn+ 1)z0
nζkn

= (1− |z0|2)
1 + (k − 1)z0ζ

k

(1− z0ζk)2
. (3.2)

Applying Lemma 3.4 and using (3.2), we get

S̃kψ(z0) = ⟨ψK(kz0), P (W
∗
k (kz0))⟩

=

∫
D
ψ(ζ)K(kz0)(ζ)W

∗
k (kz0)(ζ)dA(ζ)

= (1− |z0|2)
∫
D
ψ(ζ)G(z0, ζ)

[1 + (k − 1)z0ζ
k

(1− z0ζ
k
)2

]
dA(ζ).

□



GENERALIZED SLANT H-TOEPLITZ OPERATORS 213

Remark 3.6. For any function ψ ∈ L∞(D, dA), the Berezin transform S̃kψ(z0) tends
to zero as |zo| → 1−.
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