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ABSTRACT. This paper focuses on establishing the existence of mild solutions
over a semi-infinite interval for two types of second-order perturbed evolution
equations that involve infinite state dependent delays under nonlocal condi-
tions. The approach employs Avramescu’s nonlinear alternative for the sum
of compact operators and contraction mappings in Fréchet spaces, alongside
semigroup theory.

1. INTRODUCTION AND PRELIMINARIES

In this work, we investigate, in a real Banach space (E,| - |), the existence of
mild solutions defined on a semi-infinite real interval J := [0, +00) for second-
order perturbed evolution equations, with infinite state-dependent delay, when
the conditions are nonlocal, for two classes of the first partial functional and
neutral functional. We will consider the following problem:

Y'(t) = Ayt) + [ (& Ypewn) + 9 (6 Ype) s ace. tEJ, (1.1)
y(t) = o(t) — he(y), te H = (—00,0], (1.2)
y'(0) = w1, (1.3)

where for an abstract phase space B, which will be defined later, f,g: JxB — E|,
¢ € B are given functions, hy : B— E: p: JJ x B = R, y; € E and {A(t) }+>o0, is
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a family of linear closed (not necessarily bounded) operators from E into E that
generates an unique evolution system of operators {U (¢, s)}(ts)e Jxg for s <t

For any continuous function y and any ¢t € .J, we denote by y; the element of
B defined by

y(0) = y(t+6) for 6 <0.
Here y,(-) represents the history of the state from time ¢ < 0 up to the present
time . We assume that the histories y; belong to B. We assume that the histories

y; belongs to some abstract phase space B, to be specified later.
Next, in Section 2, we study the following neutral problem:

%[y’(t) — QU Ypryn] = AWV () + F(E Ypteyn) + 9 (6 Yp(rn)) » e t €, (1.4)
y(t) = o(t) — lu(y), ted, (1.5)
y'(0) = w1, (1.6)

where f, g, p, hi, A(+), and ¢ are as in problem (1.1) — (1.3) and @ : J x B - E
is a given function.

Finally, we give two examples in Section 3 to illustrate the abstract theory.

The theory of differential functional equations with infinite delay has been
the subject of many papers since the end of the twentieth century. Abstract
second-order differential equations with infinite delay have been studied in [19,
21]. Differential equations with unbounded delay, albeit of the first order, appear
in mathematical modeling of some problems in biology [10].

In the literature, there are a lot of works study the problems of differential
equations involving different methods. Among them, the fixed point method is
combined by semigroup theory in Fréchet space; see the paper of Baghli and
Benchohra [5, 7].

The nonlocal evolution equations in Banach spaces were first studied by Byszewski.
The nonlocal conditions were used in many physical problems. For more detailed
of nonlocal conditions in different fields we refer to read Byszewski [14, 15, 16, 17],
Ntouyas and Tsamatos [25, 26].

Baghli et al. [5, 7, 8, 9, 6] considered existence, uniqueness, and controllability
of mild solutions for first-order classes of semilinear partial functional and neutral
functional differential and integrodifferential perturbed and nonperturbed evolu-
tion equations and inclusions with finite and infinite delay. They gave a global
mild solution for evolution inclusions with state-dependent delay in [2, 4, 9, 24]
and for control problems of first and second-order with local and nonlocal condi-
tions in [11, 12, 13].

The objective of this paper is to give the sufficient conditions for the existence of
mild solutions for the two classes partial functional and neutral functional to the
nonlocal second-order perturbed evolution equations with infinite state dependent
delay (1.1)—(1.3) and (1.4)—(1.6) using the nonlinear alternative of Avramescu for
sum of compact operators and contractions maps in Fréchet spaces [3], combined
with semigroup theory [1, 27].

We introduce some notations, definitions and theorems, which are used via the
different steps of these paper.
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Let C(R*; E) be the space of continuous functions from R* into E and let
B(FE) be the space of all bounded linear operators from £ into E, with the usual
supremum norm

[Nl =sup { [N(y)| = [yl =1}, N e B(E).

A measurable function y : Rt — E is Bochner integrable if and only if |y| is
Lebesgue integrable (for the Bochner integral properties, see the classical mono-
graph of Yosida [28]).

Let L'(RT, E') denote the Banach space of measurable functions y : Rt — E,
which are Bochner integrable normed by

+oo
Iyl = / y(t)]dt.

The nonlocal condition y(t) + hi(y) = ¢(t) for t € (—o0,0], can be applied in
physics with better effect than the classical initial condition y(0) = yq.
For example, hi(y) may be given by
p
hi(y) =Y cylti +1), t € (—00,0],
i=1
where ¢;,i = 1,...,p are given constants and 0 < ¢; < --- <t, < +00.

At time t = 0, we have
p

hoy) =Y ciy(ts).
i=1
We shall employ an axiomatic definition of the phase space B presented by
Hale and Kato [18] and follow the terminology used in [22]. Thus, (B, || -||5) will
be a seminormed linear space of functions mapping R~ into E and satisfying the
following axioms:
(Ay) If y : (—o00,b) — E,b > 0, is continuous on [0,b] and yo € B, then for
every t € [0,b), the following conditions hold:
(i) v € B;
(ii) There exists a positive constant D such that |y(¢)| < D||y:||s;
(iii) There exist two functions K(-), M(:) : Ry — R, independent of y
with K continuous and M locally bounded such that

lyells < K(¢t) sup [y(s)] + M(t)[[yol|s-
0<s<t

(As) For the function y in axiom (A;), ¥ is a B-valued continuous function on
[0, b].
(A3) The space B is complete.
Set K = sup K(t) and M, = sup M(t).

te(0,b] t€[0,b]
Remark 1.1. 1. (ii) is equivalent to |¢(0)| < D||¢| s for every ¢ € B.
2. Since || - ||z is a seminorm, two elements ¢, 1) € B can check ||[¢ — ||z =0

without necessarily ¢(6) = 1 (6) for all § < 0.
3. From the equivalence in the first remark, we can see that for all ¢, € B
such that ||¢ — ¢||p = 0, we necessarily have ¢(0) = 1(0).
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Here are some examples of phase spaces from the book of Hino, Murakami,
and Naito [22].

Example 1.2. Let
BC': denote the space of bounded continuous functions defined from R~ to

E;
BUC'": denote the space of bounded uniformly continuous functions defined
from R~ to E;

c*: = {qb € BC: elim ¢(0) exists in E’} ;
——00

Co% = {gb € BC: elim o(0) = O} , endowed with the uniform norm
——00

9]l = sup [6(0)].
9<0

We have that the spaces BUC, C* and C° satisfy conditions (A;) — (43).
However, BC satisfies axioms (A;), (As) but axiom (As) is not satisfied.

Let X be a Fréchet space with a family of seminorms {|| - ||, }nen. We suppose
that the family of seminorms {|| - ||, }nen verifies

[zl < fleflz < flzfls < -+ for every x € X,

Let Y C X. We say that Y is bounded if for every n € N, there exists M, > 0

such that
lyll. < M, forall y€Y.

In what follows, let {A(¢),¢ < 0} be a family of closed linear operators on the
Banach space E with domain D(A(t)) that is dense in £ and independent of t.
The existence of solutions to the problem (1.1)—(1.3) and (1.4)—(1.6) is related to
the existence of an evolution operator U(t, s) for the homogeneous problem

y'(t) = At)y(t), te (1.7)
This concept of evolution operator has been developed by Kozak [23].

Definition 1.3. A family U of bounded operators U(t,s) : E — E, (t,s) € A,
where A := {(t,s) € J x J: s <t}, is called an evolution operator of (1.7) if the
following conditions hold:
(D1) For any = € E, the map (t,s) — U(t, s)z is continuously differentiable
and
(a) for any t € J,U(t,t) = 0;
(b) for all (t,s) € A and for any = € F,
0
%U(t’ $)T|i=s = —1.
(D2) For all (t,s) € A,if v € D(A(t)), then LU(t,s)z € D(A(t)), the map
( s) > U(t, s)z is of class C?, and
(@) & at2 ( s)r = A(U(t, s)x;
(b) 52Ut s)w = U(t, 5)A(s)a;
(c) Dsot ( )x’t=s =0.

gU(t, $)x|i=s = x and
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(D3) For all (t,s) € A, ifz € D(A( )), then

%U(t,s)x € D(A(1)) i U(t,s)x and

) 51255 U(t, s)x exist, and

832815
(a) $25-Ul(t, s)z = A(t) 2 ()U(t, s)x;

(b) af?atU(t s)r = aU(t s)A(s)z.

Moreover, the map (t,s) — A(t)2U(t, s)z is continuous.

For the state dependent delay notion, let us set

R(p~) ={p(s,0): (s,9) € J x B, p(s,¢) < 0}.
We always assume that p : J x B — R is continuous. Additionally, we present
the following hypothesis:

(H,) The function ¢ — ¢; is continuous from R(p~) into B and there exists a
continuous and bounded function £? : R(p~) — R% such that for every
teR(p7)

el < £7]|¢l|s-

Remark 1.4. The condition (Hy), is frequently checked by continuous and bounded
functions. For more details, see for instance [22].

Lemma 1.5. (see [20, Lemma 2.4]) If y : (—o0;b] — E is a function such that
Yo = ¢, then
lyslls < (M + L) [0]l5 + Ksly(0)[;6 € [0, max{0,s}], s € R(p™) U J,

where L® = sup LO(t).
teR(p™)

Proposition 1.6. (see [2, Proposition 3.4|) By (Hy), Lemma 1.5 and the property
(A1), we have for each t € [0,n] and n € N

ptenll < Kaly@)| + (M + L) [|yoll5-
Definition 1.7. A function f:J x B — F is said to be an L; -Carathéodory

function if it satisfies

(i) for each t € J the function f(¢,-) : B — E is continuous;
(ii) for each y € B the function f(-,y):J — Eis measurable;
(iii) for every positive integer k there exists hk € L}, .(J;R") such that

for all ||y||p < k and almost every ¢ € J.

loc

The following definition is the appropriate concept of contraction in X.

Definition 1.8. A function f : X — X is said to be a contraction if for each
n € N there exists a,, € (0, 1) such that for all z,y € X

1 (@) = F(W)lln < an llz =yl

Theorem 1.9 (Avramescu’s nonlinear alternative [3]). Let X be a Fréchet space
and let A, B : X — X be two operators satisfying
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(1) A is a compact operator,
(2) B is a contraction.

Then either one of the following statements holds:

(Avl) The operator A+ B has a fized point;
(Av2) The set {z € X,z = A(z) + AB (%)} is unbounded for some X € (0,1).

2. MAIN RESULTS

2.1. Semilinear nonlocal perturbed evolution equations. In this section,
we provide the existence result for the nonlocal second-order perturbed evolution
problem (1.1)-(1.3). Before this, we first present the mild solutions for that
problem.

Definition 2.1. We say that the function y(-) : R — E is a mild solution of
(1.1)—~(1.3) if y(t) = ¢(t) — he(y) for all t € H and y satisfies the following integral
equation:

W) = S UE060) ~ S UG + U0 (21)
+/0 U(t, ) (S, Yp(s,y,))ds (2.2)
+/0 U(t,5)g (S, Yp(sy,)) ds ae t € J. (2.3)

It is necessary to introduce the following hypotheses, which are assumed there-
after:

(H1) U(t,s) is compact for t —s > 0, and for every (t¢,s) € A, and there exists
a constant M > 1 such that
[U(,9)|l ey < M,
and there exists a constant M > 0 such that
< M.

0
%U(t S)

B(E)

(H2) There exist a function p € L} (J;R,) and a continuous nondecreasing
function
YRy — [0,400) and such that

[F(t )] < p(t) ([lulls)-

for all t € J and for each w e B
(H3) There exists a function € L'(J; R, ) such that

lg(t,u) = g(t, v)] < n(@)]u = vls
forall t € J and for each u,v € B.
(H4) There exist a constant w > 0 such that

hells < @
forallt € H.
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Corollary 2.2. By (Hy), Lemma 1.5 and the Proposition 1.6, we have for each
t €[0,n] andn € N,

Woteanll < Kaly(®)l + (Mo + £7) (165 + ),

where L) = sup  L(t).
teR(p™)

Consider the following space:
Biow ={y:R = E : y|pm continuous for T" > 0 and y, € B},

where y|jo7 is the restriction of y to the real compact interval [0, 7.
Let us fix 7 > 1. For every n € N, we define in B, the seminorms by

[ylln == sup e ™ Bl |y(t)],
teo,n]

where L (¢ fo I, ds 1,(t) = M n(t) K, and 7 is the function from the hypothesis
(H3).

Then B, . is a Fréchet space with those family of seminorms || - || en-

Theorem 2.3. Assumed (Hy) and (H1) — (H4) are satisfied, and moreover for
all n > 0, we have

o ds [
/(,n Tw(s)>K"M/O max (p(s); (s)) ds (2.4)

with o, = (M, + L + K,MD)|¢||s + (M, + L + K,MD)w + K, M|y| +
MK, [;"19(s,0)|ds.

Then, the nonlocal second-order perturbed evolution problem (1.1) — (1.3) has at
least one mild solution on R.

Proof. We transform the problem (1.1) — (1.3) into a fixed-point problem. Con-
sider the operator N : B, — B, defined by

¢(t) - ht(y)7 if ¢ < O;
N(y)(t) = U<t 0>¢(0) — 2U(t,0)ho(y) + U(t,0)y
+ fO (S Zp(s Zzs+Ts) + Lp(s,ze+xs) )
+ f() (S Zp(s,zs+as) + Tp(s,zs+xs) ) if ¢t > 0.
Clearly, fixed points of the operator N are mild solutions of the problem (1.1) —
(1.3).
For ¢ — h; € B, we will define the function

x(t):{¢()_ht(y) ift<o0
—2U(t,0)0(0) — ZU(t,0)ho(y) + U(t,0)y;  ift > 0.

Then zg = ¢ — hg. For each function z € B, ., with z(0) = 0, we denote by Z the

function defined by
i} 0, ift e H,;
2 = { (1), iftel.
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If y(-) satisfies (2.1), we can decompose it as y(t) = z(t) + x(t), t > 0, which
implies y; = 2; + x4, for every ¢t € J and the function z(-) satisfies

t
2(t) = / Ult,s)f (37 Zp(s,zs+ms) T xp(&zs—f—zs)) ds
0

¢
+/ Ult,s)g (s, Zp(s,ze+as) T :cp(s’zsﬂs)) ds.
0
Let
Bl ={2€ Bys:20=0€ B}.
For any z € B}, we have
1z]| 400 = ||20]l58 + sup{|z(s)] : 0 < s < +o0} = sup{|z(s)| : 0 < s < +00}.

Thus (B, ||-]|l+e0) is a Banach space.
We define for ¢ € J the operators F,G : B} — Bl by

¢
F(Z)(t) = /0 U(t7 5>f (37 Zp(s,zstws) T xp(S,zs-i-xs)) ds
and .
G(Z)(t) = / U(tv 3)9 (8, Zp(s,zstas) T xp(S,zs-i-:cs)) ds.
0

Obviously the operator N has a fixed points is equivalents to F' 4+ GG has one, so
it turns to prove that F'+ G has a fixed point. The proof will be given in several
steps.
Step 1: We show the continuity of F.
Let(z,), be a sequence in BY _ such that z, — z € BY_. By the hypothesis
(H1), we obtain

t
|F<Zn)(t> - F('z)(t)‘ < /0 HU<t7 5)"B(E)’f<3> Znp(s,znstas) T Lp(s,zns+as)
ds

_f<$> Zp(s,zSerS) + xp(s,szr:vs)

t
M/ | f (s, Znp(s,zns+1s) T Lp(s,zns+as)
0
ds.

IN

—f(S, Zp(s,szr:ts) + xp(s,szrxs)

Since f is continuous, by the dominated convergence theorem of Lebesgue, we
get
|F(z,)(t) — F(2)(t)] = 0 if n— +oo.

So that F' is continuous.
step 2: Show that F' transforms any bounded of B} in a bounded set.
For any d > 0, there exists a positive constant p such that for all z € By
for By := {z € Bl : ||z|ln < d}, we get |[F(2)|ln < 0. Let z € By. By the
hypotheses (H1) and (H2), we have for all ¢ € [0, n]

t
|F<Z)(t)| S /0 HU(t7 S)HB(E)’f (87 ZP(5728+IS) + xP(S,Zs-l—ﬂ?s)) ’dS7
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t
< M/o p(s)y (||ZP(3725+I8) T Tp(s,z+as) B) ds.

From (Hy), Corollary 2.2 and Assumption (A;), we have for every ¢ € [0, n]

IN

Hzp(t,zt-i-act)HB + ||$p(t,zt+:vt)HB
Kol2(t)] + (M + L3) 120/l 5 + Kl (t)]
+(M, + L7s) |zl 5

”Zp(t,ZH—zt) T Lot zi+ae) HB

IN

IN

9 0,0
0s B(EB)

U (,0) ey + (M + L) 16 — holls
K|z(t)] + KnM[9(0) — ho(y)| + KnM]y:|
+(My + L3) |6 = holls-

Kal2(t)] + Ky

|6(0) = ho(y)]

IN

Using (ii), we get

K, |2(t)| + K, MD|¢||s + K,MDw
+K,MDyills + (M, + L) |6]ls + (M, + L)
Kul2(t)] + (M, + L} + K,MD)(|[¢]5 + =)

+ K, M.

IN

Hzp(t,zt+mt) + mp(tvziert) HB

IN

Set ¢, := (M, + L + K,MD)(||¢||s + =) + Kn]\/4\|y1| and g, := K,d + ¢,. Then
HZp(t,Zt-f—:L‘t) + I‘P(tyzt"rﬂft) HB S Knd + Cn = G (25)

Using the nondecreasing character of ¢, we get for each ¢ € [0, n]

|F(2) ()]

IN

i / p(s)i(s.)ds

< Mi(s) /O p(s)ds

< My(s)llpllr = o

So there exists a positive constant g such that || F(z)||,, < o.
Hence F(By) C B,.

Step 3 : F maps bounded sets into equicontinuous sets of BS’FOO. We consider
By as in Step 2, and we show that F'(By) is equicontinuous. Let 71,75 € J with
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5 > 7 and z € By.

IF)(m) = FE)n)

< [ 1023 = U o |F (512t + Teinn)|

T2
+/ HU(T% S)HB(E)|f (37 Zp(s,zs+as) T xp(S,zs+ms)) |d5

T1

T1
< / HU<T27 ) U<7—17 5>HB(E)p(3)1/) (||Zp(5725+37s) T Tp(s,z54as) B) ds

+M/ U (1zp(s,z040) + To(s,zatas)) |18)ds

By (2.5) and using the nondecreasing character of ¢, we get

|[F(2)(m2) — F(2)(m1)] < w<<n>/0ﬁ |U(72,8) = U(m1, 8)||p(myp(s)ds
+J\/4\w(§n) /Tz p(s)ds.

T1

Observing that |F(z)(72) — F'(2)(m1)]| tends to zero as 7 — 7 — 0 independently
of z € B,. The right-hand side of the above inequality tends to zero as 7,—7m — 0.
Since U(t, s) is a strongly continuous operator and the compactness of U(t, s) for
t > s implies the continuity in the uniform operator topology. As a result of
Steps 1 to 3 together with the Arzela—Ascoli theorem it suffices to show that the
operator F' maps By into a pre-compact set in £.

Let t € J be fixed and let € be a real number such that 0 < € < t. For z € By,
we define

t—e
Fe(z> (t) = U<t7t - E) / U(t - 3)f (57 Zp(s,zetws) T -Tp(S,stES)) ds.
0

Since U(t,s) is a compact operator, the set Z.(t) = {F.(2)(t) : z € By} is
pre-compact in F for every e sufficiently small, 0 < € < t. Moreover, using and
the nondecreasing character of 1, we have

F()(t) - ()0 < Mols,) / p(s)ds.

Therefore, the set {F(z)(t) : z € By} is pre-compact in E. So we deduce from
Steps 1, 2, and 3 that F' is a continuous compact operator.

Step 4 : We shall show now that the operator GG is a contraction.

Indeed, let z,Z € B} . By the hypotheses (H1) and (H3), we get for all
t€[0,n] and n € N,

t
G(2)(t) = GE)()] < / U, )| 5ee)
’g S Z,D(S zs+Ts) + xp(s Zs-i-acs)) 9(57 Ep(s,Es-l-xs) + Ip(s,Es-i—xs)

/Mﬁ ‘zpszs+rg — Zp(sFstzs)

ds

IN

BdS




224 1. ABIBSSI, Z. BOUTEFFAL AND S. BAGHLI-BENDIMERAD

Using Corollary 2.2, we obtain

G(2)(1) =GR < Mn(s) K, |2(s) —=(s)|ds

[1a(s) eTLZ(S)} [e_TL;(S) |2(s) — Z(s)|] ds

t T L¥(s) /
[e } ds ||z — %]
.

e B0 |z = 2.

IN

INA
N S— o\#o\

Therefore,
_ 1 _
1G(2) = GE)ln = — Iz = Z[a.

So, the operator GG is a contraction for all n € N.
Step 5 : To apply Theorem 1.9, we must check the statement (Av2); that is,
it remains to show that the following set:

Fz{zEBim: z:)\F(z)+AG<§> forsomeO<)\<1}.

is bounded. Let z € I'. By (H1), (H2), and (H3), Proposition 2.2 and inequality
(2.5), we have for each ¢ € [0, n],

|2(1)] < ! U ;
A ” ()| By f (5. Zps,ztw0) + To(s,zatan)) [ds
st“l‘xs) + x (S Zg+mg)
/HUts||BE)| 9(s, X £ )‘ds
- M/ Vst + Tt}
st Ts +x 8,25 +Ts
S,zs+x + S zeda
= M/ W (K2 )|+cn)d8—|—M/ Zplszotne) T Tplszetas)
)\ B
+M/ (5, 0)|ds
<

M/ W (Ky|2( )|—|—cn)ds—|—]\/[/ (%|z(s)|+cn) ds

+M/ 19(5, 0)|ds.
0
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We consider the function u(t) := sup |z(#)| defined for ¢ € J with the fact that
0 < A < 1. Thus

K, K
5y u(t)+cen < e+ K, M/ (Tnu(s)+cn)ds

—|—KM/ <—u )+cn)ds+KM/ lg(s,0)|ds.

Set 0, := ¢, + K J/M\fon lg(s,0)|ds. Then, we have

K, K
Tu(t) +cp < o+ K M/ (Tnu(s) + cn) ds

+KM/ < )+cn)d.

We consider the function p(t) defined by

p(t) = sup Kol

+c¢,, 0<t < +00.
s€[0,t] A

K u(t)]

Let t* € [0,t] be such that u(t*) = + ¢,. By the previous inequality

and the nondecreasing character of 1, we have ¢ € [0, n]

() < -t 0T [ (s)(u(s) ds+ K37 [ n(s)u(s)as.

Let us take the right-hand side of the above inequality as v(t). Then, we have
p(t) < wo(t) for all t€0,n].

From the definition of v, we have

V(t) = KoM (p()Y(v(t) +n(t)v(t))  ae. te0,n].
This implies that for all ¢t € [0,n] and by using Theorem 2.3, we get

v(t) ds gt
/an m < KnM/O max (p(s);n(s))ds

< Kn]\//.T/OnmaX(p(s);n(s))ds

oo ds
<Ln&ww'

Thus, for every t € [0, n], there exists a constant ®,, such that v(t) < ®,,, and
hence p(t) < ®,. Since ||z], < wp(t), we have||z||, < ®,. This shows that the
set I" is bounded. Then the statement (Av2) in Theorem 1.9 does not hold. The
nonlinear alternative of Avramescu implies that (Avl) is satisfied. We deduce
that the operator F' + G has a fixed point z*. Then y*(t) = 2*(t) + z(t), t € R
is the fixed point of the operator N, which is a mild solution of the problem
(1.1)—(1.3). O
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2.2. Neutral perturbed evolution equations. In this section, we give an
existence result for the problem (1.4)—(1.6). First, we define the concept of the
mild solution for that problem.

Definition 2.4. We say that the function y(-) : R — E is a mild solution of
the problem (1.4)—(1.6) if y(t) = ¢(t) for all ¢ < 0 and y satisfies the following
integral equation:

Yt = 2 U(0)9(0) + U (. 0)ly — Q0. 0)
t 0

- fo %U(t S)Q(S, yp(s,ys))ds

+ fot U(t,s)f(s,Yp(sy.))ds + fot U(t,s)9(5, Yp(sy,))ds forall t e { |
2.6

We consider the hypotheses (H,), (H1) — (H4), and we will need the following
assumptions:

(H5) There exists a constant My > 0 such that
1A (Ol 5E) < Mo

forall t € J.
(H6) There exists a constant 0 < L such that

[A@)Q(t, )| < L([¢]l5 + 1)

forall t € J for every ¢ € B.
(HT) There exists a constant L, > 0 such that

[A(5)Q(s,9) — AB)Q(E, )| < La (|s =31 + ([l — ¢l15)
for all 5,5 € J for every ¢, € B.

Theorem 2.5. Assume that (H¢), (H1) — (HT) are satisfied, and moreover for
all n >0,

toeo (s " v VYA v
/U7 rw(s) > Kn/o max (Mp(S), M MyL + Mﬁ(3)> ds (2.7)

with o, := K, Xn + Cn, and
o = (K,MD + M, + L) (|¢ll5 + =) + K, M|y
and

Yo = SLL(N + Mn) + MOLL|6|s + 1 / lg(s,0)|ds.
0

Then, the nonlocal second-order neutral perturbed evolution problem (1.4)—(1.6)
has at least one mild solution on R.
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Proof. We consider the operator N : B, — Bi. defined by
[ O(t) — hely), it <0;

Tt = 13U E0I60) ~ ho(w)] + U0 - Q(0.0)
- Ot %U(t’ S)Q(S’ y/’(sv%))d‘s + f(;t U(tv S)f(S, yp(s,ys))ds

\ + fOt U(t7 S)g(57 yp(s,ys))ds if t > 0.

Then, fixed points of the operator N are mild solutions of the problem (1.4) —

(1.6).
For ¢ — h; € B, we consider the function z(-) : R — E defined as below by
o(t) — h(y), if t <0;
x(t) = o '

Then g = ¢ — hg, and for each function z € B} set y(t) = z(t) + z(t). we
denote by Z the function defined by

)0, ifte H,;
() = { At), ifte

If y(-) satisfies (2.1), then we can decompose it as y(t) = z(t) +x(t), t > 0, which
implies y; = z; + x4, for every ¢t € J and the function z(-) satisfies

t

0

Z(t) = _U(t7 O)Q(Oa ¢) - / %U(ta S)Q (87 Zp(s,zs+Ts) + xp(s7z5+x5)) ds
0

t
T / Ut 5) £ (5, Zpansens) + Tpanssnn)ds
0

t
+/ U(t> 5)9 (5> Zp(s,zetws) T xp(S,zsﬂcs)) ds.
0

Let B = {z € Byo : 29 = 0}. Define the operator F,G : B — B _ by

t
F(Z)(t) = /0 U(ta S)f(S? Zp(s,zstas) T xp(S,zs+rs))d3a

and

~ t 0
G(Z)(t) - _U<t7 O>Q(O7 (b) - /0 &Uua S)Q (37 Zp(s,zs+xs) + xp(s,szr:Jcs)) ds

t
+/ U(t7 S)g (87 Zp(s,zs+$s) + :L‘p(s,szrxs)) ds.
0

Obviously the operator N having a fixed points is equivalent to F' + G having
one, so it turns to prove that F' + G has a fixed point. We have shown that the
operator F' is continuous and compact as in section 3. It remains to show that
the operator G is a contraction.
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Let 2,7 € Bf™. By (H1), (H3), (H5) and (HT7), we have for each t € [0, n]
and n € N,

lé(z)(tg— G(2)(t)]
<o ||5:0@9)| 1A s
B(E)

XA($)Q (8, Zpts.eita) + Tp(siztan) = AlS)Q (8 Zp(sziren) T Tptoziran)) lds
+tfll_,||£(t’ )5 [9 (5, Zpts.ztan + Tptsieitzn) =9 (5 Zptszbe) + Tptsziran) | ds
< fO MMDL*HZp(s,zSJr:Es) - Zp(s,zs+acs) ds.

t
Bds + fo M77(£)|’Zp(8,zs+xs) — Zp(s,zs4xs)

By (2.5), we have

EEHHER W] < / B TIoL. K |2(s) — 2(s)|ds
+ /O Mn(s)K,|2(s) — 2(s)|ds

< /0 K. [M ML, + J\%(s)] 12(s) — %(s)|ds.

Set I, (t) = K,, |M MyL, + ]\/Zn(t)] for the family of seminorms {|| - ||, }nen. Then

G(2)(t) = G()(2)]

IN

/0 (E(s)eTLZ(S)) (e_TLZ(S)]z(S) — E(s)|) ds

tTerLa) ]’
< / [ ]dsuz—znn
0 T

1 L)

—€
T

IN

|2 — Z||n-

Therefore,
~ ~ 1 _
1G(2) = GE)ln < —ll2 = Zlln.

Assume that 7 > 1. Then the operator G is a contraction for all n € N.
For applying Theorem 1.9, we must check the statement (Av2); that is, it
remains to show that the set

F:{zeng: z:AF(z)+Aé<

z

)\) for some 0 < \ < 1}

is bounded.
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Let z € I. By (H1) — (H3), (H5) — (HT), we have for cach t € [0, n],

|2(2)]
A
< M|jA™ ( )N B(m) | A0)Q(0, 9]
+f0 ‘ 0s utt,s H ||A_1(8)”B(E) x |A(s)@ (S7zp(87Zs+Is) +xp(s,zs+a:s)) |ds
B(E)
+M fo Z”zp 8,25 +Ts) + Tp(s,zs+xs) B)dS
—|—Mf0 ) ( w +$p(szs+x5)> —g(s, 0)‘ds+Mf0n|g (s,0)|ds
< MMO (||¢||B +1)+M MyL fo ”Zp (s,zs+s) T Lo(s,zs+as) 1B +1ds
+M fo |Zp szs—i-zs) + xp(s Ze+Ts) HB)dS + Mf(] lg(r,0)|drds
+$5
3 f H e 40l

< MoL(M + Mn) + MMOLchHB + M [ |g(s,0)|ds
+M MyL fo Hzp(s zotas) T Tp(s,zetas) ||l BdS
+M fo |Zp (5,25 +s) T Tp(s,26+as) 5)ds

Zp(s, 52 4xs)
T ] L) e serela] .

Using Corollary 2.2 and inequality (2.5) yields

Zp(s, 5 tas)

A

_'_x Sﬁ+xs
p(s, % )B

1
< _”Zp(&%s—&-xs)HB + ||xp(8,%5+acs)||3

M, + L?
|2(s)] + Tllzolls + Kol + (M, + £2)]|zo|5

IN

>/|Ni >/|N >/|5>’

2U(S,O)

< 2R+ || 2

[2(0)] + |U (s, 0)ll () |91
B(E)

M, + L%)|¢|ls
"N2(s)] + (K MD + M, + L) (|6]l5 + @) + K, M|y .

IN

Hence

K,

Zp(s. 28 Ts
Hm <_|Z( )| + .

)\ + l’p(S 5+1's)

Use the function u(-) and the nondecreasmg character of ¥ to get

" L o .
Q < MOL(M+Mn)+MM0L||¢HB+M/ 1g(r, 0)|drds +

+M ML / Kyu(s) 4+ cpds + M/ Y(Knu(s) + cp)ds +

y / ( )—I—cn) is.
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Set Xn = MoL(M + Mn) + MM,L||¢||s + M [ |g(r,0)|ds.
Then

t = t K Kn

—l—M/ < )+ cn) ds.
'K

Kn Y n
Tu(t) +c, < cp+ Koxn+ K, M ML Tu(s) + cpds
0

LK, M/ ( )+cn) ds
+K, M/ ( —i—cn) ds.

Set 0, := K, Xn + ¢,. Then

So

K. _ . K.
Tu(t) +c, < o,+ K, fot (M M,L + Mn(s)) (Tu(s) + cn) ds

KM [ p(s) (%u(s) + cn> ds.

We consider the function p defined by

K,
u(t) = sup {Tu(t) +c,:0<s< t}.

0<t<+oc0

K,
Let t* € [0,t] be such that u(t) = Tu(t*) + ¢,. By the previous inequality,

we have for t € [0, n]
t o~ —~
ut) < oot K, / (M oL+ Mi(s)) w(s)ds
0

LK, / Mp(s)b(yu(s))ds.

Let us take the right-hand side the above inequality as v(¢). Then we have
wu(t) < w(t) for all t € [0,n].

From the definition of v, we get v(0) = o,, and

V(1) = K (M MoL + Mn(t)o(t) + Mp(@)p(u(t) ) .
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v(t) ds t - — o
/UNn Py < Kn/o max (Mp(s), MMyL + Mn(s))ds
< K, /n max (Mp(s),ﬁﬁo[/—l—]\?n(s))ds
0

_ /+oo ds
5 s+U(s)
Thus, for every ¢t € [0,n], there exists a constant ®,, such that v(t) < (/ﬁ;,
and hence u(t) < ®,. Since ||z||, < p(t), we have ||z||, < ®,. This shows that

the set ' is bounded. Then the statement (Av2) in Theorem 1.9 does not hold.
The nonlinear alternative of Avramescu implies that (Av1) is satisfied, we deduce

that the operator F + G has a fixed point 2*. Then y*({) = 2*(t) + z(t), t € R

is the fixed point of the operator N, which is a mild solution of the problem
(1.4) — (1.6). O

3. EXAMPLES

To illustrate the previous results, we give in this section two examples.

3.1. Example 1. Consider the partial nonlocal second-order perturbed evolution
equations

( Zau(t, ) = Zzv(t,€) + ao(t, E)v(t,€)
+ [ cai(s =t |s— pi()ps (fo 7 ax(0)|o(t, 0)[2d0) & | ds
+f as S_t)v S—p1<t)p2 f()Z7T (0>| ( )|2d0 7 d87

>0, ¢ €[0,2n],

v(t,0) = v(t,2m) =0, t>0,

v(0,&) + chv(ﬁ +t;,€) = v9(0,8), —00 <0 <0, €e€]0,2n],

| 200, = 0(6) o820, e b,
(3.1)

where ap : RT x [0,27] — R is a continuous function, aj,a3 : R — R and
as : [0,27] = R, p; : Rt — R are given functions for i = 1, 2.

Let E = L?(R, C) be the space of 2r-periodic square-integrable functions from
R into C, and let H?*(R,C) denote the Sobolev space of 2m-periodic functions
z : R — C such that 2” € L*(R, C).

We consider the operator A;y(&) = y”(¢) with domain D(A;) = H*(R,C). In
addition, we take A%(t)y(s) = a(t)y'(s) defined on H'(R,C), and consider the
closed linear operator A(t) = A; + As(t), which generates an evolution operator
U defined by

Ult,s) = Zzn(t, S) < T, Wy > Wy,

neL
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where z, is a solution to the scalar initial value problem

2'(t) = —n®2(t) + ina(t)z(t),
{ 2(s) =0, 2(s)=z. (3.2)

Theorem 3.1. Let B= BUC(R_; E) and ¢ — hy € B. Assume that condition
(Hy) holds. suppose that the functions ai,az : R™ — R, as : [0,7] = RT, and
pi - RY — R, i = 1,2, are continuous. Then there exists a mild solution of

partial nonlocal second-order perturbed evolution equation with state dependent
delay (3.1) on R.

Proof. From the assumptions, we have

F(t0)(E) = / ar(s)(s, E)ds, ¢>0, € € (0,27,

—00

D6 8)(E) = t — pr(t)ps ( | a2<e>|w<o,5>12d9) L >0, ce 0,2

g(t, ) = / as(s)0 (s, )ds, >0, €€ [0,27]

—00

P(t)(€) = vo(t,§), <0, & €l0,2n],

and )
= cult+1;,8),  t<0, £€[0,27],

8 8
;0(0,6) = 2.4(0,€)
are well defined functions, Wthh permit to transform system (3.1) into the ab-
stract system (1.1)—(1.3). Moreover, the functions f and g are bounded and linear.

Now, the existence of mild solutions can be deduced from a direct application of
Theorem 2.3. O

Corollary 3.2. Let ¢ — hy € B be continuous and bounded. Then the problem
(3.1) has a mild solution on R.

3.2. Example 2. Consider the neutral second-order perturbed evolution equa-
tion
(0 5 ™ 2
at Ju(t,€) — 2 aa(s = t)v(s = pr(8)pa (J a2 (B)[u(t, 0)%dB) ,€) ds
_ 2 06 + a0t
0 a(s =t s = pip (Jy™ ax(O)lot,0)2d0) ¢ ds

+f az(s —t)v |s — p1(t)p2 fo% as(0)|v(r, 0)|2d9) € ds,t >0, € €10,27]
u(t,0) = v(t, 2m) = 0, t>0,
v(0,€) Zc] (0 4t;,6) = v0(6,8), —o00 <0 <0, £e€0,2n],
\ (O 5) (f) _OO<‘9§07 56[07277-]7

(3.3)
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where a4 : R_ — R is a continuous function.

Theorem 3.3. Let B= BUC(R_,E) and ¢ —h; € B. Assume that the condition
(Hy) holds. Suppose that the functions a1, as,ay : R — R, ay : [0,27] — R, and

pi - R — R fori = 1,2 are continuous. Then there exists a mild solution of
(3.3) on R.

Proof. From the assumptions, we have
0

f@@@%=/ ar(8)(s, E)ds, >0, € € [0,7],

—00

;ﬁmwﬁzt—m®p(/ﬂ()wmiww), £>0, €€ [0,7,

/ &)ds, >0, £€0,7),
/ €)ds, t>0, €0,
P

Z o(t+1t5,€),  t<0, £€[0,2q],

Jj=

¢( )(5) 0( 75)7 té O, 56 [0,2%],
@

and
0(0,6) = 2y(0.6), 1<0, Eco,2m

are well defined functlons, Wthh permit to transform system (3.3) into the ab-
stract system (1.4) — (1.6). Now, the existence of mild solutions can be deduced
from a direct application of Theorem 2.5. |

Corollary 3.4. Let ¢ — hy € B be continuous and bounded. Then there exists a
mild solution of (3.3) on R.
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