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Abstract. For a compact subgroup K of a locally compact group G, we de-
scribe the multiplier algebra of the (Fourier) Lebesgue–Fourier algebra on the
coset space G/K. This allows us to compare and study the multiplier-bounded
approximate identity of the Lebesgue–Fourier algebra and the Fourier algebra
on G/K. Moreover, characterizing the multiplier algebra of a commutative
semisimple regular Banach algebra A with the Gelfand structure space X, we
show that if A has a multiplier-bounded approximate identity and A is ap-
proximately amenable, then the norm on A is equivalent to the norm on its
multiplier algebra. Additionally, we investigate some cohomological properties
of the (Fourier) Lebesgue–Fourier algebra with a multiplier-bounded approx-
imate identity on G/K. Furthermore, we examine certain hereditary proper-
ties of amenability, approximate amenability, pseudo-amenability, and weak
amenability of the Fourier algebra on G/K.

1. Introduction and preliminaries

Let G be a locally compact group with the left Haar measure λG and identity
e. The set of all integrable functions on G with respect to λG is denoted by
L1(G). The space L1(G), as defined in [20], with the convolution product, forms
a Banach algebra.

The Fourier algebra A(G) and the Fourier–Stieltjes algebra B(G) of G were
introduced by Eymard [5]. The set of all multipliers of an algebra A is de-
noted by M(A). It is known that M(A) is a Banach algebra with respect to
the operator norm, called the multiplier algebra of A; see Larsen [23] for the
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theory of multipliers in general Banach algebras and Wang [32] for multipliers
of commutative Banach algebras. We have A(G) ⊆ B(G) ⊆ M(A(G)) and
‖ · ‖M(A(G)) ≤ ‖ · ‖A(G) = ‖ · ‖B(G).

The Lebesgue–Fourier algebra S1A(G) = L1(G) ∩ A(G), equipped with the
pointwise multiplication and the norm

‖ · ‖S1A(G) = ‖ · ‖L1(G) + ‖ · ‖A(G),

is an abstract Segal algebra with respect to A(G). In 2002, Ghahramani and Lau
[13, 14] introduced and extensively studied the Lebesgue–Fourier algebra of G.

Let K be a compact subgroup of G with the normalized Haar measure λK such
that λK(K) = 1. There exists a G-invariant Radon measure µ on the coset space
G/K, satisfying µ(xĖ) = µ(Ė) for all Borel subsets E of G and x ∈ G, where Ė is
the image of E under the canonical quotient map φK . The modular functions of
G and K are equal, that is, ∆G|K = ∆K = 1. This leads to the integral formula:∫

G

u(x) dλG(x) =

∫
G/K

∫
K

u(xk) dλK(k) dµ(ẋ) (u ∈ Cc(G)),

which also holds for all u ∈ L1(G). Define the map PK : A(G) → A(G) by

PK(u)(x) =

∫
K

u(xk) dλK(k) (u ∈ A(G)).

The image of A(G) under PK consists of functions constant on the left cosets of
K in G. The map PK is a contractive projection. The map MK on the image of
A(G) under PK is defined by

MK(u)(ẋ) = u(x) (u ∈ PK(A(G))),

and is an injective homomorphism with range denoted by A(G/K), the Fourier
algebra of the homogeneous space G/K. Both MK and its inverse are isometric.
The linear map ΓK := MK ◦PK : A(G) → A(G/K) is surjective and contractive,
leading to

A(G/K) = {ΓK(u) : u ∈ A(G)},
with

ΓK(u)(ẋ) =

∫
K

u(xk) dλK(k) (u ∈ A(G)).

The Fourier algebra A(G/K) is a commutative, semisimple, regular Banach
algebra with Gelfand structure space G/K. This algebra was introduced by
Forrest, who extended pointwise multiplication of A(G) to A(G/K) and in-
vestigated its properties. The Fourier–Stieltjes algebra on G/K, denoted by
B(G/K), is a subalgebra of the algebra of continuous functions on G/K. Addi-
tionally, we note that A(G/K) is a closed ideal of B(G/K). For more details,
see [8, 9, 11, 7, 6, 20, 22, 24, 26].

The algebra L1(G/K) of the coset space G/K was introduced by Reiter and
Stegeman [26]; they transferred convolution multiplication of L1(G) to L1(G/K)
and studied its properties.

In [4], we defined the Lebesgue–Fourier space S1A(G/K) on the coset space
G/K for a compact subgroup K of a locally compact group G. We proved that
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S1A(G/K), with pointwise multiplication, is a commutative, semisimple, regular
Banach algebra with G/K as its Gelfand structure space. When K = {e}, it
corresponds to the Lebesgue–Fourier algebra S1A(G). We explored properties of
S1A(G/K) and its relationships with A(G/K) and G. Additionally, we studied
the algebraic and topological properties of S1A(G/K) and investigated its ap-
proximate amenability, providing necessary conditions based on the properties of
G and K.

Forrest and Runde in their paper [10], proved that the Fourier algebra A(G)
is amenable if and only if G has an abelian subgroup of finite index. They also
demonstrated a hereditary property for weakly amenable A(G) in [10, Lemma
3.1]. Ghahramani and Zhang [18] introduced the notions of pseudo-amenable and
pseudo-contractible Banach algebras, while the concept of approximate amenabil-
ity was introduced by Ghahramani and Loy [15]. Ghahramani and Stokke [17]
showed that if G is amenable and discrete, then A(G) is approximately amenable.
Furthermore, if G is discrete, then A(G) is pseudo-amenable if and only if it has
an approximate identity. In their paper, they also described some hereditary
properties of pseudo-amenable A(G).

In this paper, characterizing the multiplier algebras of S1A(G/K) and A(G/K),
we study multiplier-bounded approximate identity of S1A(G/K). We prove
that if A(G/K) has a multiplier-bounded approximate identity, then so has
S1A(G/K). Moreover, we characterize the multiplier algebra of a commuta-
tive, semisimple, regular Banach algebra A with the Gelfand structure space X.
We establish that if A possesses a multiplier-bounded approximate identity and
is approximately amenable, then the norm on A is equivalent to the norm on
its multiplier algebra. Additionally, in this work, we extend the aforementioned
results from [10, 18, 15, 17] to A(G/K). We characterize the important notions of
approximately amenability and pseudo-amenability on S1A(G/K) and A(G/K).
Moreover, we present a number of hereditary properties of notions of amenability
for A(G/K) and S1A(G/K).

2. Multiplier algebras of A(G/K) and S1A(G/K)

Before we study the multiplier algebras of A(G/K) and S1A(G/K), we need a
related result. Let us recall that a Banach algebra A is said to be without order
if for every element a ∈ A, the condition aA = 0 implies a = 0.

Proposition 2.1. Let K be a compact subgroup of a locally compact group G.
Then S1A(G/K) is a Banach algebra without order.

Proof. We have to show that if u ∈ S1A(G) and ΓK(u)ΓK(v) = 0 for all v ∈
S1A(G), then ΓK(u) = 0. For this, suppose that ΓK(u) 6= 0. Then there ex-
ists ẋ ∈ G/K such that ΓK(u)(ẋ) 6= 0. Since S1A(G/K) is regular by [4,
Theorem 2.4], there exists an element w ∈ S1A(G) such that ΓK(w)(ẋ) = 1.
Thus ΓK(u)(ẋ)ΓK(w)(ẋ) 6= 0. This is a contradiction. □

As we have already seen, for a compact subgroup K of a locally compact group
G, the commutative Banach algebra S1A(G/K) is without order. Therefore, by
the closed graph Theorem, every multiplier of S1A(G/K) is bounded as a linear
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operator. This holds similarly for A(G/K).

Definition 2.2. Let K be a compact subgroup of a locally compact group G.
Set

Bb(G/K) :=
{
Φ ∈ Cb(G/K) : ΦA(G/K) ⊆ A(G/K)

}
,

where Cb(G/K) is the space of all bounded continuous complex-valued functions
on G/K with the supremum norm. We define the norm on Bb(G/K) by
‖ Φ ‖Bb(G/K):= sup

{
‖ ΦΓK(v) ‖A(G/K): v ∈ A(G) and ‖ ΓK(v) ‖A(G/K) ≤ 1

}
.

Also, we define
B1

b (G/K) :=
{
Φ ∈ Cb(G/K) : ΦS1A(G/K) ⊆ S1A(G/K)

}
and norm on B1

b (G/K) by
‖ Φ ‖B1

b (G/K):= sup
{
‖ΦΓK(v)‖S1A(G/K) : v ∈ S1A(G) and ‖ΓK(v)‖S1A(G/K) ≤ 1

}
.

It is easy to check that Bb(G/K) and B1
b (G/K) are Banach algebras with point-

wise multiplication.

Proposition 2.3. Let K be a compact subgroup of a locally compact group G.
Then

(a) B(G/K) ⊆ Bb(G/K) ⊆ B1
b (G/K);

(b) ‖ . ‖B1
b (G/K) ≤ ‖ . ‖Bb(G/K)≤ ‖ . ‖B(G/K);

(c) S1A(G/K) is a Banach Bb(G/K)-module.

Proof. (a). Since A(G/K) is an ideal of B(G/K), we have B(G/K) ⊆ Bb(G/K).
Now, let Φ ∈ Bb(G/K). Thus Φ ∈ Cb(G/K) and ΦS1A(G/K) ⊆ A(G/K). Since

‖ ΦΓK(v) ‖L1(G/K)≤‖ Φ ‖L∞(G/K)‖ ΓK(v) ‖L1(G/K)

for each v ∈ S1A(G), then
ΦS1A(G/K) ⊆ ΦL1(G/K) ⊆ L1(G/K).

Therefore Φ ∈ B1
b (G/K).

(b). Let u ∈ S1A(G). Using ‖ . ‖L∞(G/K) ≤ ‖ . ‖Bb(G/K), for each v ∈ S1A(G)
we have
‖ΓK(u)ΓK(v)‖S1A(G/K) = ‖ ΓK(u)ΓK(v) ‖A(G/K) + ‖ ΓK(u)ΓK(v) ‖L1(G/K)

≤ ‖ ΓK(u) ‖Bb(G/K)‖ ΓK(v) ‖A(G/K)

+ ‖ ΓK(u) ‖L∞(G/K)‖ ΓK(v) ‖L1(G/K)

≤ ‖ ΓK(u) ‖Bb(G/K)‖ ΓK(v) ‖A(G/K)

+ ‖ ΓK(u) ‖Bb(G/K)‖ ΓK(v) ‖L1(G/K)

= ‖ ΓK(u) ‖Bb(G/K) ‖ΓK(v)‖S1A(G/K).

Therefore,
‖ ΓK(u) ‖B1

b (G/K) ≤ ‖ ΓK(u) ‖Bb(G/K) .

(c). Since
‖ΦΓK(v)‖S1A(G/K) ≤ ‖ Φ ‖Bb(G/K) ‖ΓK(v)‖S1A(G/K)
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for all Φ ∈ Bb(G/K) and v ∈ S1A(G), S1A(G/K) is a Banach Bb(G/K)-module.
□

For each multiplier T of a semisimple Banach algebra A, there exists a bounded
continuous function g on the Gelfand structure space of A such that

Tf = gf

for all f ∈ A. Also, || g ||∞ ≤ || T ||; see [32, Theorem 3.1]. Since S1A(G/K)
is semisimple with the Gelfand structure space G/K, these facts, together with
what we have already seen, lead us to the following result.
Theorem 2.4. Let K be a compact subgroup of a locally compact group G. Then
M(S1A(G/K)) and B1

b (G/K) are isometrically isomorphic.
As a consequence, we have the following result; first, note that for a com-

pact subgroup K of a locally compact group G, the algebras M(A(G/K)) and
Bb(G/K) are isometrically isomorphic.
Corollary 2.5. Let K be a compact subgroup of a locally compact group G. Then
the following statements are equivalent.

(a) S1A(G/K) = B1
b (G/K);

(b) G is compact;
(c) A(G/K) = Bb(G/K).

Proof. On the one hand, the algebras A(G/K) and S1A(G/K) are ideals of
Bb(G/K) and B1

b (G/K) respectively, and the constant one function is the iden-
tity element of Bb(G/K) and B1

b (G/K). On the other hand, any one of A(G/K)
and S1A(G/K) has an identity element if and only if G is compact. □

Combining [4, Proposition 2.5] and Corollary 2.5, we obtain B1
b (G/K) =

Bb(G/K) = B(G/K) when G is also compact.
We now compare the norms ‖.‖S1A(G/K) and ‖ . ‖B1

b (G/K) which is interest in
its own right.
Proposition 2.6. Let K be a compact subgroup of a locally compact group G.
Then the following statements are equivalent.

(a) The norms ‖.‖S1A(G/K) and ‖ . ‖B1
b (G/K) are equivalent;

(b) G is compact.
Proof. Suppose that the norms ‖.‖S1A(G/K) and ‖ . ‖B1

b (G/K) are equivalent. Thus
by Proposition 2.3, the norms ‖.‖S1A(G/K) and ‖ . ‖A(G/K) are equivalent. Since
S1A(G/K) is dense in A(G/K), we conclude that S1A(G/K) = A(G/K); that
is, G is compact by [4, Proposition 2.3]. To show the converse, suppose that G is
compact. Then S1A(G/K) containes the identity element. Thus two norms are
equivalent. □
Corollary 2.7. Let K be a compact subgroup of a locally compact group G. Then
the following statements are equivalent.

(a) S1A(G/K) is closed with the norm ‖ . ‖B1
b (G/K);

(b) G is compact.
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Proof. Suppose that S1A(G/K) is closed with the norm ‖ . ‖B1
b (G/K). Then by the

open mapping Theorem, the identity map I : S1A(G/K) → S1A(G/K)
∥.∥

B1
b
(G/K)

implies that the norms are equivalent; that is, G is compact. To the converse,
assume that ΓK(u) ∈ S1A(G/K)

∥.∥
B1
b
(G/K) . Then there exists v in S1A(G) such

that ‖ ΓK(u) − ΓK(v) ‖B1
b (G/K) ≤ ε. Hence ‖ΓK(u) − ΓK(v)‖S1A(G/K) ≤ ε.

Therefore ΓK(u) ∈ S1A(G/K). □

Lemma 2.8. Let K be a compact subgroup of a locally compact group G. If G is
amenable, then B(G/K) = Bb(G/K) and the norms ‖ . ‖A(G/K) and ‖ . ‖Bb(G/K)

are equivalent.

Proof. If G is amenable, then B(G/K) = Bb(G/K) by [9, Corollary 4.3]. On the
other hand, [9, Theorem 4.2] indicates that A(G/K) has a bounded approximate
identity. Let (eα)α∈Λ be a net in A(G) for which (ΓK(eα))α∈Λ is an approximate
identity in A(G/K) and is bounded by 1 in the norm of A(G/K). Hence for each
u ∈ A(G), we have

‖ ΓK(u) ‖A(G/K) = lim ‖ ΓK(eα)ΓK(u) ‖A(G/K)

≤ lim ‖ ΓK(eα) ‖A(G/K) ‖ ΓK(u) ‖Bb(G/K)

≤ ‖ ΓK(u) ‖Bb(G/K) .

On the other hand, ‖ ΓK(u) ‖Bb(G/K) ≤ ‖ ΓK(u) ‖A(G/K) . □

Problem 2.9. Let K be a compact subgroup of a locally compact group G such
that the norms ‖ . ‖A(G/K) and ‖ . ‖Bb(G/K) are equivalent. Is G amenable? or is
G amenable if B(G/K) = Bb(G/K)?

While amenability of G ensures the equivalence of the norms on A(G/K) and
Bb(G/K), the converse is subtle and non-trivial, as it would imply that a purely
functional-analytic condition on the homogeneous space G/K suffices to recover
a global algebraic-topological property of the group G.

Remark 2.10. Let A be a commutative semisimple regular Banach algebra with
the Gelfand structure space X. Since A is regular, it is without order. Hence we
conclude that every multiplier of A is a bounded linear operator. Define

Bb(X) :=
{
Φ ∈ Cb(X) : ΦA ⊆ A

}
.

We define the norm on Bb(X) by

‖ Φ ‖Bb(X):= sup
{
‖ Φa ‖A: a ∈ A and ‖ a ‖A ≤ 1

}
.

It is straightforward to verify that Bb(X) is a Banach algebra with pointwise
multiplication. Additionally, the algebras M(A) and Bb(X) are isometrically
isomorphic. If A has a bounded approximate identity, then the norms ‖ . ‖A and
‖ . ‖Bb(X) are equivalent. It is not known whether the converse is true. Moreover,
A has an identity if and only if A = Bb(X). In addition, A is closed with the
norm ‖ . ‖Bb(X) if and only if ‖ . ‖A and ‖ . ‖Bb(X) are equivalent.
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3. Cohomological properties of A(G/K) and S1A(G/K)

A sequence (an)n∈N in a Banach algebra A is called multiplier-bounded if there
exists a constant R > 0 such that supn∈N‖ana‖ ≤ R‖a‖ for all a ∈ A.

In this section, we compare multiplier-bounded approximate identity of A(G/K)
and S1A(G/K). Also, we investigate cohomology properties for A(G/K) and
S1A(G/K) with a multiplier-bounded approximate identity when K is a com-
pact subgroup of a locally compact group G.

Theorem 3.1. Let K be a compact subgroup of a locally compact group G. If
A(G/K) has a multiplier-bounded approximate identity, then S1A(G/K) has a
multiplier-bounded approximate identity.

Proof. Suppose that A(G/K) has a multiplier-bounded approximate identity; in
fact, there exists a net (eα)α∈Λ in A(G) for which (ΓK(eα))α∈Λ is an approximate
identity in A(G/K) with a bound R in the multiplier norm of A(G/K). Let Γ
be the set of all pairs (α, ε) for which 0 < ε < 1 ordered by

(α, ε) ≺ (α
′
, ε

′
) ⇔ α ≺ α

′
, ε ≥ ε

′
.

For each u ∈ A(G) and ε > 0, we have

‖ ΓK(eα)ΓK(u)− ΓK(u) ‖A(G/K)< ε.

Let γ := (α, ε). For each γ ∈ Γ, since S1A(G/K) is dense in A(G/K), there exists
uγ ∈ S1A(G) such that

‖ ΓK(uγ)− ΓK(eα) ‖A(G/K) < ε.

So (ΓK(uγ))γ∈Γ is a net in S1A(G/K) such that for each u ∈ A(G) and γ ∈ Γ,
we have

‖ ΓK(uγ)ΓK(u) ‖A(G/K) ≤ ‖ ΓK(eα)ΓK(u) ‖A(G/K) + ε ‖ ΓK(u) ‖A(G/K)

< (R + 1) ‖ ΓK(u) ‖A(G/K) .

Therefore, ‖ ΓK(uγ) ‖Bb(G/K) < R + 1. Also, by Proposition 2.3, we have ‖
. ‖B1

b (G/K)< R + 1. Hence (ΓK(uγ))γ∈Γ is a net in S1A(G/K) that is multiplier-
bounded. Now, let u ∈ S1A(G) and γ ∈ Γ. Then

‖ ΓK(uγ)ΓK(u)− ΓK(u) ‖A(G/K) ≤ ‖ ΓK(u) ‖A(G/K)‖ ΓK(uγ)− ΓK(eα) ‖A(G/K)

+ ‖ ΓK(eα)ΓK(u)− ΓK(u) ‖A(G/K)

≤ ‖ ΓK(u) ‖A(G/K) ε+ ε

≤ (‖ ΓK(u) ‖A(G/K) +1)ε.

Additionally, there exists a compact subset Ė ⊂ G/K such that∫
(G/K)\Ė

|ΓK(u)(ẋ)|dµ(ẋ) < ε
/
(R + 2).
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From the regularity of A(G/K), it follows that there exists a function v ∈ A(G)
such that ΓK(v) = 1 on Ė. Thus for each ẋ ∈ Ė,

|ΓK(uγ)(ẋ)− 1| = |ΓK(uγ)(ẋ)ΓK(v)(ẋ)− ΓK(v)(ẋ)|
≤ ‖ ΓK(uγ)ΓK(v)− ΓK(v) ‖A(Ė)

≤ (‖ ΓK(v) ‖A(Ė) +1)ε.

Therefore∫
Ė

|ΓK(u)(ẋ)ΓK(uγ)(ẋ)− ΓK(u)(ẋ)|dµ(ẋ) ≤ ‖ ΓK(v) ‖A(Ė) +1)ε ‖ ΓK(u) ‖L1(Ė) .

Moreover,∫
G/K

|ΓK(u)(ẋ)ΓK(uγ)(ẋ)− ΓK(v)(ẋ)|dµ(ẋ) ≤ ε(‖ ΓK(v) ‖A(Ė)‖ ΓK(u) ‖L1(Ė)

+ ‖ ΓK(u) ‖L1(Ė) +1).

It follows that ‖ ΓK(uγ)ΓK(u)− ΓK(u) ‖L1(G/K)→ 0 and hence
‖ ΓK(uγ)ΓK(u)− ΓK(u) ‖S1A(G/K)→ 0

which completes the proof. □
A Banach algebra A is approximately amenable if every continuous derivation

D : A → X ∗ is approximately inner for all Banach A-bimodule X ; That is, there
exists a net (xα)α∈Λ in X such that for every a ∈ A, we have

a · xα − xα · a → D(a).

Ghahramani and Loy [15] defined and studied the notion of approximate amenabil-
ity.

We can complete from [4, Corollary 3.5] as follows:
Corollary 3.2. Let K be a compact subgroup of a locally compact group G such
that S1A(G/K) is approximately amenable. Then the following statements are
equivalent.

(a) G is compact;
(b) G is amenable;
(c) A(G/K) has a multiplier-bounded approximate identity;
(d) S1A(G/K) has a multiplier-bounded approximate identity.

In [4], we proved that for a compact subgroup K of a locally compact group
G, if S1A(G/K) has a multiplier-bounded approximate identity and is approxi-
mately amenable, then G is compact. We now generalize this theorem to Banach
algebras, with a proof similar to that in [4].
Theorem 3.3. Let A be a commutative semisimple regular Tauberian Banach
algebra with the Gelfand structure space X. If A has a multiplier-bounded ap-
proximate identity and A is approximately amenable, then the norms ‖ . ‖A and
‖ . ‖Bb(X) are equivalent.
Proof. Let (aα)α∈Λ be an approximate identity in A which is multiplier-bounded
by R. Define Γ as the set of pairs (α, ε) with 0 < ε < 1 ordered by
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(α, ε) ≺ (α
′
, ε

′
) ⇔ α ≺ α

′
, ε ≥ ε

′
.

For each γ = (α, ε) ∈ Γ, since A is Tauberian, there exists bγ ∈ A such that
‖ bγ − aα ‖A < ε

and bγ has compact support. The net (bγ)γ∈Γ satisfies:
‖ bγb− b ‖A < ε (‖ b ‖A + 1)

and
‖ bγb ‖A ≤ ‖ aαb ‖A + ε ‖ b ‖A

< (R + 1) ‖ b ‖A .

Thus (bγ)γ∈Γ is a multiplier-bounded approximate identity in A with compact
supports. For a compact subset H of ∆(A), let I(H) be the ‖ . ‖Bb(X)-closure of
elements in A with compact support vanishing on H, and define

Ab(H) :=
Bb(X)

I(H)

with the quotient norm. Since A is regular, there exists cH in A with compact
support such that cH |H= 1. Thus

cHbγ − bγ ∈ I(H)

for all γ. Therefore,
‖ cH ‖A(H) = lim

γ
‖ cHbγ ‖Ab(H)

= lim
γ

‖ bγ ‖Ab(H)

< R + 1.

We can choose dH in I(H) with compact support such that
‖ cH + dH ‖Bb(X)< 2(R + 1).

Define
bH := cH + dH ,

then bH has compact support,
bH |H= 1 and ‖ bH ‖Bb(X)< 2(R + 1).

Let Σ be the collection of all compact subsets of ∆(A) which is partially ordered
by set inclusion. The net (bH)H∈Σ is multiplier-bounded and bHb = b for b ∈ A
with support(b) ⊆ H. Since A is approximately amenable, (bH)H∈Σ is bounded
in A; see [1, Theorem 2.3]. Therefore,

C := sup {‖ bH ‖A: H ∈ Σ} < ∞,

and
‖ b ‖A = ‖ bH b ‖A

≤ ‖ bH ‖A ‖ b ‖Bb(X)

≤ C ‖ b ‖Bb(X);

that is, the norms ‖ . ‖A and ‖ . ‖Bb(X) are equivalent. □
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If A is approximately amenable, we wish to see whether A has a multiplier-
bounded approximate identity if and only if A has a bounded approximate iden-
tity.

Our next result is an application of the previous theorem and also a necessary
condition for approximate amenability of A(G/K).

Theorem 3.4. Let K be a compact subgroup of a locally compact group G such
that A(G/K) has a multiplier-bounded approximate identity. If A(G/K) is ap-
proximately amenable, then the norms ‖ . ‖A(G/K) and ‖ . ‖Bb(G/K) are equivalent.

Theorem 3.5. Let K be an open compact subgroup of an amenable locally compact
group G. Then A(G/K) is approximately amenable.

Proof. It is sufficient to note that every commutative semisimple Banach algebra
with a bounded approximate identity, consisting of elements with compact sup-
port and a discrete Gelfand structure space, is approximately amenable, see [16,
Proposition 4.2]. Additionally, A(G/K) is a commutative semisimple Banach al-
gebra with the Gelfand structure space G/K. If G is amenable, then A(G/K) has
a bounded approximate identity consisting of elements with compact support in
G/K; see [9, Theorem 4.2]. Therefore, A(G/K) is approximately amenable. □

A Banach algebra A is approximately biflat if there are bounded A-bimodule
morphisms

θγ : (A⊗̂A)∗ → A∗ (γ ∈ Γ)

such that W ∗ ◦ T − limγθγ ◦ π∗ = idA∗ , where (W ∗ ◦ T ) is the weak∗ operator
topology on B(A∗), the Banach algebra of bounded linear operators from A∗ to
itself; see [29, Section 2].

We recall that an approximate diagonal for a Banach algebra A is a net (mγ)γ∈Γ
in the projective tensor product A⊗̂A such that a·mγ−mγ ·a → 0 and π(mγ)a →
a for all a ∈ A and γ ∈ Γ, where π denotes the product morphism from A⊗̂A
into A given by π(a ⊗ b) = ab for all a, b ∈ A. In fact, A is amenable if and
only if it has a bounded approximate diagonal. This notion was first introduced
in [21]. Now, a Banach algebra A is pseudo-amenable if it has an approximate
diagonal, [13].

Theorem 3.6. Let K be a compact subgroup of a locally compact group G. If
A(G/K) is approximately biflat and S1A(G/K) has a multiplier-bounded approx-
imate identity, then S1A(G/K) is pseudo-amenable.

Proof. Assume that S1A(G/K) has an approximate identity (ΓK(uγ))γ∈Γ which is
bounded in the multiplier norm. Thus

(
(ΓK(uγ))

2
)
γ∈Γ is an approximate identity

for S1A(G/K). Any abstract Segal algebra with respect to an approximately
biflat Banach algebra, which has a net in its center such that the elements of
this net, when squared, form an approximate identity for it, is approximately
biflat; see [29, Proposition 2.5]. Hence S1A(G/K) is approximately biflat. Since
for every Banach algebra with an approximate identity, the concept of pseudo-
amenability is weaker than approximate biflatness, we conclude that S1A(G/K)
is pseudo-amenable; see [29, Theorem 2.4]. □
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4. Some hereditary properties on open subgroups

In this section of the paper, we intend to study the interaction between coho-
mological properties of A(G/K) and A(H/K) for some open subgroup H of G
including K.

For every function u : G → C and x ∈ G, the left translation is defined by
Lxu(y) = u(x−1y) (y ∈ G),

also, the right translation is defined by
Rxu(y) = u(yx) (y ∈ G).

For every Φ ∈ L∞(G/K) and x ∈ G, the left translation is defined by
LxΦ(ẏ) = Φ(x−1ẏ) (µ-locally almost all ẏ ∈ G/K),

where the left translation is induced by the natural action of G on the left coset
space G/K and

L∞(G/K) = {T∞
K (u) : u ∈ L∞(G)},

T∞
K : L∞(G) → L∞(G/K) is defined by

T∞
K (u)(ẋ) =

∫
K

u(xk)dλK(k)

for µ-almost all ẋ ∈ G/K and u ∈ L∞(G); it is a surjective norm decreasing
linear map; see [25].
For every v ∈ L1(G) and x ∈ G, the left translation is defined by

LxT
1
K(v)(ẏ) = T 1

K(v)(x
−1ẏ) (µ-locally almost all ẏ ∈ G/K)

where the left translation is induced of the natural action of G on the left coset
space G/K and

L1(G/K) = {T 1
K(u) : u ∈ L1(G)},

T 1
K : L1(G) → L1(G/K) is defined by

T 1
K(u)(ẋ) =

∫
K

u(xk)dλK(k)

for µ-locally almost all ẋ ∈ G/K and u ∈ L1(G); it is a surjective norm decreasing
linear map; see [6].

We need the following Lemma for the description of the notions of amenability,
pseudo-amenability and weak amenability of A(G/K) in this section. We have
also provided the following two lemmas in another case, which is still pending
acceptance [3].

Lemma 4.1. Let K be a compact subgroup of a locally compact group G. Then
(a) A(G/K) is closed under the left translation;
(b) The map x 7→ LxΓK(u) : G → A(G/K) is continuous for all u ∈ A(G);
(c) ‖ LxΓK(u) ‖A(G/K) = ‖ ΓK(u) ‖A(G/K) for all u ∈ A(G) and x ∈ G.

Proposition 4.2. Let K be a compact subgroup of a locally compact group G. If
H is an open subgroup of finite index in G such that K ⊆ H, then the following
statements are equivalent.
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(a) A(G/K) is amenable;
(b) A(H/K) is amenable.

Proof. (a) ⇒ (b). Recall from [24, Lemma 3.1 (i)] that A(H/K) is a quotient
of A(G/K); indeed, A(G/K)/I(H/K) is isometrically isomorphic to A(H/K),
where I(H/K) is the closed ideal {ΓK(u) ∈ A(G/K) : ΓK(u) = 0 on H/K} in
A(G/K). So, the result follows from [28, Corollary 2.3.2], which states that the
quotient algebra A/I of every amenable Banach algebra A by a two-sided closed
ideal I of A is amenable.

(b) ⇒ (a). Assume that A(H/K) is amenable. By [24, Lemma 3.1(ii)], the map
ΓK(u) 7→ ΓK(u)χH/K is an isometric isomorphism of A(H/K) onto A(G/K)χH/K .
Additionally, Lemma 4.1 implies that for each x ∈ G, the left translation map
ΓK(u)χH/K 7→ ΓK(u)χxH/K : A(G/K)χH/K → A(G/K)χxH/K is an isometric iso-
morphism. Thus for each x ∈ G, A(G/K)χxH/K is amenable. Now, suppose that
x1 := e, x2, . . . , xn are distinct left coset representatives for H in G. Since ΓK(u) =
ΓK(u)χx1H/K + · · ·+ΓK(u)χxnH/K , we have A(G/K) = ⊕n

i=1A(G/K)χxiH/K . So,
we only need to recall that any direct sum of finitely many amenable Banach
algebras is amenable [21]. □

Theorem 4.3. Let K be a compact subgroup of a locally compact group G. If H
is an open subgroup of G such that K ⊆ H, then the following statements are
equivalent.

(a) A(G/K) is pseudo-amenable;
(b) A(H/K) is pseudo-amenable and A(G/K) has an approximate identity.

Proof. For (a) ⇒ (b), from [18, Proposition 2.2], the proof is similar to the proof
the part (a) ⇒ (b) of Proposition 4.2. Also, every pseudo-amenable Banach al-
gebra has an approximate identity. Thus it suffices to show that (b) implies (a).
To see this, choose a set C which contains distinct left coset representatives for
H in G and let e be in C. We order the collection Σ consisting of all finite subsets
of C by inclusion and for each β ∈ Σ let EK

β := ∪x∈βxH/K and note that EK
{x} =

xH/K. By [24, Lemma 3.1(ii)] ΓK(u) 7→ ΓK(u)χH/K is an isometric isomorphism
of A(H/K) onto A(G/K)χH/K . Also, by Lemma 4.1 for each x ∈ G the left
translation map ΓK(u)χH/K 7→ ΓK(u)χxH/K : A(G/K)χH/K → A(G/K)χxH/K is
an isometric isomorphism. Thus A(G/K)χxH/K is pseudo-amenable. Now, using
[18, Proposition 2.1] pseudo-amenable holds for ⊕x∈βA(G/K)χxH/K and conse-
quently A(G/K)χEK

β
= ⊕x∈βA(G/K)χxH/K is pseudo-amenable. Let (eα)α∈Λ be

a net in A(G) for which (ΓK(eα))α∈Λ is an approximate identity in A(G/K). Let
Γ be the set of all pairs (α, ϵ) for which ϵ > 0 directed by

(α, ϵ) ≺ (α
′
, ϵ

′
) ⇔ α ≺ α

′
, ϵ ≥ ϵ

′
.

Let γ := (α, ϵ). Using the fact that A(G/K) is a Tauberian algebra, we conclude
that for each γ ∈ Γ there exists uγ ∈ A(G) such that ‖ ΓK(uγ)− ΓK(eα) ‖A(G/K)

< ϵ and ΓK(uγ) has compact support. Hence for each u ∈ A(G) and γ ∈ Γ, we
have

‖ ΓK(uγ)ΓK(u)− ΓK(u) ‖A(G/K) < ϵ (‖ ΓK(u) ‖A(G/K) + 1).
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Thus (ΓK(uγ))γ∈Γ is an approximate identity in A(G/K) and each ΓK(uγ) has
compact support. Since H is open in G and support(ΓK(uγ)) ⊆ ∪x∈GxH/K,
we have ΓK(uγ) ∈ ∪βA(G/K)χEK

β
for all γ. Since ∪βA(G/K)χEK

β
is an ideal in

A(G/K), ΓK(uγ)ΓK(v) ∈ ∪βA(G/K)χEK
β

for all v ∈ A(G) and γ ∈ Γ. Thus from
[17, Theorem 2.3] A(G/K) is pseudo-amenable. □

Let R(G) denote the ring of subsets of G generated by all cosets of subgroups
of G, where a ring of subsets of G is a collection of subsets of G that is closed
under union and set difference. R(G) is said the coset ring of G. Also, the closed
coset ring is denoted by Rc(G) and is defined by

Rc(G) =
{
E ∈ R(G) : E is closed in G

}
;

see [30].
As a consequence of Theorem 4.3, we have the following result.

Corollary 4.4. Let K be a compact subgroup of a locally compact group G such
that A(G/K) has an approximate identity. If H is an open abelian subgroup of G
such that K ⊆ H and ∆(K×K) ∈ Rc(H×H), then A(G/K) is pseudo-amenable.

Proof. Since H is an abelian subgroup of G, A(H) is amenable [10, Theorem 2.3].
Hence A(H) has bounded approximate identity and so H is amenable. Since by
[31, Corollary 3.9] A(H/K) is operator amenable if and only if H is amenable and
∆(K ×K) ∈ Rc(H ×H), we conclude that A(H/K) is operator amenable; that
is, every completely bounded derivation D : A(H/K) → V∗, where V∗ is the op-
erator dual space to completely bounded A(H/K)-bimodule, is inner. Also, if H
has an abelian subgroup of finite index, then A(H/K) and MAX(A(H/K)) are
completely isomorphic [24, Theorem 3.3]. In particular, from [27, Theorem 2.5]
amenability of a Banach algebra A coincides with operator amenability of MAX(A)
as a completely contractive Banach algebra. Thus A(H/K) is amenable and hence
is pseudo-amenable. □
Theorem 4.5. Let K be a compact subgroup of a locally compact group G such
that G is amenable or A(G/K) has an approximate identity and every approx-
imate identity of A(G/K) is a one-sided approximate identity for any Banach
A(G/K)−bimodule. If H is an open subgroup of G such that K ⊆ H, then the
following statements are equivalent.

(a) A(G/K) is approximately amenable;
(b) A(H/K) is approximately amenable.

Proof. (a) ⇒ (b). This follows using the same argument as in the proof of Propo-
sition 4.2 by [15, Corollary 2.1].

(b) ⇒ (a). According to [18, Corollary 3.4], any approximately amenable
commutative Banach algebra is pseudo-amenable. Additionally, any pseudo-
amenable commutative Banach algebra is approximately amenable when every
approximate identity of A(G/K) is a one-sided approximate identity for any
Banach A(G/K)−bimodule, or when A(G/K) has bounded approximate iden-
tity; see [18, Propositions 3.5 and 3.2]. Since G is amenable, from [9, Theorem
4.2] indicates that A(G/K) has bounded approximate identity. The concepts
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approximately amenability and pseudo-amenability are thus equivalent; see [18,
Proposition 3.2]. Thus by Theorem 4.3, A(G/K) is approximately amenable. □
Corollary 4.6. Let K be a compact subgroup of an amenable locally compact
group G. If H is an open abelian subgroup of G such that K ⊆ H and ∆(K×K) ∈
Rc(H ×H), then A(G/K) is approximately amenable.

If A is a Banach algebra, a Banach A-bimodule X is symmetric if
a · x = x · a (a ∈ A, x ∈ X ).

A Banach algebra A is weakly amenable if there is no non-zero derivation from
A into a symmetric Banach A-bimodule; see [2].

Theorem 4.7. Let K be a compact subgroup of a locally compact group G. If H
is an open subgroup of G such that K ⊆ H, then the following statements are
equivalent.

(a) A(G/K) is weakly amenable;
(b) A(H/K) is weakly amenable.

Proof. (a) ⇒ (b). The proof follows directly from Proposition 4.2 in [19]. For the
converse, let X be a symmetric Banach A(G/K)-bimodule and let D : A(G/K) →
X be a derivation. Consider u ∈ A(G) such that ΓK(u) has compact sup-
port. Thus there exist x1, . . . , xn in G such that support(ΓK(u)) ⊆ ∪n

j=1xjH/K.
By [24, Lemma 3.1(ii)], the map ΓK(u) 7→ ΓK(u)χH/K is an isometric isomor-
phism of A(H/K) onto A(G/K)χH/K . Additionally, by Lemma 4.1 for each
x ∈ G, the left translation map ΓK(u)χH/K 7→ ΓK(u)χxH/K : A(G/K)χH/K →
A(G/K)χxH/K is an isometric isomorphism. Thus A(H/K) is isometrically iso-
morphic to A(G/K)χxH/K . Hence D |A(G/K)χxjH/K

= 0 for j = 1, . . . , n. Therefore
D(ΓK(u)χxjH/K) = 0 for j = 1, . . . , n. Since ΓK(u) = ΓK(u)χx1H/K + · · · +
ΓK(u)χxnH/K , we conclude that D(ΓK(u)) = 0. Since A(G/K) is Tauberian, we
have D |A(G/K)= 0, completing the proof. □

The following lemma is proved in [3], an accepted but unpublished work.

Lemma 4.8. Let K be a compact subgroup of a locally compact group G. Then
(a) S1A(G/K) is closed under the left translation;
(b) The map x 7→ LxΓK(u) : G → S1A(G/K) is continuous for all u ∈

S1A(G);
(c) ‖LxΓK(u)‖S1A(G/K) = ‖ΓK(u)‖S1A(G/K) for all u ∈ S1A(G) and x ∈ G.

Theorem 4.9. Let K be a compact subgroup of a locally compact group G such
that S1A(G/K) has an approximate identity. If H is an open subgroup of G such
that K ⊆ H and S1A(H/K) is pseudo-amenable, then S1A(G/K) is pseudo-
amenable.

Proof. Let C be a set containing distinct left coset representatives for H in G,
and let e be an element of C. We order the collection Σ of all finite subsets
of C by inclusion. For each β ∈ Σ, define EK

β := ∪x∈βxH/K and note that
EK

{x} = xH/K. According to [24, Lemma 3.1(ii)], the map ΓK(u) 7→ ΓK(u)χH/K
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is an isometric isomorphism of A(H/K) onto A(G/K)χH/K . It suffices to show
that the map T 1

K(v) 7→ T 1
K(v)χH/K is an isometric isomorphism of L1(H/K)

onto L1(G/K)χH/K . Since (T 1
K(v) ◦ φK)χH = T 1

K(v)χH/K ◦ φK , the function
T 1
K(v) ◦ φK is constant on left cosets of K if and only if T 1

K(v)χH/K ◦ φK is so.
Thus T 1

K(v) ∈ L1(H/K) if and only if T 1
K(v)χH/K ∈ L1(G/K). Moreover, for

v ∈ L1(G), we obtain

‖ T 1
K(v)χH/K ‖L1(G/K) =

∫
G/K

| T 1
K(v)χH/K(ẋ) | dµ(ẋ) = ‖ T 1

K(v) ‖L1(H/K) .

Therefore, ΓK(u) 7→ ΓK(u)χH/K is an isometric isomorphism of S1A(H/K)
onto S1A(G/K)χH/K . Additionally, by Lemma 4.8, for each x ∈ G, the left
translation map ΓK(u)χH/K 7→ ΓK(u)χxH/K is an isometric isomorphism from
S1A(G/K)χH/K to S1A(G/K)χxH/K . Using [18, Proposition 2.1 ], the pseudo-
amenability holds for ⊕x∈βS

1A(G/K)χxH/K . Thus

S1A(G/K)χEK
β
= ⊕x∈βS

1A(G/K)χxH/K

is pseudo-amenable.
Let (eα)α∈Λ be a net in S1A(G) such that (ΓK(eα))α∈Λ forms an approximate

identity in S1A(G/K). Define Γ as the set of all pairs (α, ϵ) with ϵ > 0 ordered
by

(α, ϵ) ≺ (α
′
, ϵ

′
) ⇔ α ≺ α

′
, ϵ ≥ ϵ

′
.

Let γ := (α, ϵ). Since S1A(G/K) is a Tauberian algebra, for each γ ∈ Γ, there
exists uγ ∈ S1A(G) such that ‖ΓK(uγ) − ΓK(eα)‖S1A(G/K) < ϵ and ΓK(uγ) has
compact support. Hence for each u ∈ S1A(G) and γ ∈ Γ,

‖ΓK(uγ)ΓK(u)− ΓK(u)‖S1A(G/K) < ϵ (‖ΓK(u)‖S1A(G/K) + 1).

Thus (ΓK(uγ))γ∈Γ is an approximate identity in S1A(G/K) and each ΓK(uγ) has
compact support. Since H is open in G and support(ΓK(uγ)) ⊆ ∪x∈GxH/K, we
have ΓK(uγ) ∈ ∪βS

1A(G/K)χEK
β

for all γ. Also, ∪βS
1A(G/K)χEK

β
is an ideal

in S1A(G/K). Thus ΓK(uγ)ΓK(v) ∈ ∪βS
1A(G/K)χEK

β
for all v ∈ S1A(G) and

γ ∈ Γ. Therefore, by [17, Theorem 2.3], S1A(G/K) is pseudo-amenable. □

We end the work by a comparison result and an extension result.

Proposition 4.10. Let K and H be compact subgroups of a locally compact group
G. Then the following statements are equivalent.

(a) K ⊆ H;
(b) If a function in S1A(G) is constant on the left cosets of H in G, then it

is constant on the left cosets of K in G.

Proof. To prove (b) ⇒ (a), suppose that there is an element x0 ∈ K such that
x0 /∈ H. Then

ẋ0 := φH(x0) ∈ G/H.

If ė := φH(e), then ẋ0 6= ė. Thus there exists an open set U̇ ⊂ G/H with ė ∈ U̇
and ẋ0 /∈ U̇ . If U = φH

−1(U̇), then U is an open neighborhood of H such that
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x0 /∈ U . Since S1A(G) is regular, there exists a function u ∈ S1A(G) such that
u |H= 1 and u(x) = 0 outside of U . Set

v := ΓH(u) ◦ φH .

Then v(e) = 1 and v(x0) = 0. Hence v is not constant on cosets of K. This is a
contradiction. Hence K ⊆ H. The converse is trivial. □
Proposition 4.11. Let K be a compact subgroup of a locally compact group G
and let H be an open subgroup of G such that K ⊆ H. Then every function in
S1A(H/K) extends to a function in S1A(G/K).

Proof. Recall from [12, Section 3, p. 10] that S1A(G) |H= S1A(H). So, the result
follows from the fact that ΓK(u) |H/K = ΓK(u |H) for all u ∈ S1A(G). □
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