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ABSTRACT. We introduce a variant of Fofana spaces called total Fofana—Guliyev
spaces. These spaces are closely related to total Morrey spaces. We give some
of their basic properties. As applications, we establish norm inequalities for
classical operators in these spaces, namely the Hardy—Littlewood maximal op-
erator, fractional integral operators, and fractional maximal operators.

1. INTRODUCTION

Let R? be the d-dimensional Euclidean space equipped with the Lebesgue mea-
sure dz. For any subset FE of R% we denote by g its characteristic function
and by |E| its Lebesgue measure when it is measurable. By L°(R?), we denote
the complex vector space of equivalent classes (modulo equality Lebesgue al-
most everywhere) of Lebesgue measurable complex-valued functions on R%. Let
1 <gq p<oo,and r > 0. The classical Lebesgue space is denoted by LP(R?)
and || f||,, stands for its usual norm. The amalgam space (L, LP)(RY) is defined

as the set of all functions f € L°(R?) satisfying , 1 f1l,, < oo, where

1

erHq,p = H {/Rd |fXB(y,r)|q(x)dx:| a

with the usual modification when ¢ = co. Here and in the sequel, B(y, r) denotes
the open ball centered at y € R? with radius r. Amalgam spaces were introduced
by Wiener [28] in 1926. However, the first systematic study of these spaces on the
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real line is due to Holland [21]. For more informations about amalgam spaces, we
refer to [13] and references cited therein. It is well known (see [5]) that endowed

with the norm . |-, (L9, LP)(RY) is a complex Banach space. Another relevant
norm on the spaces (L9, L?)(R%), which is equivalent to (1.1), is given by

A Tap = {1 £xexl, b,

where k = (ky, ..., k) € 2% and Q}, = T[], [rk:, 7(k; + 1)). This norm has the
following properties:
e There exists a constant C' > 0 such that
_ d T d T
C ! re T||f||q,p S T Hf“q,p S CTP THfH%pJ f € LO(RC[)’ (12)
e If 1 < g < g <00,1 <pp <pp<xand1l < q,p < oo, then for all
f e L°(RY),

)
P

1 TE A
7"||f||q17p S T||f||q2,pr a2 (13)
and

T||f||q,p2 S 2d7‘||f‘|q,p1' (14)

We adopt the usual convention é = 0. Recall that the Lebesgue space LP(RY)
coincides with the Wiener amalgam space (L?, L?)(R?). However, it is a proper
subspace of (L4, LP)(R%) when ¢ < p. The dilation operator 67 : f rgf(r-)
is isometric in Lebesgue spaces. Indeed, this property does not hold in proper
amalgam spaces. For 0 < a < oo, it is easy to see that f € (L%, LP) (R?) if and
only if
1 1 1
16 f Ly = 77757 L [ £l,, < 00,

for all » > 0 and for all & > 0. In 1988, Fofana [9] introduced the function spaces
(L9, LP)* (R?), 1 < ¢ < a < p < oo, which consists of the set of all functions
fe (L9, LP)(RY) satisfying || f|,,, o < 00, Where

7l =50 1621,

It is proved in [9] that for 1 < ¢ < « fixed and p going from « to oo, the
spaces (L7, LP)* (R%) form a chain of distinct Banach spaces beginning with the
Lebesgue space L*(R?) and ending by the classical Morrey space Lq’d(l‘g)(Rd) =
(L7, L*)* (RY). Several results about Fourier multipliers and boundedness prop-
erties of maximal and fractional integral operators have been established in the
framework of Fofana spaces (see, for example, [5, 6, 7, 8, 10, 11, 12, 22]). Feuto
[5] proved that classical operators, including the Hardy—Littlewood maximal op-
erator, the Calderén-Zygmund operator, and Riesz potentials which are known
to be bounded on Lebesgue and Morrey spaces, are also bounded on classical
Fofana spaces (L9, LP)* (RY). Recently, Guliyev [16] introduced a new variant of
Morrey spaces called total Morrey spaces and denoted by L% (R%), 0 < ¢ < oo,
A € R and o € R. Total Morrey spaces generalize classical Morrey spaces so
that L9M(RY) = L4A(RY). In addition, L¢MH(RY) = L4A(RY) N L% #(RY) with
< A (see [2] and [19]). He examined the boundedness properties of the max-
imal commutator operator and the commutator of maximal operator in these
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spaces. The study of total Morrey spaces and their appplications were also given
in [1, 2, 17, 18, 20]. Total Morrey spaces associated with the Dunkl operator on
R? were investigated in [23, 24, 25].

In this work, we introduce a variant of Fofana spaces called total Fofana-
Guliyev spaces, and we give some of their basic properties. As applications, we
establish norm inequalities for classical operators, namely the Hardy—Littlewood
maximal operator, fractional integral and fractional maximal operators in these
spaces. Our results concerning the Hardy-Littlewood maximal operator play a
key role in [26], where they are stated without proof. We also note that in [20],
total Fofana spaces are exactely total Fofana—Guliyev spaces.

The paper is organized as follows. In Section 2, we define total Fofana—Guliyev
spaces, and we give some of their basic properties. Section 3 is devoted to norm
inequalities for the Hardy—Littlewood maximal operator in total Fofana—Guliyev
spaces. In Section 4, we establish norm inequalities for fractional integral and
fractional maximal operators in total Fofana—Guliyev spaces.

Throughout this note, the letter C' will be used for positive constants not
depending on the relevant variables, and theses constants may change from one
occurrence to another. We will use the following abbreviation A < B for the
inequalities A < CB. If A < B and B < A, then we write A = B.

2. ToTAL FOFANA—GULIYEV SPACES
Notation 2.1. For r > 0 we put [r]; = min{1,r}.

Definition 2.2. Let 1 < ¢ < a, A < p < 0o. The total Fofana—Guliyev spaces
denoted by (L4, LP)**(RY) are defined as

(L9, PP AR = { f € LORY ¢ || fllgnimrcany < 00 ).

Where 1 1 1 1 1 1
AS=77p)q 7doxtaty)
||f||(Lq,LP)O¢»>\(Rd) = S‘ilg[r]l [1/r]y ° r Hf“q,p‘

Remark 2.3. Note that
(1) the space (L9, LP)**(R?) is a complex vector subspace of L°(R%);
(2) the map L°(RY) > f 1 f1l(za,poyon ey defines a norm on the space

(L4, LP)*(RY);
(3) according to (1.2), for all f € (L4, LP)**(RY),

||f||(LQ,LP)D¢v>\(Rd) ~ HfH(Lq,LP)M(Rdy

—_— 1 1 1 1
= —=—= X_l’_

(53— 7) d(—x+g+3) 4 oo
”fH(Lq,LP)M(Rd) = Slilo)[r]l ¢/ e erHq@

(4) for 1 < g < a, A < oo, the space (L7, L>)**(RY) is the total Morrey space
La40=3)d0=3)(R?) defined in [16].

Proposition 2.4. Let 1 < g < a,\ < p < oco. Then, endowed with the norm
H'H(Lq,LP)av\(Rd)i (L2, LP)*MR?) is a complex Banach space.



288 B.A. KPATA, P. NAGACY

Proof. Let (fm)men be a Cauchy sequence of elements of (L%, LP)**(R9).
Fix € > 0. Then there exists an integer N such that for all integers m and n
we have

m, n > N — ||fm — fn||(Lq7Lp)a,)\(Rd) < €.
This implies that for r fixed and for m,n > N,

[1/7] T||fm_fn||qyp<€'

Hence, (fm)men is a Cauchy sequence of (L%, LF) (R%). As (L% L?) (RY) is a
complex Banach space, (f,,)men converges to f € (L9, L?),(R). In addition, for
all m,n > N we have

d(=x+3+3)
1

|||fm||(Lq,Lp)av>\(]Rd) - ”an(Lq,Lp)aJ(]Rd)l < ||fm - an(Lq,LP)aA(]Rd) <e.

Therefore, (|| full(ze,Lr)or ®e)Jnen is @ Cauchy sequence of R. Let us put M > 0
its limit. It follows that for m > N,

d(é_i_l) d(—L4141y
L O B V0 PR |
d é_l_l) d(_1+l+l)
< Wl @aprmanga + [l 0 20/l 77 f = fnllgp-
By letting m go to oo, we get
d(é—l—l) d(—1+141y
[Pl L T e g, < M

Hence, || f|l(ze.pryer@ay < M and f € (L7, LP)**(R?).
Let m be an integer such that m > N. For all » > 0 and for all [ € N, we have

d(é—l—l d(—++141)
[l el Pl e = fllaw
< Hfm - fm—i—l”(Lq,Lp)aA(Rd)
d(é_l_l d(—++141)
et el T o = fllaw
d(é_l_l) d(_l+l+l)
<e+[r]y L] e r”me_qu,p'
Since )
eGP gt
ZILIEO[Th T el T fmgt = fllaw = 0,
we have

| fm — f”(Lq,Lp)a,A(Rd) <e
0J

We will examine the relationship between total Fofana—Guliyev spaces and
classical Fofana spaces.

Proposition 2.5. Let 1 < g < a, A <p<oo. Then
(L7, LP)*(R) N (L9, LP)NRTY) — (L9, LP)*(RY)
and for § € (L, L7)*(RY) 1 (L7, 7)) (RY),

17N 2o, 2oy ey < x| Fllg o s [1F 1l a3
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Proof. Let 1 < g < a,A<p<ooandlet fe (L4 LP)*RY) N (L, LP)NRT). We
have

11l 2,10y ety

d(i-1-1) d(—14iply
=sup[r]y /e S

di_1_1 1_1_1
—max{ s W, s, )

< max{|[ fllypa s 1Fllgpa}-

Proposition 2.6. Let 1 <g¢g< A< a<p<oo. Then
(L9, LP)*MRT) = (L7, LP)*(R?) N (L7, L") (RY)
and for f € (L%, LP)**R?),
1 ra,poyon@ay = max{[|fll o 11l o0}

Proof. Let 1 < g <A< a<p<oo Let fe (L4 LP)*R?). We have on the
one hand

11l p.a

= max{ sup ria =y r||fH ) SUPTd(; ; ‘17) r”f }
0<r<1 DPT op

(L,l,l

= maX{ sup Td o« ) r Hqu,p’

11 _1,1,1
sup D (1) )

1 1

< max{ sup rda=ap) r ||qupa SUp(l/T)d(i%ﬁﬂ) r ”f”qp} :
<1 ’ r>1 7

It follows that

1 llgpa < I1F 2o Loyon ey - (2.1)
On the other hand, we have
1 1l
_ a(k-1-1) d(t-1-1)
= max{ sup r a b , supr a P
{sm 1l s Al

) “{ sup 8T ], sup(1/r) R erqu}
0<r<1 o>l ’

11 1,11
< maX{ sup 7T LI Sull)(l/r)d( ), Hf”q,p}'
>

0<r<1

It follows that
1l pr < Wl 2 oyar ray - (2.2)



290 B.A. KPATA, P. NAGACY
From (2.1) and (2.2) we deduce that

max{[| fllg pa s 1 Fllgpad < 1l za ooy gay -

We end the proof by using Proposition 2.5. O

Remark 2.7. Total Fofana—Guliyev spaces are generalizations of classical Fofana
spaces since for 1 < ¢ < a < p < 0o, Proposition 2.6 asserts that

(L, LP)**(R) = (L7, LF)*(R").

The following result shows that the family of spaces (L4, LP)**(R?) is decreas-
ing with respect to the A power and increasing with respect to the a power.

Proposition 2.8. [et 1 <g< a3 <ap<p<ooandletl <g< A<\ <p<
oo. Then

||f||(Lq7L;D)0f1’A1(]Rd) S ||f||(Lq7Lp)a2A2(Rd) ) f € LO(Rd)

and consequently, (L7, LP)*>*2(R?) C (L4, LP)* 1 (RY).

Proof. Let 1 < g< a1 <ay <p<oo,letl <qg< A <A <p<oo,and let
f € L°(R%). We have

Hf”(LQ,LP)&L)\l(Rd)

1

111 _1.,1,1
= max{ sup riar—amy) r Hqu,p’ SuP<1/T)d( ety T Hqu,p}
0<r<1 r>1

11 1 1 1
_ max{sup L N 1
0<r<1 ’

sup(1/r) 35 (1 D ||f||q,,,}

r>1

1

g(L_1_1 d(—-L 41,1
< max{ sup Dl a1/ D gl b
0<r<1 r>1

Hence, [|f|l zo royornnga) < I fll(za 1pyos 2o (ray, and we conclude that
(L9, LP)*=?2(RY) (L9, L) (RY).
0
The family of spaces (L%, LP)**(R?) is decreasing with respect to the ¢ power

and increasing with respect to the p power. More precisely, we have the following
result.

Proposition 2.9. Let 1 < ¢ < g < a, A < p; < py < 0. Then
@) 1Al zor poyer@ey < 1l po prermey,  f € LURY)
and consequently, (L9, LP)**(R®) C (L%, LP)**(RY);
@) £l za,zryor ey S Nl papoyermey . f € LURY)
and consequently, (L9, LP*)*NRT) C (L9, LP2)**(R?).
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Proof. Let 1 < q1 < g < a, A < p; < py < oo and let f € LO(R?).
(1) We have

T T——

1

g1 1 d(—14L41
= max{ sup r emar) T ||f||q1,p’ Su?(l/r) R " ”fHQLP}
>

(1 1 1

dl_1_1 ) d(—r+2+1)
Hlax{oiljglr a q2 p r“f”q%p,ilill)(l/?”) Alagy ' p 7‘”~f||q2,p}

(according to (1.3)).

IA

Hence, || fll(zar oyorray < [1f1 (1o, 1o)o s ey and so
(L, L) R C (L, IP) (R,
(2) We have

”f”(Lq,LPz)aA(Rd)

= max{ sup ﬂ%*%*é%«% rmqmaSUP(l/T)d(i%jL%JF%)T% THf”q,m}
0<r<1 r>1

’ at-b 17 A=D1l
<2 max{os;iglr o q T”qu’pl’ingr Ao r”f||q,p1}

<24 max{ sup PGB oy rmq,plvSUP(l/r)d(_%JF%JF%)T% qu,pl}
0<r<1 r>1
< Qdm(Lq,Lm)w(Rd) (according to (1.4)).
Hence, ”fH(Lq,LPQ)OéJ\(]Rd) S HfH(Lq,Lpl)avA(Rd) and so
(L9, LYo R € (L1, L) (R,
0

3. NORM INEQUALITIES FOR THE HARDY—LITTLEWOOD MAXIMAL OPERATOR

Given v, 0 < v < d, the fractional maximal operator M, is defined by
Vo (@) =sup B [ )y, e (.)
> B(z,r

for locally integrable functions f on R?. In the limiting case v = 0, the fractional
maximal operator reduces to the Hardy—Littlewood maximal operator M. It is
proved in [5] that M is bounded on classical Fofana spaces. It is also bounded on
total Morrey spaces (see [16]). In the setting of total Fofana—Guliyev spaces, we
have the following norm inequalities for the Hardy—Littlewood maximal operator.

Theorem 3.1. (1) Let 1 < ¢ < a, A < p < 00 such that%—i—% < 54—% Then
IVl oporiny S 1 g oponcany s F € (K L) (R,

(2) Let g =1 < a, A\ < p < oco. Then
IMFll oo poyengay S 1F it poyangay» € (L LP)*ARY),
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(F{[PF——

1
d(t-1-1) d(—3+1+1) « \P P
1 (/] ° [/Rd (”fXB(w)HLoo) dy}

:= sup|r]
r>0

|7xB00 11 o0 = suprife € Bly.r) : 1f(@)] >}

Proof. (1) Let 1 < ¢ < a, A < p < oo such that é+% < é—l— % Assume that
f e (L% LP)* RY). Let r > 0 and y € R% Following [14, Theorem 2.12], we

may write
[ @i (ads S [ @I 0@ (32
Then, proceeding as in the proof of Theorem 1 in [3], we obtain
ML S s I+ Y ﬁ s I,
=1
On the one hand, we have
N S iV KA
oWy = e, o U
R A V2 il P
do(Ll_1_1
< @ (G e
Hence,
I e Ve Ll i L (3.3)

On the other hand,

1
(2i—1)d 2i+1p Hf”g,p

41y l _1_1,1,2
tete [1/7,] (% q p ”f”quLpaARd)Z dq( +q+p)‘
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Since —1 — ¢ + 4 —|— < 0 then Y >0 1(21)dq(7577Jr *3) < 0. Therefore,

> dg(— L4yl g(L—1_1)

Z 22 1 d 2it+1y ||qup ~ [T]l cnr [1/T] >\ ! P ||f||(L¢1 Lp) a,\ ]Rd (3 4)
=1
From (3.3) and (3.4), we deduce that
dg(—3+3+73) dg(5—1-1)
AIMAE, S /T 1 ey
It follows that
da(G—=3=3) 1 %3 +3+5)
) L/ M AN S U ey - (35)

We obtain the desired result by taking the supremum over all » > 0 in the left-
hand side of (3.5).

(2) For g =1< a,A\ < p < ooand f e (L' LP)**(R?), the proof is the same
as in part (1) by replacing (3.2) by the following weak-type inequality:

o € Blyr): Mfw) > 11 S 7 [ @M xmgn)@de. ¢>0.
OJ

Remark 3.2. Note that Theorem 3.1 in the case where @ = )\, was established in
[5, Proposition 4.2]. However, for ¢ > 1, the proof given in [5] does not use the
hypothesis % + % < %

4. NORM INEQUALITIES FOR FRACTIONAL INTEGRAL AND FRACTIONAL
MAXIMAL OPERATORS

In what follows, for 1 < ¢ < oo, we shall denote by ¢ its conjugate exponent:
é + q—l, = 1. For 0 < v < d, define the fractional integral operator (also known as

the Riesz potential) of order v by

I’Yf(x) = /Rd #dyv T Rd?

for suitable functions f on R?. It follows from the definitions that

M, f(z) < Cal,(If])(2), = €R, (4.1)

where Cj is the Lebesgue measure of the unit ball in R¢. Necessary and sufficient
conditions for the boundedness of the fractional maximal operator M, in total
Morrey spaces are provided in [18].

Now, recall the boundedness properties of the fractional integral operator in
classical Fofana spaces. Let 1 < ¢ < a <p <oco. Put ai = é — 1. It was proved
n [4] that if 0 < v < d(L — %), then

HI’YfH(Lq*,LP (RE) ~5 Hf” La,Lp)e
where & =1 — 2.
g

By using a dlfferent method, Feuto [5] established that if 0 < v < d, then

15 fllza,zoyer way S If llzo,zoye
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Where%:1—21 and + =1 _ a7
q q d D P pd

In the framework of total Fofana—Guliyev spaces, we have the following result.

Theorem 4.1. Let 1 < ¢ < a, A < p < 00 such that%%—% < é—l—% and
0<y<d(s+s—¢) Put

Ll 11 am

ar  a dlghtqa—a)) XN d(gh+qa—a))’
1 1 qay 1 1 Aoy
- = - 1— and - = - — .
pop d(g\ + qa — a)) q q dg\+qa—al)

Then, for all f € (L%, LP)**R?), we have

< d(q)\i();/(\l al) d(q)\il:;i\x alX)
H fH L4, LP)a™ A" (RD) ~5 HfH(Lq Lr)asA(Rd) ”fH (L4,Lo0) A (RE)

and

H f” L3, LP)a" A" (Rd) ~>5 ||fH L4, LP)e A (Rd) -

Proof. Let 1 < ¢ < a, A < p < oo such that 5+; < E""X and 0 < v < d(§+§—%).
Assume that f € (L9, LP)**(R%) \ {0} since the case f = 0 is obvious. Let r > 0
and x € R. We have

Lf(z)= /B %dy + /R Ldy = A(z) + C(z).

(@) |z —y| A\ B(a,r) |z — y|*
Q

Following the proof of Theorem 2 in [3], we may write

/ f() _dy
e—yl<r |z —y|*

ol <Y e peetnl ([ e’

=0

|A(z)| = < Cr'M f(x). (4.2)

On the other hand, we have

d(—

Crr il £ LqLoowRd>Z TR,

1.1 . 1_1
R Ve R
Since
) a q 7 7 “aTyg
R =2 R

then

oy Sy it ] a-141) (1 G
Z(QZ)q T2ty ATa Ty <2i+1[1/r]1)

=0

= 2o D "“Z S,
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In addition, Z(Qi)%d(é+%7% < 00. So,
i=0

1
-1
C(@)] < cr=d 1f [l zooyon (re) - (4.3)
It follows from (4.2) and (4.3) that

_d d(5—7)
L) < c(rva<x>+ﬂ e ufH(Lq,Loo)a,A(Rd))
< (Jmin{ M f(x) + r%d(é%*%)||f||(Lq7Loo)a,A(Rd)

d
M)+ 178 fll i gy |-

Minimizing with respect to

gqa a
. <Hf||(Lq,Loo)a,A(Rd)>d(qwa_an S (Hf||(Lq,L°°)av>\(Rd) d
Mf(z) Mf(x) ’
we obtain
. gl
Lf@)] < Cmin{ | T (0 ()Tt
(M@ T o gy ety |
for all z € R<.
This implies that
__gqaly rany
L f (@) < CIAIGE o gy (M f (2)) ' T Fae=e, (4.4)
From (4.4), we have
qady
el fllap < C||f||d£q$233 oo (Rt 7 Mg, (4.5)
Th iplyi ' e R R e A )
en, multiplying both sides of (4.5) b [7’]1 [1/r]; , we get
d(X-1-1) d(—&+141
[Pl ||f flas

< C[fll dﬁ?ZZS ;*?)Rd

(i

I oy sy < O VAL T

We deduce from Theorem 3.1 (1) that

1— gAay
,,,,, ) d(gr+ga—an)

(qA—Q—qoz al) qray

M g™

q;p

\_/A

Hence,

qay glay
VLl oy ey S NN ) Tt (46)
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We end the proof by combining Proposition 2.9 (1) with the fact that

1fllza,zooyer @y S I fll(za,poyer @a)-

For ¢ = 1, we have the following result.

Theorem 4.2. Let1<oc,)\<p<oosuchthat1+%<é—i—% and 0 < v <
d(f+3-1). Put

1 Ay L1 ary

o a dA+a—aX) X A dh+a—a))
1:1(1— aXy > a,ndl:l— Aay
P D dA+a—al) q dA+a—a))

Then, for all f € (L, LP)**(RY), we have

aly
11y f l(zace Loyer s may S I £ Lfl(ﬁii oS dﬁ}‘iﬁi& &%)

and
1L f | (paoo poyar ae gay S NIl prpoyeney,  f € (LY, LP)*M(R?).

Proof. Let 1 < a, A < p < oo such that 1—1—5 < E+ and0<'y<d( +X_1)
Assume that f € (L, LP)**(R9) \ {0} since the case f = 0 is obvious. Inequality
(4.4) and the same arguments as in the proof of Theorem 4.1 lead to the desired
results. 0

Combining Theorem 4.1 with Theorem 4.2 in the case a = A, we get the
following result.

Corollary 4.3. Let1 < ¢ < a < p < 00 such that 54—% < % and(0 < v < d(%—%).
Put
11 4 1 1 1 4 1 1
o o dal2_Iy 5 o dn2_1) Fi
ot a da(Z-0) P op dp(Z-3) @

(1) If 1 < q, then for all f € (L%, LP)*(R?) we have

¥ 1 1
=32
«

1
q

”IWJC”(L‘?,LP (Rd) ~> Hf” (La,LP)o(R4) HfH(Lq Loo) (R4)
and
HIWfH(L‘?,LP (RY) ~5 ||f||(Lq Lr)a(R4)-
(2) If g =1 < «, then for all f € (L', LP)*(R?) we have
A v 1

||I fH(L‘IOOLP) AT(RY) ~S S ||f|| (L1 L;;l(Rd ||f||(L;;jx>) a(R4)

and
1L f | paoo poyar e gay S I fllor prye@ay, — f € (LY, LP)*(RY).

From part (1) of Corollary 4.3, we get the Hardy—Littlewood—Sobolev theorem
stating the boundedness of I, between Lebesgue spaces.
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Corollary 4.4 (see [27]). Let 1 <o < oo and 0 <y < . Put L =1_-12
Then, for all f € L*(R?), we have

Iyl per ay S 1Nl 2o rey-

Proof. Let 1 < a = g and let p = 2a+2 in Corollary 4.3. Then, the desired result
follows from the fact that for 1 < s <t < oo we have (L?, L')*(RY) = L*(R?) (see
[9] or [12, Proposition 1.5]). O

As an immediate consequence of Theorem 4.1 and inequality (4.1), we have the
following corollary.

Corollary 4.5. Let 1 < ¢ < a, A < p < o0 such that%—l—% < é+§ and
0<y<d(s+s—g) Put

S R W S
af  a dlghtga—a)) X XN dgh+qa—a))’
1 1 ( qay ) 1 1 Aary
-—=—-11- and — = — — .
D p d(g) + qa — aX) g q dgh+qga—al)

Then, for all f € (L%, LP)**R?), we have

M < d(q)\il%»ot;:\xfy alX) d(q)\i(zi\);/ alX)
|| f” La,LP)o™ A" (RD) ~5 ||f|| (L4,LP)e:  (RE) ||f|| (L4, L+o0)eA (RE)

and
”M’YfH(L‘i,Lf’)O‘*v)‘* (Rd) ~> ”fH La,Lp)aA(RA)-

As an immediate consequence of Theorem 4.2 and inequality (4.1), we have the
following result.

Corollary 4.6. Let 1 < a, A < p < o0 such thatl—i—% < i—i—% and 0 < v <
d(f+5-1). Put

1 Ay L1 ary

o a dA+a—a)) A A dA+a—a))
1.1 1 - aXy andl—l— Aay
P D d\ + a — a)) g = dXh+a—a))

Then, for all f € (L, LP)**(RY), we have
aly
[ M fll(race pryor as may S [ £]] le%z ;E;gd ”fHd[(i+Eooai)>\ (R9)

and
HMW/fH(L‘?’OO,Lﬁ)a*’/\*(]Rd) N ||f||(L1,LP)O‘vA(Rd)-

By Corollary 4.3 and inequality (4.1), we have the following result.
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Corollary 4.7. Let1l < ¢ < a < p < oo such that %+% < % and0 < v < d(%—%).
Put

1 1 7 1 1 1 v 1 J 1 1 v 1
—_— = — — ——’ - = - — ——F—F an - = - — —
ot a da(2-17 p op dpi-1) 7 q dgeZ-1)
(1) If 1 < q, then for all f € (L%, LP)*(R?) we have
1_% 1 Iod 1

2 _
o

1M, £l o o sty S U8 g et 1 e
and
||M7f||(Lc7,LP TRY) S ||f|| La,Lp)(R4)-
(2) If g =1 < «, then for all f € (L', LP)*(R?) we have

1

_
d

2 _ 2,
I Fll e oy gy S 1l g L

R

and
”vaH(Lqioo,Lﬁ)a*A*(Rd) 5 Hf||(L1,LP)a(Rd)7 f € (Ll;Lp)a(Rd)

From Corollary 4.4 and inequality (4.1), we get the following well known
Hardy-Littlewood—Sobolev theorem for the boundedness of M., between Lebesgue
spaces.

Corollary 4.8. Let 1 <a < oo and 0 < v < g. Put % = i — 1. Then, for all
f € L*(R%), we have

M fll o gy S |11l 2o ey
The next theorem gives a norm equivalence of fractional integral and its corre-
sponding fractional maximal function when we deal with nonnegative measurable

functions. A similar result has been established in Morrey spaces (see [15, Theo-
rem 7.1]) and in classical Fofana spaces (see [5, Theorem 4.7]).

Theorem 4.9. Let1 < g < a, )\<p§oosuchthat§+]%<é+§and0<’y<d.

For every positive function f € Li_(R?), we have

loc
15 f Nl (za,Loyer @ay = (| Mo fl (L, 2oyar (ma)-

Proof. Letlgqga,)\<p§oosuchthaté+%<§+§and0<’y<d. In
view of inequality (4.1) it suffices to prove that

11y fll(pa,zoyer ey S ITMy fl(za Loyon me)-

Let 7 > 0 an y € R%. By Lemma 4.2 of [15], we have

H ([vf)XB(y,r)l dﬂf. (4.7)

0 = (M, f)xBwnlle + 1By, 7")|% / &

BBy |2 — y|*
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Furthermore, we have

| B(

=

rﬂéjﬁ &g,

N\B(y,r) [T — Y|

By, )+ / @4,
- By, 2+1r)\B(y. 2ir) |2 — y|*

i _d Y _(1-1
(2) 7By, )72 s 2 -

M8

(2

AN

I
o

)

So, thanks to [15, Theorem 5.2}, we get

/R IO g < S@) L s o

N\B(y,r) [T — Y| pr

Q=

[B(y, )]

Taking into account this inequality and (4.7), the LP—norm of both sides with
respect to y of the inequality leads to

ANy fllap S ol My fllgp + Z K gitiy || My fllgp-

We have, on the one hand,

dE-1-1) d-deied)
a 1 q
r”MVf p = [r]l T_1_1 [ /r]l 1 ||M f q.p
’ d5—57—%) (=x+3 + ’
] [1/7];
Hence,
d(-L+1+1) d3—1-2)

Mo fllgp < [ry v [1/7’] RN M £l (L9,LP)eA (RY) * (4.8)
On the other hand,

0o Ly

D (270 g | My fllgn

=0

l_l_,
> _d [2i+1r]cll(o< q [1/21+1 ] d(= >\+ itr )
= 2(2 ) d(I-1-T) d—L114T) 21+17"||M7f||q7:0
e O L
> Y (—1ylydy g qd(i-1o1
<||Mf||L‘1LP°‘)‘(Rd)Z(2) q[2+1] q p[1/2+lr]1>\ 7 p
=0
d(-L+i4+1 d(i-1-1)
Sl Y R YA (L9, L0)o (RY)

NIl
1=0

Since —L — L4142 <0, then Y02 (2)" 73+ < oo,
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Hence,

= in—d d(—g+5+3) d(3-1-1)
> @) 5 s 1M, S T [/r] 1M fll o, oy ey - (49)
=0

From (4.8) and (4.9), we deduce that

d(—é—&—l—i—l) d(+-1-1)
Pl Nl St = e

This implies that

dt-1-1 —xtaty)
s

’|M’YfH(Lq7Lp)a,>\(Rd) .

15 fllgp S IML Fll 1o oy ey -

We end the proof by taking the supremum over all » > 0 in the left-hand side of
the previous relation. O
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