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Abstract. This study explores the structure and properties of cyclic codes
and extends the analysis to double cyclic codes over the ring ℜ = Zp

⊕
uZp.

The objective is to determine the generator polynomials for double cyclic codes.
A systematic approach is developed for constructing these generator polyno-
mials using algebraic techniques. Additionally, the research investigates the
ranks and minimal covering sets associated with double cyclic codes.

1. Introduction

Cyclic codes [2, 3, 4, 7] are a fundamental class of linear codes that play an
essential role in error detection and correction for digital communication and data
storage systems [8, 10, 15]. Their inherent algebraic structure enables efficient
encoding and decoding algorithms, which has led to their widespread adoption
in practical applications.

These codes also intersect with cryptographic systems, where they can be used
for secure transmissions or exploited in cryptographic attacks [12, 13, 14, 19].
These codes are characterized by their invariance under cyclic shifts, meaning
that if a codeword (α0, α1, . . . , αm−1) belongs to a cyclic code C of length m, then
(αm−1, α0, α1, . . . , αm−2) is also a codeword, ensuring that the set of codewords
forms an ideal in the quotient ring ℜ[t]/(tm − 1), generated by a polynomial a(t)
that divides tm − 1, which plays a crucial role in both encoding and decoding
processes [15, 20].

Among these codes, Hamming codes [17], defined over Z2, correct single-bit er-
rors with a minimum Hamming distance of three, Bose–Chaudhuri–Hocquenghem
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codes [10, 18] can be designed to correct multiple errors, while Reed-Solomon
codes [21], being nonbinary, are optimized for burst error correction and are
widely used in digital storage and communication systems.

A natural extension leads to double cyclic codes [1, 6, 5, 9, 11, 16], defined
as linear codes of length m = r + s whose coordinates are partitioned into two
subsets of respective sizes r and s, each invariant under independent cyclic shifts,
meaning that if

(α0, α1, . . . , αr−1, αr, . . . , αm−1)

is a codeword of C, then

(αr−1, α0, α1, . . . , αr−2, αm−1, αr, . . . , αm−2)

also belongs to C.
Such codes are represented by pairs of polynomials associated with each subset,

forming two distinct ideals in the rings ℜ[t]/(tr − 1) and ℜ[t]/(ts − 1), each
generated by a polynomial.

This article focuses on double cyclic codes, a specialized subclass of linear
codes that extends the concept of cyclic codes. These codes have attracted grow-
ing interest in recent years due to their rich algebraic structure and potential
applications in the fields of digital communication and data storage.

Borges and Fernandez [9] launched an important line of research by studying
the algebraic framework of double cyclic codes Z2. They provided explicit gen-
erator polynomials for these codes and their duals, marking a key step in the
structural understanding of this class. This fundamental work has since been
extended to broader ring contexts.

Gao et al. [16] analyzed double cyclic codes over Z4, discovering a classifi-
cation based on the decomposition of polynomial rings and demonstrating how
the structure of the underlying ring influences the parameters and duality of the
codes. Building on these developments, Aydogdu and his collaborators have made
substantial contributions by exploring double cyclic and skew cyclic codes over
various finite rings. For example, Aydogdu [5] studied codes over the unchained
ring Z2 + uZ2, presenting new constructions and analyzing their Gray images.
Furthermore, Abualrub et al. [1] studied the enumeration and classification of
Zp-double cyclic and quasi-cyclic codes, offering insights into the algebraic struc-
ture and counting the number of such codes for given parameters.

2. Preliminaries

In this section, we introduce the essential concepts and notations associated
with the ring ℜ = Zp ⊕ uZp, where u2 = 0.

These preliminaries provide the necessary background for analyzing cyclic and
double-cyclic codes over this ring. Throughout the rest of this paper, we will
adhere to the following notations.

• The Hamming weight H(s) of an element s ∈ ℜm is the number of nonzero
elements in s.
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• Given two vectors s, t ∈ ℜm, the inner product on ℜm is defined as

⟨s, t⟩ =
m∑
i=1

siti.

• The dual C⊥ of a linear code C over ℜ is given by

C⊥ = {X ∈ ℜm | for all Y ∈ C, ⟨Y,X⟩ = 0},

and a code is self-dual if it is equal to its dual.
• The Lee weight of a codeword v = (v1, . . . , vm) ∈ ℜm is defined as wt(v) =∑m

i=1 wtL(vi), where each component vi = xi
0 + xi

1u ∈ ℜ has Lee weight
wtL(vi) =

∑1
j=0 min{xi

j, p− xi
j}.

• We use the notation Zp for the ring of integers modulo p, ℜm to denote
an ℜ-module for m ∈ N.

• x⊕ y = x+ y (mod p) for all x, y ∈ ℜ.

Definition 2.1. The ring ℜ is defined as Zp

⊕
uZp, where u is an indeterminate

with the property that u2 = 0. This ring can be viewed as a generalization of the
polynomial ring with coefficients in Zp, truncated at degree 2.

Proposition 2.2. Let ℜ = Zp

⊕
uZp. Since u is nilpotent with nilpotent index 2,

it follows that ℜ is a local principal ideal ring with maximal ideal uℜ. Moreover,
ℜ/uℜ ∼= Zp is the residue field of ℜ.

Proof. The ring ℜ is local if it has a unique maximal ideal. The principal ideal
generated by u is

uℜ = {uf | f ∈ ℜ}.

Since u2 = 0, all elements in uℜ are nilpotent. Thus, uℜ is a proper ideal of ℜ.
To show that uℜ is maximal, consider the quotient ring ℜ/uℜ as follows:

ℜ/uℜ =
(
Zp

⊕
uZp

)
/u
(
Zp

⊕
uZp

)
,

since the only surviving term in the quotient is the constant term Zp.
Thus, ℜ/uℜ ∼= Zp, which is the residue field of ℜ indicating that uℜ is maximal.

Furthermore, since every ideal of a principal ideal ring is generated by a single
element and every ideal of ℜ is of the form ukℜ, ℜ is a principal ideal ring. □

We will now explore the concept of linear codes over the ring ℜ. More precisely,
a linear code C of length m over ℜ is a submodule of ℜm. We can associate linear
codes on ℜ with linear codes on Zp using the following map.

Definition 2.3. Let A = (γj)
m
j=1 ∈ ℜm, where γj = xj

0 + xj
1u ∈ ℜ for all

j ∈ {1, . . . ,m}. Accordingly, the Gray map is characterized in the following
manner

Φ : ℜm → Z2m
p

A → Φ(A) =
(
x1
1, . . . , x

m
1 , x

1
0 ⊕ x1

1, . . . , x
m
0 ⊕ xm

1

)
.

(2.1)
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Remark 2.4. We can also extend the above map to ℜr × ℜs for A = (γj)
r
j=1 ∈

ℜr, B = (αj)
s
j=1 ∈ ℜs and m = r + s as follows,

Φ : ℜr ×ℜs → Z2m
p

(A,B) →
(
x1
1, . . . , x

r
1, x

1
0 ⊕ x1

1, . . . , x
r
0 ⊕ xr

1,

y11, . . . , y
s
1, y

1
0 ⊕ y11, . . . , y

s
0 ⊕ ys1

)
,

(2.2)

where γj = xj
0 + xj

1u and αj = yj0 + yj1u ∈ ℜ.

Proposition 2.5. Let Φ be the Gray map defined above and C be a linear code
in ℜm, then, Φ(C) is a linear code over Z2m

p .

Proof. Let C be a linear code in ℜm. We need to show that Φ(C) is a linear code
in Z2m

p .
By definition, C being a linear code means that C is closed under addition and
scalar multiplication in ℜm.
Specifically, for any A = (γj)

m
j=1, B = (αj)

m
j=1 ∈ C and any λ ∈ ℜ, we have

A+B ∈ C and λA ∈ C.
Put γj = xj

0+xj
1u and αj = yj0+ yj1u ∈ ℜ. Thus, considering the images under Φ,

Φ(A) =
(
x1
1, . . . , x

m
1 , x

1
0 ⊕ x1

1, . . . , x
m
0 ⊕ xm

1

)
,

and
Φ(B) =

(
y11, . . . , y

m
1 , y

1
0 ⊕ y11, . . . , y

m
0 ⊕ ym1

)
.

Since addition in ℜ corresponds to bitwise addition modulo p in Zp

Φ(A+B) = Φ
(
(γj + αj)

m
j=1

)
= Φ

(
((xj

0 ⊕ yj0) + (xj
1 ⊕ yj1)u)

m
j=1

)
=
(
x1
1 ⊕ y11, . . . , x

m
1 ⊕ ym1 , x

1
0 ⊕ y10 ⊕ x1

1 ⊕ y11,

. . . , xm
0 ⊕ ym0 ⊕ xm

1 ⊕ ym1 ) .

On the other hand,
Φ(A)⊕ Φ(B) =

(
x1
1, . . . , x

m
1 , x

1
0 ⊕ x1

1, . . . , x
m
0 ⊕ xm

1

)
⊕
(
y11, . . . , y

m
1 , y

1
0 ⊕ y11, . . . , y

m
0 ⊕ ym1

)
=
(
x1
1 ⊕ y11, . . . , x

m
1 ⊕ ym1 , x

1
0 ⊕ x1

1 ⊕ y10 ⊕ y11,

. . . , xm
0 ⊕ xm

1 ⊕ ym0 ⊕ ym1 ) .

Thus,
Φ(A+B) = Φ(A)⊕ Φ(B).

Similarly, for scalar multiplication by λ ∈ Z2m
p , given that scalar multiplication

by λ in ℜ corresponds to coordinate-wise multiplication in Zp

Φ(λA) = λΦ(A).

Thus, Φ(C) is closed under addition and scalar multiplication in Z2m
p , making it

a linear code in Z2m
p . □
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3. double cyclic codes

A double cyclic code is a generalization of a cyclic code, where the set of its
coordinates is divided into two parts, and each part is cyclically shifted indepen-
dently.

Definition 3.1. Let m = r + s, where r and s are odd integers. A double cyclic
code C, of length m over ℜ can be viewed as a pair of cyclic codes of lengths r
and s. This means that if

c = (α0, α1, . . . , αr−1, γ0, . . . , γs−2, γs−1) ∈ C,
then

(αr−1, α0, α1, . . . , αr−2, γs−1, γ0, . . . , γs−2) ∈ C.

Remark 3.2. For any codeword
c = (α0, α1, . . . , αr−1, γ0, . . . , γs−2, γs−1)

and any k ∈ Z, we denote the kth shift of c by
Sk(c) =

(
α{r−k (mod r)}, α{r+1−k (mod r)}, . . . , α{r+(r−1)−k (mod r)},

γ{s−k (mod s)}, . . . , γ{s+(s−1)−k (mod s)}
)
.

(3.1)

As mentioned previously, the dual code is defined by
C⊥ = {X ∈ ℜm | for all Y ∈ C, ⟨Y,X⟩ = 0} .

So, here we will give a similar definition to the dual code of a double cyclic code
C.

Definition 3.3. The dual code of C is defined by
C⊥ = {(X1, X2) ∈ ℜr ×ℜs | for all (Y1, Y2) ∈ C, ⟨(Y1, Y2), (X1, X2)⟩ = 0} .

Since we define a double cyclic code as pairs of cyclic codes of lengths r and
s, where m = r + s and r and s are odd integers, we have the following result,
which gives us the relationship between the double cyclicity of the code C and its
dual.

Lemma 3.4. Let C be an ℜ-double cyclic code; then so is C⊥.

Proof. A double cyclic code C of length m = r+ s over ℜ can be viewed as a pair
of cyclic codes of lengths r and s. To show that C⊥ is also a double cyclic code,
we will demonstrate that C⊥ is closed under the same shifting operation defined
for C. Then, for any

c = (α0, α1, . . . , αr−1, γ0, . . . , γs−2, γs−1) ∈ C
and y ∈ C⊥, we have

⟨y, c⟩ = 0.

Now, consider the shifted codeword Sk(c) and Sk(y) for k ∈ Z,
Sk(c) =

(
α{r−k (mod r)}, α{r+1−k (mod r)}, . . . , α{r+(r−1)−k (mod r)},

γ{s−k (mod s)}, . . . , γ{s+(s−1)−k (mod s)}
)
.
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Since Sk(c) ∈ C, we have
⟨y, Sk(c)⟩ = 0.

Conversely, since y was chosen arbitrarily from C⊥, it necessarily follows that
⟨Sk(y), c⟩ = ⟨y, S−k(c)⟩ = 0,

for all c ∈ C, implying that
Sk(y) ∈ C⊥.

Hence, C⊥ is closed under the shift Sk for all k ∈ Z, making C⊥ a double cyclic
code. □

3.1. Generator polynomials. This subsection explores the generator polyno-
mials of a double cyclic code C. The focus is on identifying and characterizing
these polynomials, which are fundamental to defining the structure and proper-
ties of C. This study aims to clarify and better understand the algebraic structure
of double cyclic codes.

Lemma 3.5. Let C be an ℜ-double cyclic code. Thus,
Π : ℜr ×ℜs → ℜ[t]/ (tr − 1)×ℜ[t]/ (ts − 1)

is a bijective function, where any element
c = (α0, α1, . . . , αr−1, αr, αr+1, . . . , αm−1) ∈ C ⊆ ℜr ×ℜs

can be identified with an element of ℜ[t]/ (tr − 1)×ℜ[t]/ (ts − 1) as follows:
Π(c) =

(
α0 + α1t+ · · ·+ αr−1t

r−1, αr + αr+1t+ · · ·+ αm−1t
s−1
)

= (u(t), v(t)).

Corollary 3.6. The ring ℜ[t]/ (tr − 1)×ℜ[t]/ (ts − 1) is an ℜ[t]-module.
Furthermore, any ℜ-double cyclic code C is an ℜ[t]-sub-module of ℜ[t]/ (tr − 1)×

ℜ[t]/ (ts − 1).

Proof. We have that Π is a bijective function. Moreover,
∗ : ℜ[t]×ℜ[t]/ (tr − 1)×ℜ[t]/ (ts − 1) −→ ℜ[t]/ (tr − 1)×ℜ[t]/ (ts − 1)

(λ(t), u(t), v(t)) −→ λ(t) ∗ (u(t), v(t)) = (λ(t)u(t), λ(t)v(t))

is well-defined. □
The following theorem provides a fundamental result that characterizes the

generator polynomials of double cyclic codes.

Theorem 3.7. Let C be an ℜ-double cyclic code of length m = r + s. Then
C = ⟨(ℵ1(t), 0) , (h(t),ℵ2(t))⟩ ,

where ℵ1 = σ1(t) + uγ(t) and ℵ2 = σ2(t) + uα(t) and we have
(1) γ(t)|σ1(t)|tr − 1 and α(t) |σ2(t)| ts − 1 over ℜ.
(2) h(t) is a polynomial over ℜ with deg h(t) < degℵ1.
(3) ℵ1, ℵ2 and h(t) are unique.
(4) ℵ1(t)

∣∣∣ ( ts−1
α(t)

)
h(t) .
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Proof. Let C be an ℜ-double cyclic code. We have from Lemma 3.5 that Π is a
one-to-one correspondence map, so consider the following commutative diagrams:

ℜr ×ℜs Π−→ ℜ[t]/ (tr − 1)×ℜ[t]/ (ts − 1)y y
C Ψ1−→ ℜ[t]/ (tr − 1)

and
ℜr ×ℜs Π−→ ℜ[t]/ (tr − 1)×ℜ[t]/ (ts − 1)y y

C Ψ2−→ ℜ[t]/ (ts − 1)

,

where
Ψ1 (µ1(t), µ2(t)) = µ1(t), Ψ2 (µ1(t), µ2(t)) = µ2(t).

Since C, ℜ[t]/ (tr − 1) and ℜ[t]/ (ts − 1) are ℜ[t]-modules, we have that Ψ1 and
Ψ2 are ℜ-module homomorphisms. Thus,

C/ ker(Ψ1) ∼= Im(Ψ1) and C/ ker(Ψ2) ∼= Im(Ψ2).

(1) On the other hand, Im(Ψi) and ker(Ψi) are sub-modules respectively of
ℜ[t]/ (ts − 1) and C.

Furthermore, Im(Ψ1) and Im(Ψ2) are cyclic codes respectively over
ℜ[t]/ (tr − 1) and ℜ[t]/ (ts − 1), and it follows from [3] that we have

Im(Ψ1) = ⟨σ1(t) + uγ(t)⟩ and Im(Ψ2) = ⟨σ2(t) + uα(t)⟩ ,

where σi(t), α(t) and γ(t) are polynomials in ℜ[t] satisfying

γ(t) |σ1(t)| tr − 1 and α(t) |σ2(t)| ts − 1.

On the other hand, ker(Ψ2) = Im(Ψ1)× {0}, where

ker(Ψ2) = {(µ(t), 0) ∈ C | µ(t) ∈ ℜ[t]/ (tr − 1)} .

Consequently,

ker(Ψ2) = ⟨σ1(t) + uγ(t), 0⟩ .

Since we have

C/ ker(Ψ2) ∼= Im(Ψ2) = ⟨σ2(t) + uα(t)⟩ ,

it follows that

C = ⟨(ℵ1(t), 0) , (h(t),ℵ2(t))⟩ ,

where
ℵ1 = σ1(t) + uγ(t) and ℵ2 = σ2(t) + uα(t),

for polynomial h(t) ∈ ℜ[t]/ (tr − 1) and, ℵ1 and ℵ2, respectively, over
ℜ[t]/ (tr − 1) and ℜ[t]/ (ts − 1).
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(2) Suppose deg(h(t)) ≥ deg(ℵ1(t)) with deg(h(t))− deg(ℵ1(t)) = k.
Consider the code

C ′ =
(
(ℵ1(t), 0), (h(t),ℵ2(t)) + tk ∗ (ℵ1(t), 0)

)
=
(
(ℵ1(t), 0),

(
h(t) + tkℵ1(t),ℵ2(t)

))
.

It is clear that C ′ ⊆ C. Indeed we also have

(h(t),ℵ2(t)) =
(
h(t) + tkℵ1(t),ℵ2(t)

)
− tk ∗ (ℵ1(t), 0).

Therefore C ⊆ C ′, and hence C = C ′.
(3) Since ⟨ℵ1⟩ and ⟨ℵ2⟩ are cyclic codes this proves that the polynomials σi(t),

γ(t) and α(t) are unique, it remains to be proven that the polynomial h(t)
is unique. Suppose that

C = ⟨(ℵ1(t), 0) , (h1(t),ℵ2(t))⟩
= ⟨(ℵ1(t), 0) , (h2(t),ℵ2(t))⟩ .

Then, (h1(t)− h2(t), 0) ∈ ker(Ψ2) = ⟨σ1(t) + uγ(t), 0⟩. This implies that

h1(t)− h2(t) = (σ1(t) + uγ(t))µ(t),

for some polynomial µ(t) ∈ ℜ[t]. From the second statement of this
theorem, we have

deg (h1(t)− h2(t)) ≤ deg h1(t) < deg (σ1(t) + uγ(t)) .

Then µ(t) = 0, and we have h1(t) = h2(t).
(4) To prove ℵ1(t)

∣∣∣ ( ts−1
α(t)

)
h(t) , we need to prove that(

ts − 1

α(t)
h(t), 0

)
∈ ker(Ψ2) = ⟨ℵ1(t), 0⟩ .

Consider ts−1
α(t)

∗ (h(t),ℵ2(t)) =
(

ts−1
α(t)

∗ h(t), ts−1
α

∗ ℵ2(t)
)

. Then

Ψ2

(
ts − 1

α(t)
∗ h(t), t

s − 1

α(t)
∗ ℵ2(t)

)
= Ψ2

(
ts − 1

α(t)
h(t), 0

)
= 0.

Consequently, (
ts − 1

α(t)
h(t), 0

)
∈ ker(Ψ2),

and it follows that ℵ1(t)
∣∣∣ ( ts−1

α(t)

)
h(t) .

□

Corollary 3.8. Let C be a ℜ-double cyclic code. So, if (h(t),ℵ2(t)) ∈ C, then(
ts − 1

α(t)
h(t), 0

)
∈ C.

Moreover, if C = ⟨h(t),ℵ2(t)⟩, then it follows that (tr − 1)
∣∣∣ ts−1

α(t)
h(t) .
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4. Ranks and minimal spanning sets for double cyclic codes over ℜ

In this section, we will study the rank of double cyclic codes, that is, the
dimension of the vector space generated by the codewords.

Furthermore, a minimal code set C is a collection of codewords that serves as
the basis of the code, with the number of elements in this set corresponding to
the rank of the code.

The following theorem presents a spanning set for double cyclic codes of the
form C = ⟨(ℵ1(t), 0) , (h(t),ℵ2(t))⟩ viewed as ℜ-sub-modules.

Theorem 4.1. Let C be an ℜ-double cyclic code of length m = r + s, such that
C = ⟨(ℵ1(t), 0) , (h(t),ℵ2(t))⟩ ,

where
• ℵ1 = σ1(t) + uγ(t) and ℵ2 = σ2(t) + uα(t).
• deg(σi) = ei.
• ℵ1|tr − 1 and ℵ2|ts − 1.

Then,

S =

max{r−e1,s−e2}−1⋃
k=0

⟨(tkℵ1(t), 0)⟩

 ∪

(
s−e2−1⋃
k=0

⟨(tkh(t), tkℵ2(t))⟩

)
forms a spanning set for C as an ℜ-module.

Proof. Suppose
tr − 1 = ℵ1(t)f1(t) and ts − 1 = ℵ2(t)f2(t) over ℜ[t].

Let α(t) ∈ C. Then
α(t) = µ1(t) ∗ (ℵ1(t), 0) + µ2(t) ∗ (h(t),ℵ2(t)) ,

where µ1(t) and µ2(t) ∈ ℜ[t].
If deg(µ1(t)) ≤ r − e1 − 1, then

µ1(t) ∗ (ℵ1(t), 0) ∈ ⟨
(
ℵ1(t), tℵ1(t), . . . , t

r−e1−1ℵ1(t)
)
, 0⟩.

Otherwise there exist two polynomials u1(t), v1(t) such that

µ1(t) =

(
tr − 1

ℵ1(t)

)
u1(t) + v1(t),

where v1(t) = 0 or deg(v1(t)) ≤ r − e1 − 1.
Now,

µ1(t) ∗ (ℵ1(t), 0) =

(
tr − 1

ℵ1(t)

)
u1(t) ∗ (ℵ1(t), 0) + v1(t) ∗ (ℵ1(t), 0)

= (v1(t)ℵ1(t), 0) .

Since deg(v1(t)) ≤ r − e1 − 1, then

µ1(t) ∗ (ℵ1(t), 0) ∈ ⟨
(
ℵ1(t), tℵ1(t), . . . , t

r−e1−1ℵ1(t)
)
, 0⟩.
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If deg(µ2(t)) ≤ s− e2 − 1, then

µ2(t) ∗ (h(t),ℵ2(t)) ∈
⟨
(
h(t), th(t), . . . , ts−e2−1h(t)

)
,
(
ℵ2(t), tℵ2(t), . . . , t

s−e2−1ℵ2(t)
)
⟩.

Otherwise, there exist two polynomials u2(t), v2(t) such that

µ2(t) =

(
ts − 1

ℵ2(t)

)
u2(t) + v2(t),

where v2(t) = 0 or deg(v2(t)) ≤ s− e2 − 1.
Now,

µ2(t) ∗ (h(t),ℵ2(t)) =

((
ts − 1

ℵ2(t)

)
u2(t) + v2(t)

)
∗ (h(t),ℵ2(t))

=

(
ts − 1

ℵ2(t)

)
u2(t) ∗ (h(t), 0) + v2(t) ∗ (h(t),ℵ2(t))

= f2(t)u2(t) ∗ (h(t), 0) + v2(t) ∗ (h(t),ℵ2(t)) .

Since deg(v2(t)) ≤ s− e2 − 1, then

v2(t) ∗ (h(t),ℵ2(t)) ∈
⟨
(
h(t), th(t), . . . , ts−e2−1h(t)

)
,
(
ℵ2(t), tℵ2(t), . . . , t

s−e2−1ℵ2(t)
)
⟩.

If deg (u2(t)) ≤ e1 − e2 − 1, then

f2(t)u2(t) ∗ (h(t), 0) ∈ ⟨
(
f2(t)h(t), tf2(t)h(t), . . . , t

s−e2−1f2(t)h(t)
)
, 0⟩.

On the other hand, ℵ1(t)
∣∣∣ ( ts−1

α(t)

)
h(t) ; then(

ts − 1

α(t)

)
h(t) ∈ ⟨ℵ1(t)⟩.

Moreover, (
ts − 1

ℵ2(t)

)
u2(t)h(t) =

(
ts − 1

α(t)

)
h(t)

(
α(t)

ℵ2(t)

)
u2(t).

If deg (u2(t)) ≤ e1 − e2 − 1, then(
ts − 1

α(t)

)
u2 ∗ (h(t), 0) ∈ ⟨

(
ℵ1(t), tℵ1(t), . . . , t

e1−e2−1ℵ1(t)
)
, 0⟩.

Otherwise, we have

u2(t) =
ts − 1

f2(t)α(t)
u3(t) + v3(t)

with u3(t), v3(t) ∈ ℜ[t] and 0 ≤ deg (v3(t)) ≤ e1 − e2 − 1.
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Therefore,(
ts − 1

ℵ2(t)

)
u2(t)∗ (h(t), 0)

=

(
ts − 1

ℵ2(t)

)
ts − 1

f2(t)α(t)
u3(t)h(t) +

(
ts − 1

ℵ2(t)

)
v3(t)h(t)

=

(
ts − 1

α(t)

)
h(t)u3(t) +

(
ts − 1

α(t)

)
h(t)

(
α

ℵ2(t)

)
v3(t).

Since deg(v3(t)) ≤ e1 − e2 − 1, and ℵ1(t)
∣∣∣ ( ts−1

α(t)

)
h(t) , it follows that(

ts − 1

α(t)

)
h(t)u3(t) ∈ ⟨ℵ1(t), tℵ1(t), . . . , t

s−e2−1ℵ1(t)⟩

and (
ts − 1

α(t)

)
h(t)

(
α(t)

ℵ2(t)

)
v3(t) ∈⟨ℵ1(t), tℵ1(t), . . . , t

e1−e2−1ℵ1(t)⟩

⊆ ⟨ℵ1(t), tℵ1(t), . . . , t
s−e2−1ℵ1(t)⟩.

Therefore, S is a spanning set for the double cyclic code C. □
In the next theorem, we present a minimal spanning set for the double cyclic

code
C = ⟨(ℵ1(t), 0) , (h(t),ℵ2(t))⟩ ,

where σ1|tr − 1 and σ2|ts − 1.

Theorem 4.2. Let C be an ℜ-double cyclic code of length m = r + s, such that
C = ⟨(ℵ1(t), 0) , (h(t),ℵ2(t))⟩ ,

where
• ℵ1 = σ1(t) + uγ(t) and ℵ2 = σ2(t) + uα(t).
• deg(σi) = ei, deg(γ) = k and deg(α) = l.
• σ1|tr − 1 and σ2|ts − 1.

Then,

S =⟨
(
tkℵ1(t), 0

)r−e1−1

k=0
⟩ ∪ ⟨

(
tkh(t), tkℵ2(t)

)s−e2−1

k=0
⟩

∪ ⟨
(
tkuf1(t) (γ(t), 0)

)e1−k−1

k=0
⟩ ∪ ⟨

(
tkf2(t) ∗ (h(t), α(t)u)

)e2−l−1

k=0
⟩,

forms a minimal spanning set for C as an ℜ-module. Moreover, C has
4r+s−e1−e22e1+e2−k−l codewords.

Proof. We have from Theorem 3.7 that
tr − 1 = γ(t)f1(t) and ts − 1 = α(t)f2(t) over ℜ[t].

It should be noted that this demonstration uses a technique similar to the method
employed in the previous argument.

So, let α(t) ∈ C,. Then
α(t) = µ1(t) ∗ (ℵ1(t), 0) + µ2(t) ∗ (h(t),ℵ2(t)) ,
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where µ1(t) and µ2(t) ∈ ℜ[t].
If deg(µ1(t)) ≤ r − e1 − 1, then

µ1(t) ∗ (ℵ1(t), 0) ∈ ⟨
(
ℵ1(t), tℵ1(t), . . . , t

r−e1−1ℵ1(t)
)
, 0⟩;

see the previous Theorem 4.1.
Otherwise, there exist two polynomials D1(t), B1(t) ∈ ℜ[t] such that

µ1(t) = f1(t)D1(t) + B1(t) and 0 ≤ deg (B1(t)) < r − e1 − 1.

It follows from here that
µ(t) ∗ (ℵ1(t), 0) = (f1(t)D1(t) + B1(t)) ∗ (ℵ1(t), 0)

= D1(t)uf1(t) ∗ (γ(t), 0) + B1(t) ∗ (ℵ1(t), 0) .

If deg (D1(t)) ≤ e1 − k − 1, then we get that
D1(t)uf1(t) ∗ (γ(t), 0) ∈ ⟨tkuf1(t) ∗ (γ(t), 0)⟩e1−k−1

k=0 .

Otherwise, we have
D1(t) =

tr − 1

f1(t)γ(t)
D2(t) + B2(t),

where D2(t) and B2(t) are polynomials in ℜ[t] with
0 ≤ deg (B2(t)) ≤ e1 − k − 1.

Therefore,

D1(t)uf1(t) ∗ (γ(t), 0) =
(

tr − 1

f1(t)γ(t)
D2(t) + B2(t)

)
uf1(t) ∗ (γ(t), 0)

= B2(t) ∗ uf1(t) ∗ (γ(t), 0)
∈ ⟨tkuf1(t) ∗ (γ(t), 0)⟩e1−k−1

k=0 .

So, we have shown that
µ(t) ∗ (ℵ1(t), 0) ∈ ⟨tk (ℵ1, 0)⟩e1−k−1

k=0 ∪ ∈ ⟨tkuf1(t) ∗ (γ(t), 0)⟩e1−k−1
k=0 .

If deg(µ2(t)) ≤ s− e2 − 1, then
µ2(t) ∗ (h(t),ℵ2(t)) ∈ ⟨tk (h(t),ℵ2(t))⟩s−e2−1

k=0 ,

see the previous Theorem 4.1.
Otherwise there exist two polynomials M1(t), N1(t) ∈ ℜ[t] such that

µ2(t) = f2(t)M1(t) +N1(t) and 0 ≤ deg (N1(t)) < s− e2 − 1.

It follows from here that
µ2(t) ∗ (h(t),ℵ2(t)) = (f2(t)M1(t) +N1(t)) ∗ (h(t),ℵ2(t))

= M1(t)f(2) ∗ (h(t), α(t)u) +N1(t) ∗ (h(t),ℵ2(t)) .

Since 0 ≤ deg (N1(t)) < s− e2 − 1, then
N1(t) ∗ (h(t),ℵ2(t)) ∈ ⟨tk (h(t),ℵ2)⟩s−e2−1

k=0 .

If deg (M1(t)) ≤ e2 − l − 1, then we get that
M1(t)f(2) ∗ (h(t), α(t)u) ∈ ⟨tkf2(t) ∗ (h(t), α(t)u)⟩e2−l−1

k=0 .
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Otherwise, we have

M1(t) =
ts − 1

f2(t)α(t)
M2(t) +N2(t),

where M2(t) and N2(t) are polynomials in ℜ[t] with
0 ≤ deg (N2(t)) ≤ e2 − l − 1.

Therefore,

M1(t)f2(t) ∗ (h(t), α(t)u) =
(

ts − 1

f2(t)α(t)
M2(t) +N2(t)

)
f2(t) ∗ (h(t), α(t)u)

=

(
ts − 1

f2(t)α(t)
M2(t)

)
∗ (f2(t)h(t), f2(t)α(t)u)

+N2(t)f2(t) ∗ (h(t), α(t)u)

= M2(t) ∗
(
ts − 1

α(t)
h(t), 0

)
+N2(t)f2(t) ∗ (h(t), α(t)u) .

Since 0 ≤ deg (N2(t)) < e2 − l − 1, then
N2(t)f2(t) ∗ (h(t), α(t)u) ∈ ⟨tkf2(t) ∗ (h(t), α(t)u)⟩e2−l−1

k=0 .

From Theorem 3.7 we have ℵ1(t)
∣∣∣ ( ts−1

α(t)

)
h(t) .

Therefore, ts−1
α(t)

h(t) = ℵ1(t)g(t), where g(t) ∈ ℜ[t]. So,

M2(t) ∗
(
ts − 1

α(t)
h(t), 0

)
∈
(
⟨tk ∗ (ℵ1, 0)⟩r−e1−1

k=0

)
∪
(
⟨tkuf1(t) ∗ (γ(t), 0)⟩e1−k−1

k=0

)
.

Consequently, the set S is an overlay for C.
Furthermore, S is a minimal set. This means that none of the elements of S

are linearly dependent on the others.
Therefore, the code C contains

22(r+s−e1−e2)2e1+e2−k−l = 4r+s−e1−e22e1+e2−k−l

codewords. □

Conclusion

This study examined the algebraic structure and fundamental characteristics
of double cyclic codes defined over the ring ℜ = Zp ⊕ uZp, with u2 = 0.

The discussion began with an exploration of cyclic codes, and then extended
the analysis to their double-cyclic counterparts.

At the heart of the analysis is the derivation of generator polynomials using
algebraic methods.

In addition, the article addresses the determination of code ranks and the iden-
tification of minimal covering sets.
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