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ABSTRACT. The aim of this paper is to prove that strongly singular con-
volution operators are bounded from HK;((_‘))’Q(')(R") to K;((_'))’Q(')(R") when
a(0) = n—n/p(0) and ase = N — N/Poo. Also, the boundedness of their

commutators from the inhomogeneous Herz-type Hardy spaces to the inhomo-
geneous Herz spaces has been obtained.

1. INTRODUCTION AND PRELIMINARIES

As usual, we denote by R"™ the n-dimensional real Fuclidean space. The
Euclidean scalar product of x = (x1,...,2,) and y = (y1,...,yn) is given by
x-y =z + -+ 2y, By S(R") we denote the Schwartz space of all complex-
valued, in finitely differentiable and rapidly decreasing functions on R”. Given a
function f € S(R"), its Fourier transform will be denoted by

F(f)(2) = (2m) " / e f(x)da.

n

Moreover, p is a smooth radial cut-off function such that
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Define the multipliers

oY
cil

77 ()(2),

where 0 < v < 1 and 0 < d < ny/2. When d = n~y/2 the resulting operator will
be denoted by T, f. In this paper, we study the multipliers

Tya = F(Tya(f)(z) = p(2)

2|

; Y
el

—HF()(2).

T : F(T,(f))(2) = p(z)

2]
The kernel for T, is very singular. Roughly speaking, it looks like
X oilzl ™
() = ———
7( ) |xrz7
where % + % = 1. Indeed the cancellation is minimal and if one makes a quick
computation for |z| > 2 |y|, we have

Koo — 1) — Ky (0)] < H& (1)
Strongly singular convolution operators (SSCOs) are not the usual Calderén—
Zygmund operators; their kernels are more singular near the diagonal, and they
often exhibit oscillatory behavior or fractional-type singularities.

It is well known that SSCOs have been a central topic in modern analysis and
are now of increasing applications in areas such as harmonic analysis and partial
differential equations. In harmonic analysis, SSCOs are studied for bounded-
ness properties in function spaces like Lebesgue, weighted Morrey, Hardy, and
Herz-type spaces. Recently, the boundedness of SSCOs T., on function spaces
has attracted great attention (see [4, 3, 17, 22]). Li and Lu [14] proved that
the operators T, are bounded from the homogeneous weighted Herz-type Hardy
spaces H Kg‘vq (01, 02) to the homogeneous weighted Herz spaces Kg"q(gl, 02) and
also obtained the boundedness of these operators on the inhomogeneous weighted
Herz-type Hardy spaces. Wang and Yan [20] generalized this results to Herz-type
Hardy spaces with variable exponent p but « and ¢ are constants.

In partial differential equations, meanwhile, whereas classical convolution ker-
nels (e.g., Gaussian, Poisson, Laplace) provide regularization for heat and Laplace
equations, more strongly singular (Cauchy-type) kernels are used to construct
solutions to integro-differential and boundary-value problems in fields such as
elasticity, electrostatics, and heat conduction. For many applications, see [12].

The purpose of this paper is to generalize the boundedness theorems of SS-
COs T, and their commutators on variable Herz-type Hardy spaces, where all
parameters defining the spaces are variables.

We define the set of variable exponents by

Po (R"™) := {p measurable: p(-) : R" — [¢,00) for some ¢ > 0}.

The subset of variable exponents with range [1,00) is denoted by P(R"™). For

p € Po(R™), we use the notation p~ = ess infyegn p(x), pt =ess supp(x).
zeR?
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Definition 1.1. Let p € Py(R"). The variable exponent Lebesgue space LP¢) (R™)
is the class of all measurable functions f on R” such that the modular

Moy (f) = \f( )P

is finite. This space is a quasi-Banach functlon space equipped with the norm
. 1
7l = inf {1 > 00 () < 1}

If p(z) = p is constant, then LPC)(R™) = LP(R™) is the classical Lebesgue space.

Definition 1.2. We say that a function g : R® — R is locally log-Holder con-
tinuous if there exists a constant cj,g > 0 such that

18@) =W < ae e =)

for all z,y € R™. If
Clog
z)—p0)] < ————————
for all € R™, then we say that § is log-Holder continuous at the origin (or has
a log decay at the origin). If, for some (o, € R and ¢,y > 0, there holds

Clo
1B(z) = Bool < m

for all x € R™, then we say that ( is log-Holder continuous at infinity (or has a
log decay at infinity).

As an example of a function locally log-Holder continuous, see Nakai and
Sawano [18, Example 1.3].

The sets P,°5(R™) and P%8(R™) consist of all exponents r € P(R™) that have a
log decay at the origin and at infinity, respectively. The set P°8(R") is used for
all those exponents r € P(R") that are locally log-Holder continuous and have a
log decay at infinity, with 7o = limge0 ().

For variable exponents, Holder’s inequality takes the form

1f- 9||T(.) Sc ||f||r(-) ||9||t(.) , nt,7ePR),

where 7 is defined pointwise by = ﬁ + ﬁ and ¢ > 0. Often we use

1
(z)
the particular case 7(x) := 1 corresponding to the situation when ¢t = 7’ is the
conjugate exponent of r.

Definition 1.3. Let p,q € PO(R") The mixed Lebesgue-sequence space £40) (LP())
is defined on sequences of LP()-functions by the modular

| f,
a0 (o) = D {2 > 03 0 (3775) < 1

v

The (quasi)-norm is defined from this as usual:

Il oy = 08 {7 > 0wy (Z(ude) < 1}
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Since g7 < oo, then we can replace by the simpler expression

Neat) (120 ( ZHV R Hm

q(

If E C R" is a measurable set, then |E| stands for the (Lebesgue) measure of £
and yg denotes its characteristic function.

Before giving the definition of variable Herz spaces, let us introduce the follow-
ing notations:

By := B(0,2), Ry := B\ By and x4 = xr,, k€L

Definition 1.4. Let p,q € Py(R") and  : R* — R with a € L*(R"). The
inhomogeneous Herz space Kg‘((f))’q(') (R™) consists of all f € L) (R") such that

— ka(:)
7 s 2= 17l + (| 208 26) 1| e

Similarly, the homogeneous Herz space I'(;“((f))’q(') (R™) is defined as the set of all
f e L) (R™\ {0}) such that

C
1 oy = || (250 F X0

< Q.
zq(-)(Lp(-))
The variable Herz spaces K;“((f))’q(') (R") and I'(;y((f))’q(') (R™), were first introduced

by Izuki and Noi [13]. In [11], the authors obtained a new equivalent norm of these
function spaces. We refer the reader to the recent paper [9] for further results for
these function spaces. If a(-), p(-) and ¢(-) are constants, then K;((,'))’q(') (R™) is
the classical Herz space Kg’q (R™).

The following proposition is very important for the proof of the main results in
this paper; it is from Drihem and seghiri [11]. Recall that the expression A < B

means that A < ¢B for some independent constant ¢ (and nonnegative functions
A and B), and A~ B means A < B < A.

Proposition 1.5. Let a € L>®(R™) andp,q € Po(R™). If o and q are log-Hdolder
continuous at infinity, then

KO

p(-)

) ny __ Qoo yGoo n
(R") = K, (R").
Additionally, if a(-) and q() have a log decay at the origin, then

N /a(0) > o N\ Ve
171 0 gy = ( Z 240 Faal29) " 4+ (3 2 i)
k=0
The Hardy-Littlewood maximal operator M is defined on L by

M) = sp e | Ly

loc

r>0

where B(x,r) is the open ball in R centered at x € R™ and radius r > 0. It was
shown in [7, Theorem 4.3.8] that M : LP®) — LPU) is bounded if p € P® and
p~ > 1; see also [0, Theorem 1.2].
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Let ¢ € Cg° (R™) with supp ¢ C B(0,1), [p. ¥(z)dx # 0 and ¢ (-) =t (3)
for any ¢ > 0. Let M, (f) be the grand maximal function of f defined by

My (f)(z) = Sup [y % f()].

Here we give the definition of the homogeneous Herz-type Hardy spaces H K;‘((.'))’q(').
Definition 1.6. Let p,g € Py(R") and a : R® — R with a € L>*(R"). The

homogeneous Herz-type Hardy space H Kp(cf)(')’q(') (R™) is defined as the set of all

/€ S'(R™) such that My(f) € K;‘((f))’q(’) (R™), and we define

”f”HKa(‘%q(‘) = HMw(f)HKamqw
p(-) »()

It can be shown that if «(-), p(-) and ¢(-) satisfy the conditions of Definition
1.6, then the quasi-norm || f||, ze(r.a¢) does not depend, up to the equivalence of
p(-)

quasi-norms, on the choice of the function 1) and, hence, the space H K;((.'))’q(')(]l{")

is defined independently of the choice of 1. If p € PPE(R™) N PLE(R") with
—2 <a” <at <n-— 2 and g€ Py(R"), then HEK O (RY) = Ko ().
If a() = 0,p() = q(), then HK)"(R") and Ko)0(R") coincide with
LPO(R™).

One recognizes immediately that if a(-), p(-) and ¢(-) are constants, then the
spaces H Kz‘f“q are just the usual Herz-type Hardy spaces, which were recently
studied in [15, 16]. Wang and Liu [19] studied homogeneous Herz-type Hardy
spaces H K;‘(ﬂ% (R™) with variable p, but fixed a and ¢, where the characterization
of these function spaces by atomic and molecular decompositions.

We refer the reader to the recent monograph [7, section 4.5] for further details,

historical remarks and more references on variable exponent spaces.

2. SOME TECHNICAL LEMMAS

In this section, we present some lemmas used to prove our main theorems in
sections 3 and 4.

The following lemma plays an important role in this paper, which was estab-
lished in [1, Lemma 2.2].

Lemma 2.1. Let p € PRE(R") and S = B(0,v)\ B(0,%). If|S| > 27", then

1 1
Ixsllpe) & [S]7) & [S]ree
with the implicit constants independent of v and x € S.

The left-hand side equivalence remains true for every |S| > 0 if we assume,
additionally, p € PyY8(R™) N POS(R™).

The next lemma is a Hardy-type inequality, which is easy; see [8, Lemma 3.4].

Lemma 2.2. Let0 <t <1 and0 < s < o0o. Let {ki},c; be a sequence of positive
real numbers, such that

s =1 <00

H{lik}kez
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Then the sequences {ﬁk POk =D tk_j/ij} and {,uk DHE =D tj_klij}
= keZ -
belong to 0%, and

keZ

||{19k}keZ e
with ¢ > 0 only depending on t and s.

s Sl

A nonnegative locally integrable function ¢ on R" is said to belong to A,
(1 < s < o0) if there is a constant ¢ > 0 such that

SWQ@/‘UM)G%égf@my4<m«m

1
sup(|Q|/ o(z )dx> cesstfQ( r) < 0o, for s =1,

where %+§ = 1. @ denotes a cube in R™ with its sides parallel to the coordinate
axes. We let A, denote the union of all the A, classes, 1 < s < .
The next lemma treats the (L®, L*)-boundedness of T.; see [2, Theorem A].

Lemma 2.3. Let 1 < s < oo and o € As. Then, there exists a constant ¢ such
that

or

L m@l stz <e [ 15 ota)da

Hereafter B denotes a family of ordered pairs of non-negative, measurable func-

tions (f, g).
The next lemma is Lemma 13 in [20]; see also [5, Theorem 1.3 |.

Lemma 2.4. Given a family B and an open set E C R", assume that for some
S0, 0 < 89 < 00 and for every o € A,

[Ef(x)sog(ﬂf)dw < Co/Eg(x)SOQ(x)dx, (f.9) € B.

Let s be log-Holder continuous, both at the origin and at infinity. Then for all
(f,9) € B such that f € L*)(E), we have
11 Ls0 ey < llgllso ey -

Remark 2.5. Since Ay C Ay, by Lemmas 2.3 and 2.4 it is easy to get the
(L*0), L*0)) -boundedness of T.,.

To prove our main results, we also need the following two lemmas; see [20, 22].

Lemma 2.6. The kernel for the multiplier operator T (f) (x) is given by

eialel’”/ (e < 1) () 1 1 .
c(—m—x(z[<1)+g9gx), —+-—=1,
|| vy
with |g(x)| < (H';l)nﬂ + lw‘ﬁ,gx(]x\ <1),e>0. Here ay = ,Yﬁ _ fyﬁ and €

depend only on 7.

Lemma 2.7. Let K (z) = ei‘“'l"ﬂl/ "D/ and (v +2)/q < 1. Then

1 1
K., I
Ry fll, <ellfly. o4
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3. VARIABLE HERZ ESTIMATE OF SSCOs

In this section, we present two results concerning the SSCOs T,. In the first,
we show that T, can be extended to a bounded operator from H K;(,'))’Q(')(R”) to
K;((.'))’q(')(R") for a(-),p(+) and ¢(-) satisfies some conditions.

Next, we present the boundedness of T, on variable Herz-type Hardy spaces
into itself. Motivated by [20, 22], we generalize the boundedness for SSCOs T, to

the case of variable Herz and Herz-type Hardy spaces (all exponents are variables).
One of our main results can be stated as follows.

Theorem 3.1. Let g € Po(R™) with 0 < ¢~ < gt <1, pe P(R") with 1 < p~ <
pt < oo and a € L>®(R™). If a,p and q are log-Hélder continuous, both at the
origin and at infinity such that

a” >0,a(0)=n—n/p(0) and e =n —N/Po,
then T., can be extended to a bounded operator from HK;(:)’Q(‘)(R”)

)
(07, HKpg)(-),q(-)(Rn)) to Kp(Of)('),q(')(Rn) (07” K;((.S)ﬂ('))_

Remark 3.2. We would like to mention if a(-) and ¢(-) are constants, then the
statements corresponding to Theorem 3.1 can be found in [20, Theorem 6].

To prove Theorem 3.1, we need the notation of atomic decomposition.
Definition 3.3. Let a € L*(R"), p € P(R"), ¢ € Po(R") and m € Ny. A
function a is said to be a central («(+), p(-))-atom if

(i) suppa C B(0,r) ={x € R" : |z| < r},r > 0.
(ii) llall,., < [B(0,r)|->O/m, 0<r<l.
(iii) flall,, <[B(O,r)[*=/"  r>1.
(iv) fgn 2Pa(x)dz =0, |8] < m.

A function a on R™ is said to be a central («(-), p(-))-atom of restricted type if
it satisfies the conditions (ii7), (iv) above and suppa C B(0,r),r > 1.

If r = 2% for some k € Z in Definition 3.3, then the corresponding central
(a(+),p(+))-atom is called a dyadic central (a(-),p(+))-atom.

The following theorem presents the atomic decomposition characterization of
variable Herz-type Hardy spaces; see [11].

Theorem 3.4. Let o and q be log-Holder continuous, both at the origin and at
infinity and p € P8(R™) with 1 < p~ < p™ < oco. For any f € HKS((.'))’Q(') (R™),
we have

=Y orax, (3.1)

k=—o00
where the series converges in the sense of distributions, ¢r = 0, each ap is a
central (a(-),p(+) )-atom with suppa C By and

! 1/4(0) - 1/4e0
( 3 ¢i‘0)) n <Z¢gw) < el lggenracr
k=0 .

=—00
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where the constant ¢ depends on the parameters.
Conversely, if a(-) =2 n(1 — p%) and m = [a® + n(p% —1)] and if (3.1) holds,

then f € HK;((_'))"I(') (R™), and

HfHHK;(:)),q(A) ~ inf { ( Z ¢q )1/61(0) <i (bzw) 1/qoo}7
k=0

where the infimum is taken over all the decomposition of f as above.

In the following, we use ¢ as a generic positive constant, that is, a constant
whose value may change from appearance to appearance.

Proof of Theorem 3.1. Tt suffices to prove that T, is bounded from H K;((_'))’q(')(R")

to K (R”) The nonhomogeneous case can be proved similarly.
We show that

TS (Al gera Ogmy < Fllpgcacras

forall f € HK;‘((.'))’q(') (R™). Using Proposition 1.5, we have T.,(f) in KZ?((.'))’Q(') (R™)-
norm is equivalent to

o 0 ) 1/a(0) N ) Vas
{sz O xelle) b+ {2 () i P
k=0

By the atomic decomposition characterization of variable Herz spaces (see [10,
Theorem 3.8]), we can write

f= Z pjaj,

j=—o00

where ¢; > 0, suppa; C B;. By the Minkowski inequality, we have

1/4(0)
IT ()l gegarn, S { DO 20 (Zwr a) il )"}

k=—00 j=—o0

H{ 3 gheom (Zwr ) il )"
k=—00

Sz (3 6T () vl )™
k=0 j=—00

{2 (32 6T, ()l )
k=0 j=k—1

= H1+H2+H3+H4.
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Let us estimate H + Hy. By (LPO) (R"), LP0) (R™)) of T,,. Then

Hy+Hy S { i 2he(0 ( Z ?; Haj”p( ) } )
k=—00 —k—1
WYz (Y alal,) 1 G2
k=0 N

For k < —1, we split

Z ?; ||aj||p(.) = Z +Z

j=k—1 j=k—1

k
Since a;’s are (a (+),p(+))-atoms, (3.2) is bounded by

N

k=—oco j=k—1 k=—oco j=0
oS3 )Y
k=0 j=k—1

Since a (0), as and o~ > 0, by Lemma 2.2 (with ¢t = 270 2727 and 27~
respectively), Hy + Hy is estimated by

— 1/4(0) - 1/a00
0 o0
A 3OV e < 5 ey (3.3)
k=—00 k=0

Let us estimate H; + Hjs. Since the kernel for the multiplier operator T (f) is
given by (see Lemma 2.6)
ia \:)3|_'Y,
e 1 1
c——x(lz| <) +g(x), —+-=1
] vy
by the Minkowski inequality, we have

q(0)y 1/4(0)
H,+ H; S {ZQJM(O ( Z ¢ ||(K v ¥ Ay Xk” ) }
j=—00

+{Zz'm<0q<0(z@Hg*ag)xku SR

k=—o00

+{Z?’“‘“°”°°(Z¢JH eaul,g )
{22’“*‘“( S 6l a) vl )7}

j=—o00

= H{+ H)+ H$+ HS. (3.4)
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For |z| > 27! and by Lemma 2.6, we have
gras@l 5 [ lota—blla; ()]
1

x(lz =1 < 1)
< .
~ /Bj <(1 + |z — )" * |z — ¢+ ) la; (0] df

< (( 1 +X(|x|<2)>/8j 0, (1) dt.

rla)™ "

On other hand, by generalized Holder’s inequality in L'(R"), with p%(_) + z% =1,

we obtain

[ lalde = [ ool
B; R
< lagllyey I, gy -

it is known that for p € P°8(R"), we have

x5, s Ix8; Iy ) = 1Bl (3.5)
Also,
_1
Ixsllpe) = |Bl7=, 2 € B
for small balls B; and
1
x5 llp) = [Bj] 7=
for large balls, with constants only depending on the log-Holder constant of p
(see, for example, [10]).

Note that (3.5) is true. If we replace the ball B by an arbitrary (dyadic)
annulus S = B(0,v)\B(0,v/2) (see, [I, Lemma 2.2]), then we can obtain

2in/p/(0) for j < —1,
Pess ey = 106y = {zm/péo for j > 0, .
1 1 1 1
Wherem—i—m—landg—l—a—l
Therefore, we obtain
1 x(|z] < 2)
g xa; (z)] < ”aJ“p(~) HX]HP ¢) (1+ |z|)n*t |2|"
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Therefore, H? is bounded by

—1
c{zzw (Z@ el Il H—m,nw

>q(0) }1/q(0)
)

]7—00
k—2
) (1 <2) 4(0)\ 1/4(0)
+{zzk 0>q0>(z¢j sl sl || X ||ne i o)
k=—00 =—00
-1 k—2
(0 q(0)y 1/4(0)
Sef X 200 ( 3 Bl Il Il ) }
k=—o00 J=—00
k—2
q(0)y 1/4(0)
el 30 200 3 ey bl Iy )}
k=—o00 Jj=—00

Since k and j are negatives numbers, by Lemma 2.1 (see (3.6)), the last ex-
pression is dominated by

-1 k—2
ka(0)g(0) P; —ja(0) _ 0jn/p(0)  okn/p(0) q(O)}l/qw)

k—2
. , o q(0)y 1/4(0)
+c{ 3 2ka<0>q<o>< Z Q(ﬁ)kwa(m.gm/p <0>.2kn/p<0)) }
j=—00

k=—o00

-1
a(0)y 1/4(0)
C{ 3 ( Z ;20— D)(@(O)+1/p(0)—n— 1)) }

k=—0c0 j=—00

+C{ Z 2£kq 0)( Z ¢ 2 (k—7)(a(0)+n/p(0 )‘”)) a(0 )}1/(1(0). (37)

]_700

Since a(0) = n —n/p(0), by Lemma 2.2 (with t = 271), we obtain that the first
term of (3.7) is bounded by

0 1/4(0)
{2 1) < Mg -

Since € > 0 and ¢ (0) < 1, by the injection ¢7®) < ¢! the second term of (3.7) is
bounded by

1/4(0) ! 1/4(0)
{ Z m}{ 3 o N IS O™ <ol (39)
k pt

:—oo =—00
Let us estimate H?. We write

k—2

-1
Z ¢;l1(g * a; ch”p() Z -t

j=—0o0 j=—00 J

E

-2

I
=)
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Repeating the same arguments used in the estimation of H?, the term H} in the
right hand side of (3.4) is dominated by

0o -1

q(0)y 1/4(0)
{32 *q‘”( >a T Il Il Bl )™ )
k=0 —00
00 k—2
q(0)y 1/4(0)
e Yo (3 HQk 7 sl Il el ) b
k=0 =
1 k—2
a b; 4(0) 1/4(0)
el S0 (30 Dl Il el ) Y- (3:10)
k=0 j=—00

By Lemma 2.1, the second term of (3.10) can be estimated by

{Zz kqoo( Z 6,204 J)(aoo+n/poo—n>>q°°}1/q°°

Since aoe = N —n/po and oo < 1, by the injection £9= — (1, the second term of
(3.10) is bounded by

> 1/gso
R ) (3.11)
=0

By Lemma 2.1 and the injection ¢9® < ¢! the first term of (3.10) can be
estimated by

kq 1/9o0 L q(0) 1/4(0)
( Z Cbﬂ){ZQ °°} {Z o } < C||f||HK;(§-)),q(-)(R,L). (3.12)
j=—o00

jf—OO

Since k € {0,1}, by Lemma 2.1 and the injection 4 < ¢! the third term of
(3.10) is estimated by

/a(
cz@uajup()ux]up( {z¢q v "

Jj=—00 Jj=—00

Let us estimate HS. Let |z > 277!, By the vanishing moment condition on a;(z),
we have

Ty % ay(2)| < / Ky (2 — ) — Ko ()] |y (9)] dy.
By the condition (1.1) of K (x),
Ky — ) — Ky (0)] < e— 2

‘x’n—i-’y’—&-l :

If |z| > 2|y|, then

2J 27
K. xa;(x 5—,/ a;(|dy S ———— |lajll...+ IIxill.,
Ky * a;(z)] e Bj| i(Y)] e sl 11
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By the Minkowski inequality, we get that

—n+n — g0\ 1/900
He < {22/%%0 1 /poc— 1qoo< Z 26, [lajll,. ||Xj||p,(_)> }

j=—o0
- e — — oo\ 1/400
St (3200l Iy ) )
k=0 j=0

= H$' + H$.

Since aoo =N — n/ps and a (0) =n —n/p(0), by Lemma 2.1 and the injection
090) <y == [ is dominated by

-1

C{ZQ—k('y’H)qm( Z 2j¢j>q°°}1/q°°
k=0

j=—o00
< sup (qu) {Zg—k’(v +1)qoo} Z 9J
J -
_ j=—00
q(0) a(0)
{Z¢ } < el ety gy (3.13)

For H$?, we have

o0 k—2
a (A . oo\ 1/qoo
H32 5 {22 E(y +1)qoo<z2j¢j H(IJHP() ||Xij/()> }
< k’yq 1/qoo
< sup (¢;) {22 }

j=0 k=0

1/gs
s {Tu)
k=0
< (& HfHHKa(')’q(')(]R") . (314)
p(-)

Let us estimate H{. We split K/ * a;(z) as follows:
Ky a;(x)

[ 1 L |
= C n S S y y
B, |9$ y| (v'+2)/ | y| —(vY'+2)/s) |$| —(v'+2)/s)

N 1
+o(Ky, aj(x))m

= E(x) + F(x), (3.15)

where ]K%s is define in Lemma 2.7 and let s > max (p™, 2) satisfy n(y'+2)/s < 1.
For |z| > 2/*! we have the pointwise estimate for E(z)

1 1 1
E(x 5/ [ — - ] a;(y)| dy.
|E()] 5, |2 — "0 Ly — OGO (W)l
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By mean value theorem, we have

1 1 < ]
E y| ~(y+2)/s) |x|n(1*(7/+2)/8) ~ E y|1+n (1=("+2)/s)"
Therefore, we obtain |E(z)| is dominated by
1 2
[E(x)] S PR /B [yl la;(y)l dy < G ey 11y - (3.16)
J

By the Minkowski inequality, Lemmas 2.1 and 2.2 (with ¢ = 271), we get

{3200 ¥ 1m0, )"}

k=—o00 j=—00

-1
S {30 (32 ateamormio-ng )Y

k=—oc0 j=-—00

-1
<Y o)™

k=—o00

< c |’f||HK;(§'))’q(')(R") . (317)

Noting that for x € Ry, we have

{iz’m( (ZMF sl )

k=—00 j=—o00

-1 k=2
< { Z 2ka<0)q(0>< Y 4

j=—00

~ 1
(Ko s aj('))mm ()

>q(0) }1/«1(0)
p(*)

>q(0)}1/q(0)
p() ‘

Applying Hoélder’s inequality with z% = % + (L and the L* (R™)- boundedness of

k-2

{ Z ok(al ~(y'+2)/5))a(0 )( 3 4

j=—00

(Koo # a; () (+)

HA{%S * aj(x), we get

—1 k—2
{ 3 Qk(am)—n<1—w+2>/s)>q<o>( R

k=—00 Jj=—00

q(0)y 1/4(0)
S“XkHr(-)) } :

By the L* (R™)- boundedness of ]Kv/ s xa;(x) (see Lemma 2.7), we get

{ Z 9k(a(0)+n/p(0)—n/s—n(1-(v'+2)/s))q ( Z oy |%|| ) }

k=—00 j=—00

-1
5{ Z ok ((0)+n/p(0)—n/s—n(1~('+2)/5))q ( Z 5 llajll . > } (3.18)

k=—o00 j=—o00

KW',S * (lj
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. 5 . . . 1 1 o
By Holder’s inequality with 2077 T GO0 = 1, we have
1/s 1/s

1/s
()]s }XBJ'HP&(‘JS, < llajlly HXBJ'H%~ (3.19)

Since a (0) = n — n/p(0), by Lemma 2.1 and the estimation (3.19), the term in
the right-hand side of (3.18) is dominated by

lasll, < oy

-1 k—2
c{ > 2k<fn/s+n(w/+2>/s>q<o)( S o (bj)q(‘))}l/qm)
k=—o0 .

-1 k—2

5{ Z 2kn(7/+2)q(0)/s( Z 2(jk)n/s¢j>q(0)}1/Q(0)

k=—00 j=—00
-1 k—2

5{ Z ( Z 2—(k—j)n/s¢j>Q(0)}1/‘1(0)'

k=—oc0 j=-—00

By Lemma 2.2 (with ¢ = 27/%), we get
—1

1/4(0)
C{ Z ¢z(0)} Sc ||f||HKa((')>’Q('>(R7l) : (3.20)
k=—o00 P
Therefore, by (3.3), (3.8), (3.9), (3.11), (3.12), (3.13), (3.14), (3.17) and (3.20)
we complete the proof of Theorem 3.1. 0

In the next result, we treat the boundedness of SSCOs T, on variable inhomo-
geneous Herz-type Hardy spaces.

Theorem 3.5. Let ¢ € Py(R™) with 0 < ¢~ < ¢ < 1, let p € P(R™) with
1<p <ph < oo, and let a € L®°(R™). If a,p and q are log-Hélder continuous
at infinity such that
n_n/poo go‘oo <n_n/poo+1a

then T., can be extended to a bounded operator from HKpg)(')’q(')(R”) to

a(-),4() (mn
HES) O ®n).
Remark 3.6. We would like to mention if «(-) and ¢(-) are constants, then the
statements corresponding to Theorem 3.5 in H Kp?g')’q(')(R”) can be found in [20,
Theorem 7]. Since K;Y((_'))’q(') (R™) = K 3% (R"), the proof of Theorem 3.5 is an

)
immediate consequence of [20, Theorem 7].

4. COMMUTATORS OF SSCOSs ON VARIABLE HERZ-TYPE HARDY SPACES

In this section, we present the boundedness of the commutators of SSCOs on
variable Herz spaces into variable Herz-type Hardy.

Definition 4.1. The space BMO(R") consists of all locally integrable functions
f such that

1
lssroen = s /Q (@) — foldz < oo,
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where fo = @H fQ f(y)dy, the supremum is taken over all cubes @) C R"™ with
sides parallel to the coordinate axes.
It was presented in [21, Lemma 0.5] that if p € P°8, then for all h € BMO(R™),

we have
1

1

k k

- HhHBMO(R") < supr——||(h — hB)kXBHp(-) < cll2llaro
c s |Ixsl

Blip(-)
and all 7,5 € Z with 7 > 1,
1 = k) X8, ) < (G = D) 1Rl 5ar0 IXB, 1| be)-
We introduce the commutators [h; T,,] as follows.

Definition 4.2. Let h be a BMO(R™) function and let T, be a strongly singular
operator. The commutator [h;T,] is defined by

[h; Tv]f(x) = h(x)Tyf(x) - Tv(hf)(17>-

The following lemma is [22, Lemma 2.6] and treats the weighted (LP, LP)-
boundedness of [h; T,].

Lemma 4.3. Suppose h € BMO(R"), 1 < p < oo, p € Ay. Then there exists a
constant ¢ such that for any f in weighted LP (R™)

[ |pmis@)] s <c [ 5@ ot
n R?’L
Remark 4.4. Since Ay C Ay, by Lemmas 2.4 and 4.3 it is easy to get the
(LPO), LPO)) -boundedness of [h; T,].
Here, we present the boundedness of [h; T,] on variable Herz-type Hardy spaces.

Theorem 4.5. Let o € L®(R"),q € Po( R") with0 < ¢~ < q" <1, pe P(R")
with 1 < p~ < pt < oo, and let h € BMO. If a, p and q be log-Hélder continuous
at infinity such that

Qoo =N — N/ Poo-
Then [h; T,] can be extended to a bounded operator from HKZ((.
Ka(')vq(')(Rn).

p()

'))a‘ﬂ')(]Rn) to

Remark 4.6. We would like to mention if «(+) p(-) and ¢(-) are constants, then the
statements corresponding to Theorem 4.5 in homogeneous spaces can be found
in [22, Theorem 2.1].

Proof of Theorem J.5. Our proofs use partially some decomposition techniques
already used in [22] where the constant exponent case was studied. We show that

10 T fl o000 gy < €M1 gm0 g

forall f € HKE((.'))”J(') ( R™). Using Proposition 1.5, we have [h; T, f in K;l((f))’q(') (R™)-
norm is equivalent to
> 1/ge0
I[h; Ty f - XBoHp(.) + {Z2k < ||[h; TS f - Xk”g?(.)) } : (4.1)
k=1
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By the atomic decomposition Theorem in variable Herz spaces, we can write
f= Z;io ¢ja;, where ¢; = 0, suppa; C B;. Then, by the Jensen inequality, we
have (4.1) is bounded by

Joo o o
(DBl - xmllyy )+ Do (30 25 s Ty - el ).
j=0 k=1

©

Il
o

J

Since
Z [[h; Tl - XBo”p(.) S Z ||aj||p(.) S Zz_j%o <6 (4.2)
j=0 5=0 j=0
then, we only need to prove that, there exists a constant ¢ > 0 such that
Z2kawqw 1[7; T ]ay Xk”p() X6
k=1

where ¢ is independent of the atom a.
We split

J+1

22’%%0 ITh; Tola; - Xl = Z Z =1 + .

k=j+2
Let us estimate ;. By the (LPO(R™), LPO)(R™))-boundedness of [h;T,], I; is
bounded by
‘ J+1
Iy S 2770ty “gkaete o (4.3)
k=1

Let us estimate 5. By Lemma 2.6, we have

qoo
Log Y ke / K. (- = 9)(h() = hy)a; (1)dy - i
_]+2 p()
oo
30 | [ g0 - hasy
Rt B p()
= I3+ 1P,
Let us estimate IS. By the Minkowski inequality, we get that
b < kotoo @oo o
o< > 2 (- = y)(h() = hp,)a;(y)dy - xi
£ ]+2 p()
doo
N Z . ’/ (- = y)(hs, — h(y))a;(y)dy - vk
s p()

= I+ I
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Let us estimate I3!. For |z| > 2/*1 we have

gl 5 [ lotw=nllewldy

1
< e n,gx<|x—y|<1>\\av<y>1dy
e aidrer s e

1
S Nl Ity (e + el <2)

By Lemma 2.1, we obtain that I3! is bounded by

> 1
koo @oo S oo oo
¢ D 2 oyl Il (Lt 20 1) = hs,) - el |
k=j+2
- koo oo oo goo 1 Goo
e Y 20 a5 G117 graaas 100 = s) - xallyy
k=j+2

S ) e laegrilesmmtnivlae |[(h() — hp,) - xi |00
k=j+2

+ Z 2k(a0°_n+5)qz>o2_j(aoo_n+n/poo)q00 H(h() — th) . Xk”;])zo) .
k=j+2
Since as, =n — n/ps and h € BMO, the term I8 is estimated by

00 E— i) 1 E— )d
CHhHBMO{ > <2Ti)+ > (2T£,}<C-

k=j+2 k=j+2

1

Remark 4.7. Since © € Ry, and j > 0, then we put >  --- = 0, and in the
k=j+2

following proof, we can avoid the term % in inhomogeneous spaces.

Let us estimate 182, By Lemma 2.6, we have

H /B_ 9(- = y)(hp, — h(y))a;(y)dy.xx

p()

SJ H / ( 1 + | i y|)"+1 - | B 1|n—eX(| ) _y| < 2)) (th - h<y))aj(y)dy * Xk ()’

4+ L
/() ()

H / 1+ ’ n+1 ( Bj — h(y)) a;(y)dy - Xk )

By the Holder’s inequality, with =1, we have

2k(n+1 ”hB h(-) " XB; H ||aij(.) ”Xka(.)
1

~ 9k(n+1)

5 llpr () Haij(‘) “Xka(-) )
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which yields that I%? is bounded by

o 1
c Z ok mqu| 0 el
k=742

By Lemma 2.1, the last term is bounded by

o
k(0o —n—141/Doo ) oo 9= (oo +n—1/Poo ) oo
C||h|BMO § , 2 2
k=j+2

Since Ao = 1 — n/ps and h € BMO, the term I8 is estimated by

o
1
P<e ) S < C (4.4)

k=j+2

Let us estimate [§, by the Minkowski inequality, we get that

oo

D S S IC RO

_J+2

+ Z gharsotos

k=jo
1 2
= I3+ 157

oo

p(")

)/K = y) (h() = h(y))a; (y)dy - X

where jo € N satisfies 27071 < 27177 < 270 if we fixed j.
For I§%) by the Minkowski inequality, we get that

oo

Ia2 < 2k:aooqoo
S Z p(*)

k]o

+ Z 2kozooqoo

k=30
. a2l a22

‘/K = y) (h() = h;)a;(y)dy - Xk

goo

p(")

[ =) o, s )y

Let |z| > 2971, Then, by the vanishing moment condition on a;(x), we have
Ty s el S [ 1Kpta =) = Kol oy 1)l .
From the condition of K,/ (x), we have

||
Ky (z—y) —Ky(z)| < W
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If |z| > 2|y|, by Holder’s inequality and Lemma 2.1 it follows that

K, a;(2)] < ||”+W“ / 0 ()| dy

N W sl 1l
95 (1=aos+n—1/pos)
~ |$|n+’y’+1 (45)
Therefore
a = le' j(1—a n—n 1 oo
[ Sy hemagiliastnon/pclas ’ g () = hi)
k=jo H p
k(oo —n—7"—1)qoo 9j(1—oco+n—1/Poo )goo goo
< ZQ ( V' =1)go0 9i( /Poc)q H(h() — hg,) ‘Xk”p(,)
k=jo
< ||h||BMO (k‘ j)qoo2k(ocoo n+1/Poc =7 =1)goc 9 (1-Acc +n—n/poc)doo
k=jo
Since s =N — /P, the term 152 is estimated by
“+o0o .
_ (k — j)tee 9jdoo
(274 HhHBMOk o~ Illsvo ghares
=Jo
S hllpao 2770
< e (4.6)
Let us estimate /5?2, By the vanishing moment condition on a;, we have
oo

Ia22 < Z koo goo H / - K, (z)) (th —h(y))a;(y)dy - xk

k=jo

p()

by (4.5) and the Hoélder’s inequality with z% = p,L(.) = 1, we obtain

[o.¢]
I Sy ok s g (mastnmnpee) |1 |19 llag 1% lxell2s -
k=jo
By Lemma 2.1 and since oy =1 — n/pso, we have

. 270 ey
152 < I B0 St < 1lEe 277 < e (4.7)
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Now, we estimate 51,

qOO
ng < Z Qhetoodoo K (-—1v) ()_th)aj(y)dy'sz
p(*)
k=j+2
qOO
b 35 g / Ky (- ) (hs, = hly)as(0)dy -
) p(*)

= IgM I

Let us estimate I§*. As in (3.15), we decompose K/ * a;(z) into E(z) + F(x).
We have

Jo
g N 2R (B 4+ F () (h() = hay) |’
k=j+2

Jo
< Z okeroogoo HE() (h(-) = hp,) - Xk‘ Z?)
k=j+2
Jo
. Z okacte || F(-) - (h(-) — hy,) - Xk”qoo
k=j+2

ottt | qait2
2 2 -
For I§1! by (3.16), we have

oo

Jo
a e j 1
B3 g ol H—H”“ () =) ]|

k=j+2

Jo
S > 2T fagl ) Gl (B0 = b)) - Xl
k=j+2

By Lemma 2.1 and since a, =1 — n/ps, we have

Jo
15111 < Z 9k(atoo =n—1)go0 9 (1=oo+n—"/Poc ) oo H(h( ) — th) . Xk:H;c:)

k=j+2
Jo
5 ||h| BMO Z (k‘ _j)QDo 2k(aoo—n+n/poo_1)QOo2](—aoo+n—n/poo)qoo
k=j+2
Jo .
- (k—j)™
S rlfie2™ Y R SC (4.8)

k=j+2
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For 1§12
Jo - 1 oo
12— 3 g (R 0() oy - (AC) = h,) - i
S, N
& k(oo —n+n(v'4+2)/5)q00 || T -
s > R as) - () = )|

k=j+2
In other hand, by Lemma 2.6 and the Holder’s inequality with z% = % + ﬁ, we
have

[ Ry x a0 =)o 5 [Roar a7 NGO = i) sl

S (R =3)" Mla; (IS IIhIIBMo [l
which gives
Jo
B S MBS0 (k= ) om0, ()5 57
k=j+2
Jo

< “h“BMO Z (k — j)qoo k(@0 +n/poc—n—n/s+n(v'+2)/5)q00 ||aj(')||Z7° )

k=j+2
By (3.19), we have
Jo
13112 5 Hh’ G Z (k _j)qoo 2k(o—l/s+n(7/+2)/s)qoo Ha ‘qoo ”XB |q°:,(/f
k=j-+2
Jo
< HhHBMO (k _ j)qoo gk(o—n/s+n(y'+2)/8)doc 9j (— oo +n—1/Poc—1/5)qo0
k=j-+2

Since 0 = oo — N+ N/Poo = 0, I§11% is bounded by

Jo

151112 S ||h||BMO Z (k,_j)%o 2n7€qOo(’Y’+1)/52—jn‘Zoo/5
k=j+2
< <2j0(1—7?(7’+1) >nqoo/s
N (2j(1_7)'(7/+1)>nqoo/s
< c (4.9)

We can estimate I$1? by the same arguments used in the estimation of I$?2.
Therefore, by (4.4), (4.2), (4.3), (4.6), (4.7), (4.8), and (4.9), we complete the
proof of Theorem 4.5. O

Remark 4.8. A homogeneous counterpart of Theorem 4.5 is available under the
conditions a (0) = n —n/p(0) and as = n — n/ps, to be addressed in future
work.
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