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ABSTRACT. In this paper, we prove the existence of renormalized solution for
a class of nonlinear degenerated elliptic problem in the form

> al ou
_ Z (Z aij(x,u)axj) w1($) = f in Q,

j=1

0
axi
u=0 on 0f,

where A(z,u) = (ai;(2,5)),<, j<y is blow-up for a finite value m of the un-
known u and the data f € L*().

1. INTRODUCTION

In this paper, we investigate the existence of a renormalized solutions for a
class of degenerate elliptic equations of the type:

N du

S 2 Sae i ) =1 me,

; oz, (;a](aﬁ u)8$j> wi(x) = f in (1)
u=0 on 01,

where Q is an open bounded subset of RY with the data f in L' (£2) .Moreover,
A (x,s) — Az, s) = (a;j(x, s))

1<i,j<N
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NONLINEAR DEGENERATED ELLIPTIC PROBLEMS 389

is a Carathéodory function from Q x (—oo,m) into Sym,, (the set of symmetric
N x N real matrices), below up when s — m~, and {w;},.,.x is a vector of
weight functions. o

Problem (1.1) can be seen as a generalization of weighted equations studied in
the literature, particularly the well-known case of the weighted p-Laplacian

—div (w |Vul["~*Vu) = f,
and the perturbed version
—div (wA(z,u)) = f

(see, e.g., [4, 19, 23, 20, 31, 3, 8, 25, 32, 13]).
The aim and novelty of the present paper are to extend the above class of
problems to a more general operator with complex behavior on the set

{z € Q:u(x) =m},

which is not necessarily of vanishing measure, and where the matrix A(z,u) may
blow up when u — m.

This kind of problem has many applications in physics, since in real-world
situations the energy does not tend to zero, and there is an energy dissipation
that can be explained (see Frémond [21, 22]). In particular, the problem of k-
epsilon turbulence also plays an important role in this context (see Launder and
Spalding [20]).

In [11], the authors studied the problem

— div (A(z,u)Du) = f,
where the matrix A may blow up and satisfies

Bls)IE* < Alw,s)€-& < (s) &
with 5 and v defined in (3.4) and (3.5).

In our problem, we will study a more complex case where the matrix A(z,u) is
scaled by a vector of weight functions {w; }o<i<n, in order to encompass a wider
range of applications with nonconstant weights. The functional framework will
be nonclassical, namely a weighted Sobolev space.

For the analysis of problem (1.1), we will use the notion of renormalized solution
(see Definition 3.1). The reason for using this kind of solution is to capture the
behavior of the solution on the set {u = m}, which will be suitably replaced by
Ty (u), since the datum is only L'-integrable. Moreover, the flux A(x,u)Du on
{u = m} must make sense (see 3.11).

For convenience, we recall that the notion of renormalized solution was first
introduced by DiPerna [17] in the study of the Boltzmann equation, and later de-
veloped further by DiPerna and Lions [12]. This concept has since been extended
to a wide range of nonlinear partial differential equations (PDEs), including ap-
plications in fluid mechanics [27]. For the elliptic case, we refer to [12, 30], while
the parabolic case is discussed in [10, 9, 16, 15, 36, 35]. Additionally, the con-
cept of entropy solution plays a crucial role in dealing with nonlinear PDEs with
irregular data, providing uniqueness and stability results, as shown in [1, 14, 7, 6].
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The present paper is organized as follows. In section 2, we present the weighted
Sobolev spaces and some of its properties. Section 3 is divided into three steps:
The first we approach the problem; the second step, we prove the weak limit of
the field. Finally, we pass to the limit for prove the renormalized solution of (1.1).

2. PRELIMINARIES

Let Q be a bounded domain in RY with N > 1, and let w = {w;}o<i<n be a
vector of weight functions. Furthermore, we assume that each component w;(z)
is a measurable function, strictly positive almost everywhere in () and satisfies
the following condition:

w; € Lloc () and wf%l € Llloc (Q).

We define the weighted Lebesgue space LP(€2,wg) by weight wy, as the space of
all real-valued measurable functions u for which

ol = ( [ m(@,p%(m)dm)‘l’ < +.

Similarly, we define the weighted Sobolev space of WP(Q2,w), as the space of
all real-valued functions v € LP(§2,w) such that the derivatives in the sense of
distributions satisfy 7 du - € LP(Q,w) foralli =1,..., N, equipped with the norm

mw—(/\u P wolx da:+Z/ x)

As we are concerned with a Dirichlet problem, we work in the space X =
Wy (Q,w) defined as the closure of C§°(Q) with respect to norm [l Then,
(X, Illy ) is & reflexive Banach space whose dual is equivalent to W~17(€, w*),

8:(:1

where w* = {w = wl v ,i1=1,... ,N}, and p’ is the conjugate of p; that is,
17
p' = 5. If p =2, then we denote X by H, P(Qw).

Proposition 2.1 (Hardy inequality). There exist a weight o on Q and a param-
o7l e LY(Q)
and such that the Hardy inequality

eter q, 1 < q < oo such that
g N 1/2
(/ |u(z dm) < ( dx) ,
i=1

holds for every uw € X. Moreover, the embedding X — LP (2, 0) is compact.

Q Ox;

Lemma 2.2 (Convergence in weight space). Let f € LP (Q,w) and let (f,), €
LP (Q,w), with || full, ., < C-If fulx) = f(2) a.e. in Q, then

fo—f in L (Qw).

We refer readers to see more details in [5, 33, 18].



NONLINEAR DEGENERATED ELLIPTIC PROBLEMS 391

3. BASIC ASSUMPTION AND MAIN RESULT

Let  be a bounded domain of RY (N > 1), and let m be a positive real
number. We consider the following nonlinear problem:

Yo (& du ,
_Z B, (; aij(x,u)a—%) wi(z)=f in Q (3.1)

=1

u=0 on OJf.

We assume that
fel'(Q), (3.2)
and that
Az (z,s) — Az, s) = (a;j(2, 8)) 1< i< » (3.3)
is a Carathéodory function from 2 x (—oo, m) into Sym,, (the set of symmetric

N x N real matrices), such that there exist two positive functions g and v in
C%((—o0,m)) satisfying

Em_ B(s) =400 and f(s)>a>0 forallse (—oco,m), (3.4)
/Umv(s)ds < 400, (3.5)
LO)WEIEDS (Z aij<x7s>£jwz~<a:>> &< Y wlla?, (36)

for any s € (—oo,m), and £ € RY.
The following notations will be used all throughout the paper. For any € > 0,
we define the function b. by

1 if r<m—2e,
be(r)=¢ 1—(r—m+¢) if m—2e<r<m-—e,
0 if r>m-—e.

We define for n > 1 fixed,
1
T, (s) = max(—k, min(s, k)), 0,(s) = ;(Tn(s —Tn(9)),
and h(s) =1—|0,(s)|, for all s € R.

We now give the definition of a renormalized solution of problem (3.1).

Definition 3.1. A measurable function u defined on 2 is a renormalized solution
of problem (3.1) if

Ti(u) € Hy(Q,w) for all k >0, (3.7)
u<m a.e. in ),
for every kK > 0
al ou
X{—k<u<m} ZCLij(l‘,u)a_xi < LQ(Qaw:)a (39)

Jj=1



392 M. EL FATRY, M. MEKKOUR, Y. AKDIM

fori=1,..., N7

ou
lim — / a;j(x,u) 3.10
p—)+oop Z { 2p<u< p} <Z J ( )> a ( )

N N
. ou ou
Jnpd Jyxosieecnci (Z e “%“"“)) gzt = [ Prtummds

(3.11)
and if, for every function S in WH*(R), such that supp(S) is compact and
S(m) = 0, u satisfies

Z/ ( a;i(z,u ggjwz(x)> %ﬁi)@)dm = /QfS(u)godx, (3.12)

for every ¢ € H}(Q,w) N L=(Q).

Remark 3.2. Conditions (3.7)—(3.9) show that all term in (3.12) are well defined.
The assumption (3.11) has been established in [33].

Our main result is then as follows.

Theorem 3.3. Under the assumptions (3.2)-(5.6), there exists at least a renor-
malized solution w of problem (5.1).

Remark 3.4. Theorem 3.3 generalizes the analogous statement in [L1] to the
weighted case.
4. PROOF OF MAIN RESULT

The proof is divided into four steps.

4.1. Step 1: The problem is approaching. For ¢ > 0, we consider the field
of matrices

A% (z,8) = b(s)A(x,s) + (1 = b(s))B(m — e)B, (4.1)
where b. is the function defined in (3) and B is the diagonal matrix as {wi}, ;< v
of RV Indeed in (4.1) we use the convention

b-(s)A (z,s) =0 for s >m —e.
Due the assumptions (3.4)—(3.6) we have

asz V&R < Z (Z 5;) wi(z) &

g(fy(s)bs(s)—l— sup  A(r )sz )&, (4.2)

re(0,m—e)
for every £ € RY. Finally, there exists a family {f.}.~o C L>(Q) such that
fo—f inLYQ) ase—0.
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Let us now consider the approximate problem:

i Yo ow ,
_; P, ((; ag;(z, u >8_a:]> wl(x)> =f. inQ, (4.3)

u® =0 on .

As consequence, proving the existence of a weak solution u® € H} (€, w) of (4.3)
remains a special case of [29] by taking A = 0 and ¢ = 0.

4.2. Step 2: A priority estimate. Take T} (u°) as a test function in (4.3), we

have
N N
ous Ty (
>[5 (e )G T as = [ 11 )a
i=1 7 j=1 Ti

Thanks to (4.2) and f. € L™ (), we have

N 2
T €
a/Zwi ot (') dx < Ck, (4.4)
Q=1
and for every 1 = 1,..., N, we have
N
e aTk (UE) 2

where X¢ (x,s) = (a:;?j (x, S))lgi,jgN is the square root of the matrix A® (x,s). Let
k > 0. By using Hardy’s inequality and o € L' (Q2), we have

|Wﬂ>kH=A‘ Tlw) a2y g

|ug|>k} k 01/2( )

(e dw> ()
%(/ 3t [ 0} ([ o rar)

kgrlloomeas {Ju®| > k} =0.

AN
| =

IN

IN

Therefore, we have

Note that for any ¢,e,&’ > 0, we have

>t} < meas {|u°| >t}+meas{ u }
"y

Therefore, from (4.4), we can extract a subsequence, still denoted by itself,
such that

!
u® —u

meas {

+meas {‘Tk(usl) — Ty(uf)

T (uf) — vy weakly in H} (€, w) (4.6)
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and strongly L?(Q,w) and a.e. in Q. It can be seen that T}, (u®) is the Cauchy that
converges by measure in {2. Then u° is the Cauchy that converges by measure in
Q2. There is a measurable function u such that

u® — u converges almost everywhere on 2. (4.7)
We have, for any k£ > 0
Ty (u®) — Ty (u) weakly in Hg(Q,w), (4.8)

and
Ty (u®) — T} (u) converges almost everywhere on €.

Using Ty (u®) — TiF (uf) as a test function in (4.3) leads to

N N
ey Ou O (T, (w) — T (uf))
izl/()jzlaij(x,u ) 5 o wi(x) dz

Lj

_ /Q f- (T3 () — T (u)) d.
Since f. € L>(9), we get

ﬁ:éi(a%(%ua) %wi(ﬂﬁ)) X 8<T§§n(u5;x—i Tnt(ue)> dr < C, (4.9)

where C' does not depend on €. Thanks to (4.2) and the Hardy inequality, we
have

B(m —¢) / o(2) | T () — T (uf) [P di < C. (4.10)
Q
We can pass to the limit in (4.10) as e tends to 0, to deduce that
Ty (u) —THwu) = 0 a.e. in €,

u < m a.e. in €.

4.3. Step 3: Weak limit of the field. We define two sequences of auxiliary

functions
(us)*

v° = / (v (8) be(s) + (1 = bo(s))B(m — €)ds (4.11)

and

Since u® € H}(Q,w), we have

VTe(v%) = Xqoeany [(7 (07) bo(u) + (1 = be(u)) B(m — )] VTiya(us) ™ (412)

and

VT (d°) = Xqae<ky | B(u®) be(u®) + (1 = b-(u)) B(m — 5)} VTia((w)"). (4.13)
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Then T, (v¢) € H}(Q,w) and Ty (d?) € H}(Q, w).
Take T,(d* — (u®)~) as a test function in (4.3), we have

Since (4.13), we get

3] QU UTINRRIIAEEh ) ol (TREL 2l

O Tn (u)+
X <T‘é;xl)>wl(a:) dx (4.15)

+Z/X{ ue) <k}2( a;; (2, u g;}) G(TE(SZE))%(@ da

<C.

Now, the assumptions (3.6) and the definition of A® in (4.1) show that
N
(1= b.(s) Blm =€) Y wil) &
i=1

+ B(s) be(s) sz(@ &1

N N
SZ 1J$8£] 617

i=1 j=1

for any s € R; any £ € RY and a.e. in Q. Then (4.1) and (4.15) yield

[ v [5ato

< n | fell gy - (4.16)

o, () )

d
(91:1 .

Equation (4.16) implies that the functions (u?)” and d° have disjoint supports.
We have

min(1, o /sz

e\ — 2
— ) e <l (4.17)

81’1‘
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Hardy’s inequality and (4.17) lead to

meas {|d° — (u*)"| >n} < - / T, (d )7 o2 (x) o (2)Y2da

< (/(,.lTn<d€—<u€>>>2a<x> i) N

OT (& — (u) )"

X

< % (/Qiilwi(x)

S Cn71/27

where C' does not depend on n and ¢, and we obtain that

lim sup {z € Q; |d° — (v)"| >n} =0.

n—+o00 ¢

On the other hand, we remark that

(u)* m
vt =d° + /0 (v(s) — B(s)be(s)ds < d° + /0 (7(s) = B(s)b:(s)ds.

Since [;"(7(s) — B(s)be(s)ds < +oc and (4.18), we obtain that

lim sup {zeQ; [v*— ()| >n}=0.

n—+00
In addition, from (4.16) and the same procedures as above, we deduce

d® — d a.e. in Q,

1/2
dx) ey,

(4.18)

(4.19)

(4.20)

(4.21)

where d is a mensurable function. Then, by (4.7), (4.19), and (4.21), we have

v® — v a.e. in Q,

(4.22)

where v = d + [, () v(s) — B(s)b:(s)ds, and v is a measurable positive function.
Consequently, the deﬁmtlons b. in (3) and v in (4.11) and the convergences (4.6)

and (4.22), show that

(w)
v:/ v(s)ds a.e.in {x € Q;u(x) <m}.
0

However, as far as we know, we cannot expect to have a similar identification on

the subset {z € Q ; u(x) =m}.

Now, we choose 6, (v° — (u®)”) as a test function in (4.3), which gives

N

N
1 5 e ou® @Tn v¢ — (uf)~
3 D § (TN L) K
A JHn<loe—(ue)~|<2n} 5 Lj X

<[ £l da.
{lve=(ue)~[>n}
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Using now f. € L! (Q) and (4.20), we obtain

N

1 ou®
lim supg / E —(a?- x,u’ —wi$>
n=r00 {n<|vs—@e)~|<2n} T 1 )é)xj (z)

y (9Tn(v — (us)_)
ox;

dx = 0. (4.23)

To prove the weak limit of the field, we need to see that Z ( (r,u )g; ) is

bounded in L?(Q,w; ') for every i = 1,..., N in the subset, Where v — (uf)”
is truncated.
Indeed, we plug the test function Ty (v°) in (4.3). Using (4.12), we obtain

N N
2z Sy j; (afj(a:, u)%) [( (u) b () + (1 = be(s)) B(m — €)] f’g widz
ATA
By the definition of A%(x,s) in (4.1) and (3.6), we have

O3 (6 005085) i < 1 (5. + (1= s —gzw@ . (4.24)

i=1 j=1

forany s € R, any &€ € RY and a.e. in Q. Using (4.24) with ¢ = X*(x,u)D (u®)" ,

therefore
N N et
S [ (a5
i=1 7 veI<k} j=1 Lj

and for any k > 0,

> 9 (u)*
X{vs <k} Z (afj(z,ua) 5 ) is bounded in L*(Q,w; ),
j=1

Lj
for every ¢« = 1,..., N, uniformly in €. Now, since X{ o —ue) | <k} = X{o<ve<k} +

X{o<us<k} @.e. in Q, the continuous character of A*(x,s) for s € (—o0,0] and
estimate (4.5), we have

Gus _ R .
X{ o —(ue)~ | <k} Z ( 0_1:]) is bounded in L*(2, w; "), (4.25)

for every i =1, ... ,N, uniformly in €.
Use the estimate (4.25) and (4.5) to extract another subsequence, still indexed
by e, such that

N
~ . - ou® i
<hn (,Us _ (uE) )Zaij(x’u )az> — (wn>1§i§N
J=1 1/ 1<i<n

(4.26)

N
weakly in H L*(Q,w ),

=1
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8T 4
Z i (@ ) — (Ykz)1<z‘<N
Ox; Sis
1<i<N

weakly in HLQ(Q,wi_l),
i=1

as € tends to 0, where for any £k > 0, n > 1, ¢, € HLQ( wi), and Yy €

=1 i
H L*(Q, w)).

Then to identify 1, on the subset where u < m, let h be a C*°(R) — function
such that supp(h) C [-M,l] with | < m and M > 0. Next, for € small enough,
we have

h(s)A®(z,s) = h(s)A(x, Ty(sT) — Ta(s7)). (4.27)

By (4.27), the convergences (4.7), (4.8) and (4.22), we deduce for every i =
1 N

g e ey 5

P ) i ( i ax])

ot -3 (e 2) O

weakly in L*(Q,w}),
as € tends to 0 and where Du stands for DT;(u™) — DTy (u™). It follows from
(4.28) and (4.26) that
Yp = hyp(v —u) A(z,u) Du  ae. in {x € Q; u(z) <m}. (4.29)

since [ < m and M are arbitrary.
Now, remark that on the subset {z € Q ; u(z) < m}, we have

(u)* m
0<v= / v(s)ds < / v(s)ds,
0 0

and then for n > [["~(s)ds, h, (v —u) = hy, (—u) on {z € Q;u(z) <m}. It
follows from (4.29) that

Ui = (hn (—u) ivj (aij(x,mg—;)) e {reQ;u(x)<m},

j=1
(4.30)
which in turn implies that

N

ou .
Xireuem 3 (e 3 ) € 2H01).
j

7j=1
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To identify Y,,, we use 1, defined above. We have for every k > 0

N £
by (05 — (u®)7) Z (afj(x,ug)aTk(u )) — 5F weakly in L*(€, w}),

= Oz,
for every ¢t = 1,..., N. We can write
hn (0% — (u%) )X, 0) T () = B (0° — (u)7) (X5 (2, 0%)) ™0 A% (2,0 Ti ().
For the some technique developed in [10], we will deduce

N
Y, = (X{u<m} Z (xij(I,U) 82;@))) a.e. in €,
J 1<i<N

J=1

for every e =1,..., N.
4.4. Step 4: End of the proof. We take h(r) = h,(G°(r)—r")z in (4.3), where

2 is an element of W, *(Q,w) N L>(Q). We take h(r) = h,(G*(r) — )z in (4.3),
where z is an element of TW*(Q,w) N L>®(2). We obtain

Y al ou® 0z
;/th(ve — (ue)_) 2. (afj(x,us)a—%wi(x))a—%dx
Ly / - w0~ (u))
+ - z X _— dx
Z {n<|ve—(us)~|<2n} ]Zl 637] ( )) 8@

/fh vF — (uF)” )z de. (4.31)

First, recall that the convergences (4.7) and (4.22) yield

/fs v° — (uf) zdm—>/fh (v—u")zdz

as € tends to 0.
Next, we put

) = sup Z/{nqu . <2n|}ji1 (a (9:1; (@) %’Eg—qi“))dx.

We deduce form (4.31) that

N N
: 5 £\ — € £ aua aZ
—w el <l D / 0" = (0)7) 2 o) o)
— / fho(v—u")zde < wn)||z]|Le(q). (4.32)
Q

We note that h,(v —u~) — 1 a.e. in 2 as n tends to +oo, and by(4.23), w,, — 0
as n tends to. It follows that

N
: : £ e\ — e € au -
nl_lglooll_r% P (05 — (u®) )Z (aij(x,u )8x wi(x )) axldx /fzdx (4.33)

Q g
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Firstly, we choose z = h(u)p, where h € W (R) has a compact support and
satisfies h(m) = 0 and ¢ € C§°(£2). By (4.29) we have

h(u)p € Wy (Q,w) N L=(Q). (4.34)
Then, (4.30) and (4.31) lead to
N
ngggo;/gzw;%g;@wl(x)dx = /th(u)god:c. (4.35)

Using now the identification (4. 31) of 1, it follows, for k > 0 such that supp(h) C
[—k,k] and n > k and n > [ ~(s)ds, that

. (h(u)p)
nErJPooZ/ ¢n wz a% “or @

- HETOOZ/ <aij($,U)a—uwi(:v)) Md:p

833j 31’1

]=1

_ f;/n]f; (aij(x,u)gxu

)6(%?90)%@)@, (4.36)

J
From (4.35) and (4.36), we obtain that

5[5 (asten 2 ) 2802 yae = [ e

i=1 /=

for any ¢ € C§°(£2). This shows that (3.12) is satisfied in D'(2).
Secondly, we take z = ,(—u~) in ( 4.33) for a fixed integer p > 1 and we have

nETooZ / (1), axz z)dx = / f0,(—u~

Using the identification of v, as above, it gives

éfaé (a"j (x’“)aa_;“i("”)) %;u_))dx = /Q J (B (—u

Then letting p tends to 400, we have

Ou O(0p(—u"))
lim — / <aZ T, U w;(x ) —P — Cdr =0,
p—Foop 4 Z {(—2p<u<—p} s J( )a ( ) axz

since again wu finite a.e. in 2, and (3.12) is established.

Finally to obtain (3.11), we choose z, = (1—by,(u"))y, where p is a fixed inte-
ger > 1and ¢ € W,*(Q,w)NL®(Q) is such that Dy = 0 a.e.in {z € Q ; u(x) =m}.
Indeed [|zp[| poo () < [l oo () and

Dz, = pX{m—2/p<u<m—1/pyDup + (1 = by p(u™)) Dy
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so that Dz, =0 a.e. on {z € Q ; u(zx) = m}. It follows from (4.33) that

PZ/X{m_<u<m_l}Z (aw z,u) 3% wi(@ >) SZ pdz

+Z/ 1—=byp(u xZ(awxu ;‘w( )) g;id (4.37)
= /Qf(l — byyp(u™)) pda.

Now, as p tends to +00, (1 = by/p(u™)) = X{u=m} @-e. in Q and (4.37), we have

. ou
lim pZ/X{m 2/p<u<m-— l/p}z az_y x, U W(x)>a @dﬂ?

p——+o00 ZT;

= / fX{u:m}Sde7
Q
which is (3.11).

FUTURE RESEARCH DIRECTIONS.

This work naturally opens several perspectives for future research. A first
direction would be to investigate problem (1.1) in the presence of an obstacle, as
explored in recent studies on variational inequalities and obstacle problems [34,
24]. Another possible extension is to study the problem in the framework of
nonreflexive Musielak spaces [2, 28], which could lead to new challenges due to
the lack of reflexivity and the complexity of the underlying functional setting.
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