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EXPLORING THE HARMONIC SERIES BY L-SUMMING
METHOD AND A TELESCOPING SUMMATION METHOD
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Abstract. In this note, we discuss the origin and significance of the L-
summing method and introduce a telescoping summation method based on an
identity due to Anastase and Díaz-Barrero. A key feature of these approaches
is their implementation in Maple, enabling the derivation of several nontriv-
ial summation identities that Maple cannot compute directly. Of particular
interest are the examples involving the classical series
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∞∑
k=1

1

ks
, ζn(s) =

n∑
k=1

1

ks
, Hn = ζn(1) =

n∑
k=1

1

k
,

for which we establish several new identities.

1. L-summing method

Finding an explicit value for a finite or infinite series is an important and
central problem in mathematics, and is very well studied in literature (see, for
example, [4, 5, 6], as more as [12, 13] for a historical background). Recent devel-
opments contain computing series on the computer algebra systems, like Maple
and Mathematica softwares. Although, these softwares equipped by several well-
known computational algorithms, but they are still fragile. Part of this fragility
can be fixed by using these softwares, themselves.
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An example in this area is the so called L-summing method [7], which is indeed
the following rearrangement on the n× n array (aij)1⩽i,j⩽n:∑

1⩽i,j⩽n

aij =
n∑

k=1

( k∑
i=1

aik +
k∑

j=1

akj − akk

)
. (1.1)

The origin of L-summing method and the identity (1.1) is its special cases ob-
tained for aij = 1 and aij = ij. The case aij = 1 coincides with the well-known
odd-sum identity

n2 =
n∑

k=1

(2k − 1), (1.2)

and its proof without words [9, p. 71] reproduced for n = 10 in the left digram of
Figure 1, where we count the number of all squares in two ways. The first one
counting the whole squares, which is n2, and the second one is counting them
over L-shapes, whose the number of squares in the kth shape is 2k − 1.
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5 10 15 20 25 30 35 40

6 12 18 24 30 36 42 48
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Figure 1. Left: A reproduction of the proof without words of the
odd-sum identity n2 =

∑n
k=1(2k − 1) for n = 10. Right: 10 × 10

multiplication table and computing summation of all its entries
over L-shapes

The case aij = ij is related by the classical multiplication table and the problem
of computing the sum of all numbers in an n×n multiplication table, as pictured
in the right digram of Figure 1 for n = 10. Accordingly, (1.1) ends in the following
well-known identity: ( n∑

k=1

k

)2

=
n∑

k=1

k3. (1.3)

Generalizing identities (1.2) and (1.3), and summing over L shapes lead the author
[7] to introduce the so called L-summing method (1.1).

The identity (1.3) was considered for n = 10 by Al-Karaji, as documented
by the German historian Woepcke on page 61 of his essay [16] on Al-Karaji’s
works. For further information on Al-Karaji, we refer the reader to [10] and the
references cited therein. The diagram in Figure 2 corresponds to the right-hand
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side diagram of Figure 1 with n = 6. Al-Karaji’s argument is based on evaluating
the areas of rectangles, where the area of the (i, j)th rectangle (counted from the
lower-left corner) equals ij.

Figure 2. Part of page 61 of Woepcke’s essay on Al-Karaji’s
works, demonstrating the identity

∑10
k=1 k

3 = (
∑10

k=1 k)
2

In [7], the author used the L-summing method to compute several finite series
by Maple. While Maple was not able to compute some them directly, equipped
by (1.1) and its generalization for higher dimensional arrays in [8], Maple could to
generate new summation identities. Remarkable examples is obtained by taking
aij = 1/(ij)s and its special case s = 1 in (1.1). Accordingly, we obtained
identities involving the Riemann zeta function ζ(s) [11, Chap. 25], its partial sum
ζn(s), and the Harmonic numbers Hn, defined, respectively, as follows:

ζ(s) =
∞∑
k=1

1

ks
, ζn(s) =

n∑
k=1

1

ks
, Hn = ζn(1) =

n∑
k=1

1

k
. (1.4)

More precisely, L-summing identity (1.1) with aij = 1/(ij)s reads as follows:

ζn(s)
2 = 2

n∑
k=1

ζk(s)

ks
− ζn(2s) (s ∈ C), (1.5)

and this, itself for s = 1 reads as

H2
n = 2

n∑
k=1

Hk

k
− ζn(2).

Thus,
n∑

k=1

Hk

k
=

1

2

(
H2

n + ζn(2)
)
. (1.6)
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On the other hand, for any integer k ⩾ 1, we have
∞∑
j=1

1

j(j + k)
=
Hk

k
,

and consequently,
n∑

k=1

Hk

k
=

n∑
k=1

∞∑
j=1

1

j(j + k)
=

∞∑
j=1

n∑
k=1

1

j(j + k)
=

∞∑
j=1

Hj+n −Hj

j
.

Combining with (1.6), for any integer n ⩾ 1, we deduce that
∞∑
j=1

Hj+n −Hj

j
=

1

2

(
H2

n + ζn(2)
)
.

Furthermore, letting n → ∞ in both sides of (1.5), for any fixed s ∈ C with
ℜ(s) > 1, we obtain the following Dirichlet series representation for the sequence
(ζn(s))n⩾1,

∞∑
n=1

ζn(s)

ns
=

1

2

(
ζ(s)2 + ζ(2s)

)
. (1.7)

Applying Perron’s formula [15, Ch. II.2, Sec. 2.1] on (1.7) gives for any c > 1
and any x, T ⩾ 1,∑

n⩽x

ζn(s) =
1

2πi

∫ c+iT

c−iT

ζ(s) + ζ(2s)

2s
xs ds+O

(
xc

∞∑
n=1

|ζn(s)|
nc(1 + T | log(x/n)|)

)
.

We refer the interested reader to [7, 8] for the related Maple codes and outputs,
and [1, 14] for some applications.

2. A telescoping identity

In the present note, we provide another example of equipping Maple, by a
telescoping summation method, based on an identity due to Anastase and Díaz-
Barrero [3, Lemma 1], asserting the following result.

Theorem 2.1. For the sequence (an)n⩾1 consisting of numbers with nonzero
initial term a1 ̸= 0, and with nonzero partial sums Av :=

∑
n⩽v an, the following

summation identity holds for any integer n ⩾ 2,
n∑

j=2

aj
Aj−1Aj

=
1

a1
− 1

An

. (2.1)

Furthermore, if Av → ∞ as v → ∞, then
∞∑
j=2

aj
Aj−1Aj

=
1

a1
. (2.2)
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Note that the left-hand side of (2.1) constitutes a form of telescoping summa-
tion, because

aj
Aj−1Aj

=
1

Aj−1

− 1

Aj

.

Recently, Alzer and Frontczak [2] established a generalization of (2.1) involving
binomial coefficient weights, from which they derived several identities, including
extensions of our identities (2.3) and (2.5). In contrast, the present note pursues a
different approach by implementing both sides of (2.1) and (2.2) in Maple. While
(2.1) yields trivial identities for certain choices of an, it is nevertheless possible to
identify sequences (an) for which (2.1) produces nontrivial identities, even after
simplification in computer algebra systems such as Maple or Mathematica. The
most interesting instances arise when the sequence is linked to the series defined
in (1.4). In particular, for an = n−s, and more specifically when s = 1, identity
(2.1) leads to the following results.

Theorem 2.2. For any s ∈ C and any integer n ⩾ 2, we have
n∑

j=2

1

jsζj−1(s)ζj(s)
= 1− 1

ζn(s)
. (2.3)

In particular, for any s ∈ C with ℜ(s) > 1, we get
∞∑
j=2

1

jsζj−1(s)ζj(s)
= 1− 1

ζ(s)
. (2.4)

Theorem 2.3. Let Hn be the nth harmonic number given in (1.4). For any
integer n ⩾ 2, we have

n∑
j=2

1

jHj−1Hj

= 1− 1

Hn

. (2.5)

Furthermore, for any given integer m ⩾ 0, as n → ∞ the following asymptotic
expansion holds:

n∑
j=2

1

jHj−1Hj

= 1− 1

log n
+

γ

log2 n
− γ2

log3 n
± · · · − (−γ)m

logm+1 n
+O

( 1

logm+2 n

)
,

where γ is the Euler–Mascheroni constant. In particular, we have
∞∑
j=2

1

jHj−1Hj

= 1. (2.6)

The identities (2.5) and (2.6) are direct conclusions of (2.1) and (2.2), re-
spectively. The asymptotic expansion in Theorem 2.3 is a consequence of the
well-known approximation

Hn = log n+ γ +O
( 1
n

)
,

and the following auxiliary result.
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Proposition 2.4. Assume that the function f(x) admits the following asymptotic
expansion, as x→ ∞,

f(x) =M(x) + C +O
( 1

N(x)

)
,

where the positive functions M(x), N(x) → ∞ as x → ∞, and C is a constant,
actually given by C = limx→∞(f(x)−M(x)). Then, for any fixed integer m ⩾ 1,
the following asymptotic expansion holds as x→ ∞,

1

f(x)
=

1

M(x)
+

m∑
j=0

(−1)jCj

M(x)j+1
+O

( 1

M(x)2N(x)
+

1

M(x)m+2

)
.

Proof. Let us simply set M :=M(x), N := N(x), and R := C +O(1/N(x)). We
have

1

f(x)
=

1

M +R
=

1

M

(
1 +

R

M

)−1

.

We use the asymptotic expansion 1/(1− t) = 1+
∑m

j=1 t
j +O(tm+1), which holds

as t → 0, for any fixed integer m ⩾ 1. Since R = O(1), we get R/M → 0. Thus,
taking t = −R/M gives

M

f(x)
= 1 +

m∑
j=1

(
− R

M

)j
+O

(( |R|
M

)m+1
)

= 1 +
m∑
j=1

(−1)jRj

M j
+O

( 1

Mm+1

)
.

Binomial expansion implies that for any integer j ⩾ 1,

Rj =

(
C +O

( 1

N

))j

= Cj +O
( 1

N

)
.

Thus,

M

f(x)
= 1 +

m∑
j=1

(−1)j

M j

(
Cj +O

( 1

N

))
+O

( 1

Mm+1

)
= 1 +

m∑
j=1

(−1)jCj

M j
+O

( 1

MN

)
+O

( 1

Mm+1

)
.

□

As a consequence of Theorem 2.3, we derive an expression for a series involv-
ing harmonic numbers,

∑
Hn/n. To achieve this, we first present the following

lemma, which converts a nested double sum into two simpler sums.

Lemma 2.5. For any sequence (bn)n⩾1 of complex numbers, and any integer
N ⩾ 2 we have

N∑
n=2

n∑
j=2

bj = N

N∑
j=2

bj −
N∑
j=2

(j − 1)bj. (2.7)
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Proof. The left-hand side of (2.7) is equal to

b2

+ b2 + b3

+ b2 + b3 + b4
...
+ b2 + b3 + b4 + · · ·+ bN .

Summing this triangle array vertically, we get
N∑

n=2

n∑
j=2

bj = (N − 1)b2 + (N − 2)b3 + · · ·+ 1bN =
N∑
j=2

(N − j + 1)bj.

This gives (2.7). □

Theorem 2.6. For any integer N ⩾ 2, we have
N∑

n=1

1

Hn

=
N + 1

HN

− 1 +
N∑

n=2

1

Hn−1Hn

. (2.8)

Proof. Letting hj = jHj−1Hj, the identity (2.5) gives

1

Hn

= 1−
n∑

j=2

1

hj
.

Taking the summation
∑N

n=2 from both sides implies
N∑

n=2

1

Hn

=
N∑

n=2

(
1−

n∑
j=2

1

hj

)
= N − 1−

N∑
n=2

n∑
j=2

1

hj
,

and then
N∑

n=1

1

Hn

= N −
N∑

n=2

n∑
j=2

1

hj
.

By using (2.7) we deduce that
N∑

n=1

1

Hn

= N −
(
N

N∑
j=2

1

hj
−

N∑
j=2

j − 1

hj

)
= N − (N + 1)

N∑
j=2

1

hj
+

N∑
j=2

j

hj
.

We use again (2.5) to get (2.8), and conclude the proof. □

Remark 2.7. One may obtain (2.8) from the discrete Abel summation formula,
which asserts that for any two complex sequences (an)n⩾1 and (bn)n⩾1 and any
integer N ⩾ 2,

N∑
n=1

anbn = ANbN −
N−1∑
n=1

An(bn+1 − bn),
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where AN =
∑N

n=1 an, and if needed, we take A0 = 0. Letting an = 1/(nHn−1Hn)
and bn = n, by using (2.5) we get AN = 1 − 1/HN (we take the first term,
corresponding to n = 1, running over Hn−1 to be 0) and
N∑

n=2

1

Hn−1Hn

=
N∑

n=2

anbn =
(
1− 1

HN

)
N −

N−1∑
n=1

(
1− 1

Hn

)
= N − N

HN

− (N − 1) +
N−1∑
n=1

1

Hn

= 1− N + 1

HN

+
N∑

n=1

1

Hn

.

This is indeed the identity (2.8).
Examining over Maple, we observe that it gives no result for the left-hand side

of (2.5), nor for the left-hand side of (2.6), too. But, running on (2.1) it gives the
following equivalent form of (2.5) as well

n∑
j=2

1

j (ψ (j) + γ) (ψ (j + 1) + γ)
=
ψ (n+ 1) + γ − 1

ψ (n+ 1) + γ
,

where ψ is the digamma function [11, Chap. 5], defined as the logarithmic deriva-
tion of the Euler gamma function, and connected to the harmonic numbers Hn

by
Hn = ψ(n+ 1) + γ.

Similar happens when we examine the left-hand side of (2.1) for an = n−k−1

for any integer k ⩾ 1. But, when we run Maple over sides of (2.1), it gives an
expression in terms of the function ψ(k, x), which is the kth polygamma function
[11, Chap. 5], defined as the kth derivative of the digamma function. For any
integer k ⩾ 2, the function ψ(k, x) is related by ζn(k), the partial sum of the
Riemann zeta function defined in (1.4), by means of the following relation:

ζn(k) =
(−1)k−1

(k − 1)!
ψ(k − 1, n+ 1) + ζ(k). (2.9)

This formula and Theorem 2.2 imply the following nontrivial result, in sense that
Maple is not able to compute the obtained series in Theorem 2.8 directly, without
using (2.1).
Theorem 2.8. For any integer k, n ⩾ 2, we have

n∑
j=2

1

jkηj(k)
= (k − 1)!2

(
1− 1

ζn(k)

)
,

where
ηj(k) =ψ(k − 1, j)ψ(k − 1, j + 1)

+ (−1)k−1ζ(k)(k − 1)! (ψ(k − 1, j) + ψ(k − 1, j + 1)) + ((k − 1)!ζ(k))2 .

In particular, for any integer k ⩾ 2 we have
∞∑
j=2

1

jkηj(k)
= (k − 1)!2

(
1− 1

ζ(k)

)
.
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Remark 2.9. Although Theorem 2.2 with s = −m and integer m ⩾ 1 give trivial
examples, in sense that Maple is able to compute them without using (2.1), but
the results are still interesting. For example, letting an = nm with m = 1, 2, 3,
for any integer n ⩾ 2, the identity (2.1), respectively, reads as

n∑
j=2

1

j (j2 − 1)
=
n2 + n− 2

4n (n+ 1)
,

n∑
j=2

1

(2 j2 − 3 j + 1) (2 j2 + 3 j + 1)
=

2n3 + 3n2 + n− 6

36n (2n2 + 3n+ 1)
,

n∑
j=2

1

j (j2 − 2 j + 1) (j + 1)2
=
n4 + 2n3 + n2 − 4

16n2 (n+ 1)2
.

Furthermore, for m = 4, 5, it reads as follows:
n∑

j=2

j2

(6 j4 − 15 j3 + 10 j2 − 1) (6 j4 + 15 j3 + 10 j2 − 1)

=
6n5 + 15n4 + 10n3 − n− 30

900n (6n4 + 15n3 + 10n2 − 1)
,

n∑
j=2

j

(2 j4 − 6 j3 + 5 j2 − 1) (j + 1)2 (2 j2 + 2 j − 1)

=
2n6 + 6n5 + 5n4 − n2 − 12

144n2 (n+ 1)2 (2n2 + 2n− 1)
.

Remark 2.10. Running the identity (2.1) over a Maple code for several sequences
(an)n⩾1 still implies some more nontrivial identities. In the following we mention
some of them.
(i) With an = ψ (n), for any integer n ⩾ 2, the identity (2.1) reads as follows:

n∑
j=2

ψ (j)

(ψ (j) j − ψ (j)− j + 1) (ψ (j) j − j + 1)
= −1

γ

ψ (n)n− n+ γ + 1

ψ (n)n− n+ 1
.

(ii) With an = ln (n+ 1), for any integer n ⩾ 2, the identity (2.1) reads as follows:
n∑

j=2

ln (j + 1)

ln (j!) ln ((j + 1)!)
=

1

ln (2)

ln ((n+ 1)!)− ln (2)

ln ((n+ 1)!)
.

(iii) With an = (n+ 1)! − n!, for any integer n ⩾ 2, the identity (2.1) reads as
follows:

n∑
j=2

j (j + 1)!

((j + 1)!− j − 1) ((j + 1)!− 1)
=

(n+ 2)!− 2n− 4

(n+ 2)!− n− 2
.
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(iv) With an = (n+ 2)! − n!, for any integer n ⩾ 2, the identity (2.1) reads as
follows:

n∑
j=2

(j2 + 3 j + 1) (j + 3)!

((j + 3)!− 3 j2 − 12 j − 9) ((j + 3)!− 3 j − 6)
=

1

5

(n+ 3)!− 8n− 16

(n+ 3)!− 3n− 6
.

Acknowledgement. I deem my duty to thank Professor Horst Alzer for
introducing me the telescoping identity (2.1) and the paper [3], and also for
many helpful communications. Also, I take pleasure in addressing my warm
thanks to the referee whose thorough remarks and suggestions led to significant
improvements of this work.

References
1. H. Alzer and J. Choi, Four parametric linear Euler sums, J. Math. Anal. Appl., 484 (2020),

no. 1, Article ID 123661, 22 p.
2. H. Alzer and R. Frontczak, Remarks on an identity of Anastase and Díaz-Barrero, Axioms,

14 (2025), Article ID 454, 11 p.
3. F. Anastase and J.L. Díaz-Barrero, New inequalities involving Fibonacci and Lucas numbers,

Arhimede Math. J., 9 (2022), 12–22.
4. T.J. I’a. Bromwich, An introduction to the theory of infinite series, Macmillan & Co. Ltd.,

London, 1926.
5. H.T. Davis, The summation of series, The Principia Press of Trinity University, San An-

tonio, TX, 1962.
6. G.H. Hardy, Divergent series, Clarendon Press, Oxford, 1949.
7. M. Hassani, Identities by L-summing method, Int. J. Math. Comput. Sci., 1 (2006), no. 2,

165–172.
8. M. Hassani, Identities by L-summing method. II, Int. J. Math. Comb., 2 (2008), 78–86.
9. R.B. Nelsen, Proofs without words: Exercises in visual thinking, The Mathematical Asso-

ciation of America, 1993.
10. J.J. O’Connor and E.F. Robertson, Abu Bekr ibn Muhammad ibn al-Husayn Al-Karaji,

MacTutor History of Mathematics Archive, available at:
https://mathshistory.st-andrews.ac.uk/Biographies/Al-Karaji/

11. F.W.J. Olver, D.W. Lozier, R.F. Boisvert, and C.W. Clark (editors), NIST handbook of
mathematical functions, Cambridge University Press, Cambridge, 2010.

12. R. Roy, Series and products in the development of mathematics, Vol. 1, Cambridge Univer-
sity Press, Cambridge, 2021.

13. R. Roy, Series and products in the development of mathematics, Vol. 2, Cambridge Univer-
sity Press, Cambridge, 2021.

14. A. Sofo, New results containing quadratic harmonic numbers, J. Class. Anal., 9 (2016), no.
2, 117–125.

15. G. Tenenbaum, Introduction à la Théorie Analytique et Probabiliste des Nombres, Société
Mathématique de France, Paris, 1995.

16. F. Woepcke, Extrait du Fakhrî, Imprimerie impériale, Paris, 1853.

Department of Mathematics, Faculty of Sciences, University of Zanjan, Uni-
versity Blvd., 45371-38791, Zanjan, Iran.

Email address: mehdi.hassani@znu.ac.ir; mmhassany@gmail.com


	1. L-summing method: revisited
	2. A telescoping identity
	References

