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ABSTRACT. Let A = H, 3(S) be a generalized quaternion ring over an arbi-
trary unital ring & with supercenter Z;(A). In this article, we provide the
structure of a supercentralizing additive map F on a generalized quaternion
superring A and demonstrate that ' on A is proper. Furthermore, we establish
that any supercentralizing derivation on the quaternion ring is zero.

1. INTRODUCTION

Let A be an associative ring with unity and center Z(A). For each z,y €
A, denote the commutator of x and y by [z,y] = zy — yz. An additive map
F: A — A is said to be centralizing if [F(x),z] € Z(A) for all x € A. In the
special case where [F(x),z] = 0 for all x € A, F is called commuting. Posner [10]
initiated the study of centralizing maps, stating that a noncommutative prime
ring cannot exhibit a nonzero commuting derivation. Mayne [15] proved the
analogous result for centralizing automorphisms. Later, Bresar [2] showed that
a centralizing additive map F' on a prime ring A of characteristic not 2 is of the
form F(x) = Az + p(x) for all z € A, where A\ € C, the extended centroid of A,
and g is an additive map of A into C. Several authors have since obtained various
results on centralizing maps. (see, for example, [2, 3, 1, 13, 14]).

In recent years, a significant portion of associative ring theory has been ex-
tended to superrings and superalgebras by various authors. This naturally leads
to the consideration of Posner’s theorem for superderivations on superalgebras
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(see [7, 8, 9, 10]). In this article, we explore supercentralizing maps on general-
ized quaternion rings. For more information on quaternion rings, refer to [6, 9, 11]
and the cited references

In the following section, we define and state the lemmas needed to prove the
theorems. Subsequently, we will prove the theorem in Section 3.

2. PRELIMINARIES

A superring A, is a Zg-graded ring. This means there exist additive subgroups
Ay and A; of A such that A = Ay & A, and A;A; C A, ;, where indices are
computed modulo 2. A superring is called trivial if A; = 0. Elements in AU Ay,
are said to be homogeneous of degree i, and we write || = i to mean z € A;. We
refer to Ay as the even and A; as the odd part of A.

Define a product in Ay U Ay, called the supercommutator, by

[z, y]s = zy — (1) Wy
for x,y € Ay U A; and extend this product on A additively. Thus,

[2,9]s = [T0, Yols + [¥1, Yo]s + [To, vals + [T1, y1]s,
where © = o + 1 and y = yo + y1. The supercenter of A is the set
Zs(A)={a € Alla,z]s =0 forall x € A}.

We set
Zs(A) = Zs(A) N Ay and Zs(A)y = Zs(A) N A;.

One can easily check that Z4(A) is a graded subring of A. Certainly, in a trivial
superring, a supercommutator is just an ordinary commutator, and the super-
center coincides with the center.

An additive map F': A — A is said to be supercentralizing if [F(z), z]s € Zs(.A)
for all x € A.

Definition 2.1. Let A = Ay @ A; be a superring. We call an additive map
F: A— A a proper supercentralizing map if

F(z) = Az + p(z)

for all # € A, where A € Z(A)y with 2AA,%> C Z(A)o, and p: A — Z,(A) is an
additive map. In particular, if F(x) € Zs(A) for all x € A, then we call F' a
supercentral map.

The following result shows that a proper supercentralizing map is a super-
centralizing map.

Lemma 2.2. Let A = Ay ® A be a superring. Then F(x) = Az + u(zx) for all
r € A, is a supercentralizing map of A, where A € Z(A)y with 2A\A;*> C Z(A)o,
and p: A — Zs(A) is a supercentral map.
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Proof. For any x = x¢y + 21 € A, we have
[F(z), )y = e + u(a), als = M, 2], = Alzo + 20,20 + 1],

= Ao, xo] + A[wo, 1] + A[z1, 20] + A[21, 21]5

= Nz, 21]s = 223

€ Z(A)o.
We conclude that F' is a supercentralizing map. O

A supercentralizing map of A is said to be of degree i if F;(A;) C A;1; (index

modulo 2).

A superderivation of degree i is an additive map D;: A — A such that D;(A;) C
A;+; (index modulo 2) and

Dj(zy) = Di(z)y + (—1)"aD;(y)

for all x,y € AgU A;.

A superderivation of A is the sum of a superderivation of degree 0 and a
superderivation of degree 1. Note that every superderivation of degree 0 is ac-
tually a derivation from A to A. For example, for any ag € Ay and a; € Aj,

the maps I,,(x) = [ag,z]s and I,,(x) = [a1,z], are superderivations of degree
0 and 1, respectively. Hence, for any a = ag+ a; € A, the linear mapping
I,(x) = [a,z]s is a superderivation since [a,z]s = [ag,x]s + [a1,z]s. The su-

perderivation I,(z) = [a, z]s will be called the inner superderivation.
Definition 2.3. Let S be a ring with identity, and let a be a unit in §. Set
Hop(S)={z+vyi+zj+wk:z,y,z2,weS}=S0SidSjd Sk,

where 2 = —q, j2 = —f, k* = —af3, ij = —ji = k, jk = —kj = [3i and
ki = —ik = «j. Then, with componentwise addition and multiplication subject
to the given relations and the convention that ¢, 7, ¥ commute with & element-
wise, H, p(S) is a ring called generalized quaternion ring over S. This ring is a
generalization of Hamilton’s division ring of real quaternions H = H(R). Specif-
ically, when o« = § = 1, we denote the quaternion ring by H(S) in reference
to Hamilton’s quaternions. In general, H, 3(S) is not commutative unless S is
commutative with char(S) = 2.

Remark 2.4. If « = —f = 1, then H,(S) represents the split quaternion ring
over §. When oo =1 and = 0, we refer to H, 5(S) as the semiquaternion ring,
denoted by H,(S). Additionally, if « = —1 and 8 = 0, then it becomes the split
semiquaternion ring denoted as Hg,s(S).

From now on, we assume that S is a ring with identity such that % € S and
A=H,3(S).
Lemma 2.5. Let S and A be as described above. Then Z(A) = Z(S).
Proof. Let ¢ = a+ bi + ¢j +dk € Z(A). Since ¢ commutes with ¢ and j, we
have 2b = 2¢ = 2da = 0. Given that 2 and « are invertible in S, it follows that

b =c=d = 0. Furthermore, since sq = gs for every s € S, we conclude that
a € Z(S). Therefore, Z(A) C Z(S). The reverse inclusion is straightforward. [J
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Let
Ao =S Si and A =S8j ® Sk.
It is easily verified that A = Ay & A; becomes a superring. In the following,
we consider the above-mentioned superring structure on a generalized quaternion
ring.

Remark 2.6. Using an argument similar to that of Lemma 2.5, and since [z, y]; =
[z,y] for all x € Ay, y € A, then it can be easily verified that

Zs(A)o = Z(A)o = Z(S) = Zs(A).

Lemma 2.7. Let F be a supercentralizing additive map on A = H, 5(S). Then
F = Fy + Fy where Fy is a supercentralizing map of degree 0 on A and Fy is a
supercentralizing map of degree 1 on A.

Proof. Let m; be the canonical projection of A onto A; for ¢ = 0,1 and let Fy =
moF'my + mFm and F| = mgFm + mFmg . Then each F; is an additive map
of Ato Aand F = Fy+ F;. Moreover, F;(A;) C A;;; for i = 0,1. Since
Zs(A)=Z(S) = Z(A)o, for i =0 or 1 we have

[F (1), 2i]s = [Fo(xi), xils + [F1(:), vi]s € Z(S).
(z:),

Since [Fy(z;), x;]s is even and [Fy(z;), ;] is odd, we have

[Fi(2), zils = 0 (2.1)
and
[Fo(@i), zils € Z(S) (2.2)
for all z; € A;. On the other hand, we see that
[F(z0), x1]s + [F(21), xo]s € Z(S). (2.3)

Replacing F with Fy+F; = F'in (2.3), and noting that the odd part [Fy(xg), z1]s+
[Fo(x1), xo]s = 0, we see that the even part

[Fi(z0), 21]s + [Fi(21), 20]s (2.4)

belongs to Z(S). Hence, by using (2.1), (2.2), and (2.4), it becomes straightfor-
ward to see that each Fj satisfies the condition that [F;(z),z]s € Zs(A) for i =0
or 1. 0J

The following results will be used to prove our main results.

Lemma 2.8. [10, Theorem 2.2] If « = =1, then A = H(S) is the quaternion
ring, and D: A — A is a superderivation if and only if there exists a derivation
d: S — S such that D(q) = d(x) + 0(y)i + d(2)j + d(w)k + [t,q]s, where ¢ =
r+yi+ zj+wk € H(S) and t = %ai— %bj — %ck for some a,b,c € S.

We conclude this section with an example that illustrates how a centralizing
map is generally not a supercentralizing map.

Example 2.9. Let § be a noncommutative ring and let H(S) be the quaternion
ring. We define a linear map F': H(S) — H(S) by F(z) = z for all z € H(S).
Then F is a centralizing map on H(S), but F' is not a supercentralizing map on
H(S).
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Proof. 1t is clear that F' is a centralizing map. Assume that F' is a supercentral-
izing map. Given that S is noncommutative, there exist elements s,s" € S such
that ss’ # s's. Consider x = sj+s'k. We get that [z, z|s € Z(H(S)). Specifically,
we have that

—2(s* + 5"*) + 2(ss' — 5's)i € Z(S),

which is a contradiction. Hence, F' is not a supercentralizing map. O

3. MAIN RESULTS

Theorem 3.1. Let A = H, 3(S) be a generalized quaternion ring. Then every
supercentralizing additive map F on A is proper, that is, F(q) = \q+ p(q) for all
q € A, where A\ € Z(A)g with 20\A,* C Z(A)o, and i: A — Z,(A) is an additive

map.

Proof. According to Lemma 2.7, F' = Fy+F}, where F;(A;) C A;4; and [Fi(z), z]s €
Zs(A) for i,5 = 0 or 1. By replacing z with x +y in [F;(x), z], € Z,(A) and using
Zs(A) = Z(S), we get

[Fi(x), yls + [Fi(y), z]s € Z(S) (3.1)

for all x,y € A.
We divide the proof into two steps:

Step 1: Fy(q) = g+ po(q) for all ¢ € A, where A € Z(A)g and p9: A — Z(A)g
is an additive map.

Let Fy(i) = a + bi and Fy(j) = ¢j + dk for some a,b,c,d € S. By taking x =i
and y = j into (3.1) we get 2(b + ¢)k — 2daj € Z(S). From the invertibility of 2
and «, we obtain ¢ = b and d = 0. Similarly, by taking Fy(k) = ej + fk, © = 1,
and y = k into (3.1), we get 2(f — b)ayj — 2ek € Z(S). Hence, f = b and e = 0.
Therefore, we have

Fo(i) = a+bi, Fy(j) =bj, Fo(k)=bk.

Now, let s € § be arbitrary, and let Fy(s) = g+ hi for some g, h € S. Consider-
ing [F,(s),i]s — [s, Fo(i)]s € Z(S), we compute that (as — sa) + (bs — sb)i € Z(S).
Thus, b € Z(S). Taking x = sand y = 7 in (3.1), we obtain h = 0. Let g = 01(s),
where d;: S — § is an additive map uniquely determined by Fj. Note that 4, is
centralizing on S since [Fy(s), s]s € Zs(A).

On the other hand, by taking Fy(si) = ¢'j + W'k, and using = si and y = i in
(3.1), we get a € Z(S). Also, in view of [Fy(si), j]s + [Fo(7), si]s € Z(S), we have
h' = bs. By defining ¢’ = d(s), where dy: S — S is an additive map uniquely
determined by Fy, we see Fy(si) = 0o(s) + bsi.

If Fy(sj) = mj+nk for some m,n € S, and using z = sjandy =i in (3.1), then
we arrive at n = 0 and Fy(sj) = bsj. Similarly, by taking Fy(sk) = m'j + n'k,
and using z = sk and y =i in (3.1), we get m’ = 0 and n’ = bs, so Fy(sk) = bsk.

In particular,

[Fo(si),s']s + [Fo(s'), si]s € Z(S)
for all s,s" € S. Therefore,

02(s)s" — s'0a(s) + ((01(s") — bs')s — s(01(s") — bs'))i € Z(S).
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Hence, 01(s) —bs € Z(S) for all s € S. On the other hand, by choosing x = sj
and y = s'i in (3.1), we see that dy(s) € Z(S).

By a straightforward computation, we see that Fy(q) = 01(z) + da(y) + byi +

bzj + bwk for all ¢ = v+ yi + zj + wk € Hyp(S). Set A = b and puo(q) =
—bx + 6,(x) + d2(y), as desired. The proof of 2AA4;> C Z(S) can be seen in
Lemma 2.2.
Step 2: Fl(.A()) =0 and Fl(.Al) Q Z(A)(]
Assume that Fi(i) = aj + bk, Fi(j) = ¢+ di and F(k) = e + fi for some
a,b,c,d,e, f € S. Inview of [F1(i),i]s € Z(S), [F1(J), j|s € Z(S) and [Fi(k),k]s €
Z(S8), we routinely compute that Fi(i) = 0, Fi(j) = c and Fi(k) = e. Now, let
s € S be arbitrary, and let Fi(s) = gj + hk for some g,h € S. Repeating
the same computational process and taking z = s and y = ¢ in (3.1), we get
—2gk + 2haj € Z(S). So g = h = 0, and hence, F;(s) = 0. Similarly, suppose
F\(si) = mj + nk for some m,n € S and using x = si and y =7 in (3.1), we get
m =n = 0. Hence, Fi(Ay) = 0.

Next, we show that Fi(A;) C Z(A)o. If we take Fi(sj) = ¢’ + h'i, and use
x = sjand y = j in (3.1), then 2h'k — (sc¢ — ¢s)j € Z(S). Thus, A’ = 0 and
Fi(sj) = ¢'. Therefore, Fi(sj) = 01(s) for some additive mapping 6;: S — S
uniquely determined by Fj. Likewise, by taking x = sk and y = k in (3.1), we
have Fi(sk) = da(s) for all s € S and for some mapping dy: S — S uniquely
determined by F}.

Finally, let us take x = sj + sk and y = §’i in (3.1). Then the identity
[Fi(x),y]s € Zs(A) gives (01(s) + da(s))s’ = §'(01(s) + d2(s)) for all s,s" € S,
which implies that d; + do € Z(S). Thus, the statement of Step 2 is proved.

Setting p; = Fy and p = po + p1, completes the proof. OJ

If S is commutative or 3 = 0, then, the condition 2A\A4,> C Z(S) in the above
theorem can be omitted.

Corollary 3.2. Suppose that the ring S is commutative. Then any supercentral-
izing additive map F on A is of the form F(q) = A\q + u(q) for all ¢ € A, where
A€ Z(A) and p: A — Z,(A) is an additive map.

Proof. Let F be a supercentralizing map on A. By Theorem 3.1, there exist
A € Z(S) and a supercentral map p: A — Z(A)p such that F(q) = Ag + p(q)
for all ¢ € A. Tt suffices to prove that 2AA4;> C Z(S). It is clear that for
1 =8]+ 8k e A (s,8€S8), 2\12 = —2)\B[(s? + s%a) + (s's — s5')i]. Since S
is commutative, then s's = ss’ and 2 \z12 € S = Z(A), for all 7; € A;. O

Remark 3.3. Based on the proof of Corollary 3.2, it is particularly significant that
when 8 = 0, the condition 2AA4;> C Z(S) is redundant in Theorem 3.1 for both
the semiquaternion ring H(S) and the split semiquaternion ring H,s(S).

Chen [4] proved a version of Posner’s theorem for superalgebras. He demon-
strated that the existence of a nonzero supercentralizing derivation on a prime
superring forces the ring to be commutative. In the next theorem, we extend this
result to a noncommutative quaternion superring H(S) that is not necessarily
prime as a Zo-graded ring. In fact, by [4, Lemma 2.2] if the quaternion ring H(S)
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is a prime as Zy-graded ring, then H(S) is a semiprime (as a ring) is true if and
only if S is semiprime (see [6, Corollary 5.3]).

Theorem 3.4. Let H(S) be the quaternion ring. Then any supercentralizing
superderivation on H(S) is zero.

Proof. Let D be a superderivation of H(S) such that [D(q),q]s € Zs(H(S)) for
all ¢ € H(S). By Lemma 2.8, we have

D(q) = 0(x) + 6(y)i + 6(2)j + 6(w)k + [t, qls,
where § is a derivation on § and t = % 1bj — 501@ for some a,b,c € S.
Applying D to ¢ = i, we get D(i) = [t,]s. Smce [D(i),i]s € Zs (H(S)), we have

1
2bj — 2ck € Zy(H(S)). Since H(S) contains 50 we have b = ¢ = 0. Similarly,

by applying [D(j),j]s € Zs(H(S)) we obtain a = 0. Considering [D(sk),j] —
[sk,D(j)] € Zs(H(S)), s € S, we see that § = 0. Hence, D = 0, as desired. O
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