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Communicated by A. Jiménez-Vargas

ABSTRACT. We prove that the maximal operator of the (C, a,,)-means of the
quadratical partial sums of double Fourier series on the group of 2-adic integers
is quasi-local, weak type (L', L) and of strong type (L°°, L°). Moreover, we
prove almost everywhere convergence of (C, «;,) means of integrable functions
(ie., oo f — f a.e.), for f € L*(I?), I? is two-dimensional group on the
2-adic integers in which «,, € (0,1) and «, is varying parameter.

1. INTRODUCTION AND PRELIMINARIES

1.1. Introduction. We introduce basics by following the standard notions of
dyadic analysis introduced by Schipp, Simon, and Wade (see, e.g., [26]) and
others. Denote by N := {0,1,...} ,P := N\ {0}, the set of natural numbers,
the set of positive integers and I := [0, 1) the unit interval. Denote by |B| the
Lebesgue measure of a set B(B C I). Denote by LP(I) the usual Lebesgue spaces
and [|-[|, the corresponding norms (1 < p < oo). Set

D p+ 1)
=4 |= : N
T { [2”7 271 p7 n e } )
the set of 2-adic intervals, and for given # € I let [,(z) denote the interval
I,(x) € 7 of length 27" that contains z(n € N). Also, use the notation I, :=
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(C,a)-SUMMABILITY 19

1,(0) (n € N). Let

T = i xn2—(n+1)
n=0

be the 2-adic expansion of x € [, where z,, = 0 or 1. If x is a dyadic rational
number (z € {2% ip,n € N}), then we choose the expansion that terminates in
0’s. The notion of the Hardy space H(I) is introduced in the following way [26].
A function a € L*(I) is called an atom if either a = 1 or a satisfies the following
properties:

1. suppa C I,
i, lallo < L7

. /a: 0,
1

for some I, € I. We say that the function f belongs to H if f can be represented
as f =Y 2, \a;, where a}s are atoms and for the coefficients ();) the inequality
Y2 |\l < oo is true. It is known that H is a Banach space with respect to the
norm

1f 1l = int Y [l
=0

where the infimum is taken over all decompositions f = > .- Na; € H. The
2-adic (or arithmetic) sum a + b := >_>° 7,2~V (q b € I), where bits ¢, 7, €
{0,1} (n € N) are defined recursively by ¢_1 := 0,a, + by + ¢n_1 = 2q, + 7»
for n € N. Since g,, 7, take only the values 0 and 1, these equations uniquely
determine the coefficients ¢, and r,,. The group (I, +) is called the group of 2-adic
integers.
Set
€(t) := exp(2mit), t eR,

where i = /—1.

Set
Ty Ty

and

oo
¢n = H w;zla
=0

where n = Y 0 n;2° (n; € {0,1} (i € N)), n € N. It is known [12] that
the system (¢,,,n € N) is the character system of (I,+). For more details on
the Fourier theory with respect to the character system of the group of 2-adic
integers see, for instance, [12]. Denote by

n—1 n
. _ 1
= X, Dyi=3 ty, Kbi=——3%"Dy,

the Fourier coefficients, the Dirichlet, and the Fejér or (C, 1) kernels, respectively.
It is also known that the Fejér or (C, 1) mean of f is
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It is known from [12] that for n € N,z € I

Do (2) 0, ifxel,,
n\L) =
2 o’ ifxé,

and also that
) Y Dow(w)np(—
k=0

Denote by K¢ the kernel of the summability method (C, ), called the (C,«)
kernel or Ceséaro kernel, for « € R\ {..., -3 —2,—1}

:—ZAC“ D,

where
(a+1)(a+2)-- (a+k)
k! '

The (C, «) means of an integrable function f are

A =

I = 4 AT ) = [ FKi — 2) i)

" k=0

7210 = 4= Ak [ 1Dy~ 2)r)

" k=0

It is well known from [33] that
AP =) AL AT AY = AT At man”
k=0

Basically, in order to prove Theorem 2.5, we verify that the maximal operator
oy, is of weak type (L', LY). In order to do this, we investigate the kernel functions
and their maximal function on the unit interval I by making a hole around zero.
To have the proof of Theorem 2.6, we follow the standard way by following the
fact that of, is of weak type (L', Ll) We need several lemmas.

The followmg notations as well as definitions of functions and operators are
used through the proofs of this paper.

For a,s,n € Nlet ny = Z;;é n;2', that is, ne) = 0, n@y = ny and for
28 <n < 28%1 |n| = B, nip1) = n.

Define two-variable functions P(n,a) := Y 2 n;(2)* for n € N, o € R [4]. For
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example, P(n,1) = n. Besides, set for sequences a = («,) and positive reals g,
define the subset of natural numbers

P
Nag = {nEN:M gq}. (1.1)
non

For a sequence « such that 0 < o9 < ,, < 1 we have N, , = N for some ¢
depending only on . We remark that 2" € N, , for every a = (o), 0 < a0, < 1
and ¢ > 1. In this paper, C' denotes an absolute constant and C,;, denotes another
one, which may depend only on q. Define the following kernel function and
operator:

1 281
T = gor D2 A D

n k=0 (1.2)
toe f /f VT (y + x)dp(x), aeN, o, €10,1).

For f € L'(I) and for all real number a,, # —1,—2,—3, ..., define the kernel of
(C, a,) summability method as follows:

Ko ZAO‘" 'D,, (1.3)

n Aan
n t=0

and where A" is defined in [6] for the case where oo = (a,,).

Let I x I be a direct product of 2-adic group I. Let (z!,2?), (y!, y?) € Ix1, f €
LY (T x T). The two-dimensional Fourier coefficients, the rectangular partial sums,
Dirichlet Kernel, (C, «,) kernel, (C, a,,) means for a,, € R\ {..., =3, =2, —1},
Marcinkiewicz means and the Marcinkiewicz kernels with respect to the character
systems of two-dimensional 2-adic group are defined as follows, respectively:

f<n17n2) = f(l,l’xZ),(Em (xl)zzn2(x2)du(q;l7x2)7
IxI
ni—1ng—1

nl nzf y y Z Zf kl;kZ wkl )¢k2(1/2)7
k1=0 k2=0

ny—1ng—1

n1 ng y> Z Z w’ﬁ ¢k2 )@kl (wl)qzkz(xZ)v

k1=0 ko=0

n—1
Qo (2!, 2? Aa ;1 ZD

1

o fy',y?) = 1o

ZAznklskkf '),

k=0

1 n
Q ZEJZIDJ ,
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1 n
on(at ) = — Y 855t 2%, (1.4)
7=1
where
N (an + D) +2)- - (a, + k)
A = i
k!
Each natural number n can be uniquely expressed as n = Y .-, ni28 (n; €

{0,1}, i € N), where only a finite number of n; ’s differ from zero. It is already
defined in [4] that

P(n,a) = ani (1.5)

for n € Nya € R. For example, P(n,1) = n. Besides, the set of sequences
a = («,) and positive real ¢, the subset of natural numbers

Naq::{nEN:ng}. (1.6)

) nan

For a sequence « such that 0 < ap < o, < 1 we have N, , = N for some ¢
depending only on ag. We remark that 2" € N, , for every o = (a,), 0 < o, < 1
and ¢ > 1. In this case C' denotes a constant and C, another one, which may
depend only on gq.

Let 1 < p < 4o0o. We say that an operator 7' : L' — L% (L°(I) is the
space of measurable functions on I) of type (p,p) if there exists an absolute
constant C' > 0 for which ||Tf||, < C| fl|l, for all f € LP. Then T is said
to be of weak type (1,1) if there exists an absolute constant C' > 0 for which
p{z : [(Tf)(x)] > A}) <Ol f|li/A for all A > 0 and f € L(I). Throughout this
paper, consider y as measure.

For constant parameter setting, the almost everywhere convergence of (C, 1)
means of two-dimensional trigonometric Fourier series to f for all f in the space
L'1og L([0,27]%) was proved by Marcinkiewicz and Zygmund in 1939 [23]. In
1968, for the two-dimensional trigonometric Fourier series, Zhizhiashvili [32] stud-
ied that for all f € L'([0,27]?) the (C,a) means converges to f a.e. for any
a > 0. Dyachenko [7] proved this for dimensions greater than 2. The dyadic
analog of Marcinkiewicz and Zygmund for the double Walsh—Fourier series was
proved by Weisz [30]. Goginava and Weisz [21] investigated that the maximal
operator of the triangular (C,1) means of a two-dimensional Walsh—Fourier se-
ries is bounded from the dyadic Hardy space H? to L? for all 1/2 < p < oo
and, consequently, is of weak type (1,1). As a consequence, they obtained that
(2")th of the triangular(C,1) means of a function f € L'([0,1]?) converge a.e.
to f. Almost everywhere convergence of (C, a) means of cubical partial sums of
d-dimensional Walsh-Fourier series was proved by Goginava [20].

G4t [13] proved the almost everywhere convergence of Cesiaro means of one-
dimensional Fourier series on the group of 2-adic integers. Gat and Gabor proved
the almost everywhere convergence of the (C, ) Marczinkiewicz-means of inte-
grable functions of two-dimensional Fourier series on the group of 2-adic integers

[17].
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The almost everywhere convergence of this summability method for a con-
stant parameter in the quadratic partial sums of double Vilenkin-Fourier series
was proved by Gat and Goginava in 2006 [18]. On the point-wise convergence
of Cesaro means of two-variable functions with respect to unbounded Vilenkin
systems, see the paper of Gat [15]. With respect to more general orthonormal
systems, two-dimensional Vilenkin-like systems, the author studied almost every-
where convergence of generalized Marcinkiewicz means [10].

To add more, a lot of authors studied the one- and two-dimensional cases of con-
vergence and summability of Cesaro means of in Lebesgue and martingale Hardy
spaces. We mention as Blahota, Persson and Tephnadze [1], Persson, Tephnadze
and Weisz [27], Blahota, Tephnadze and Toledo [3], Blahota and Tephnadze [2],
Fridli [8], Gat [16], Nagy [24, 25], Weisz [31].

In 1960, Kaplan [22] introduced the idea of Cesaro means with varying pa-
rameters of numerical sequences. In 2007, Akhobadez [6] introduced the notion
of Cesaro means of Trigonometric Fourier series with varying parameter setting.
Anas and G&t [4] proved for the varying parameter settings (C,a) means for
one-dimensional Walsh-Paley system converges a.e. Maximal operators of Cesaro
means with varying parameters of Walsh-Fourier series were investigated by Gat
and Goginava [19].

For the one- and two-dimensional Walsh-Paley system, these were proved by
Anas and Gét (see [4, 5]). Cesaro and Riesz summability with varying parameters
of the multidimensional Walsh-Fourier series was proved by Weisz [30]. Cesaro
means in a varying parameter setting with respect to the one-dimensional charac-
ter systems of the group of 2-adic integers and with respect to Walsh—Kaczmarz
systems were proved by A. Tilahun (see[28, 29]). The one-dimensional case with
respect to one-dimensional Vilenkin systems was proved by Gat and A. Tilahun
[9]. The two-dimensional case with respect to character systems of Fourier series
on the group of 2-adic integers in a varying parameter setting has not been proved
yet.

Thus, in this paper the almost everywhere convergence of varying parameter
setting Cesaro means in the case of two-dimensional Fourier series on the group of
2-adic integers is studied. We used Cesaro and (C, o) nomenclatures alternatively.

Define the following functions and operators, which are very important through
out the proof of main results of the paper as follows: Let nt/) := Zf;é n;2%, that
is, n® = 0, nM = ng and for 2% < n < 2B+ let |n| := B, n = nBY for
a,n,je€N.

Moreover, let n € Nand 1 > a, >0 (a € N), where (z!,2?), (y',4*) € I x L.
Then,

2B _1
1
Q@ @) = Y AvtDat 2?),
n" =0 (1.7)
teefyty?) = [ flah 2ol (y' + 2ty 4 27)dA (o', 27).
IxI

1.2. Preliminary lemmas.
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Lemma 1.1. [13] For j, n € N, j < 2", we have

Dan_j = Don — thon_1 D).
Lemma 1.2. [I4]For k, n € N, we have

/ sup |©2,] < C.
ToxTy |n|>k

2. MAIN RESULTS

In the following Lemma, we prove the operator 3« is quasi-local (for the notion
of quasi-locality see [26]).

Lemma 2.1. Let 1 > o, >0, B:=|n|, f € Li(I x I) such that
supp f C Ip(u' x Ip(u?)),

/ fd\ =0
I < Iy (u?)

for some 2-adic rectangle Ip(u') x I (u?) C T x L.
Then,

/ sup [£2° A < ],
1

% (ul) x I (u?) n,a€N
Proof. By the equality (see Lemma 1.1)
DZij - DQB - fpoB,le, (2].)
we have

« 1 Qg —
0 a’l(l'l,flf2) _ Z A@a—1 Dj,j(xl,xQ)

2B 4n(B)—j

Jj=0
251

1 «
— Aaa Z A (EB):_ DQB_] 9B _ (x1,$2)

J=0

Dys(z") Dys (a2) Z B
p— Aaa

Ada n(B)4j
281
Yo _1 (') Dys (2?) Qo
- Aoea Z An(B)iJD ( )
23—1
¢QBAJ, 1)23 g—
- Z A B>1+JD %)
¢9341($1)¢b341(1?> — Qa
+ SRS A Dt )

=: (1) 4+ (2) + (3) + (4). ) (2.2)
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Therefore, with the help of Abel’s transform, we get

281
1 o
)] = Z A%l D(at2?)
1 2B _2 j Aaa—l 2B_1
Qg— Qg— n(B) 2B
[ DE TR CEINND Sy NES R 0 S NN
no| j=0 i=0 n i=0
2B_2 jag—1 .
w1y  j+1 Apa!
= (1 - aa) A ? n®) Tt le(xlaxZ) + A (23)92371(1' 75’72)
j=0 n
2k 1 A@a—l .
n(B)+j ] + 1 1 2
<(1— o, Q:(x,
<1 - a) LT Ag n® 111 (@)
2862 jpag—1 .
. n(B>+j J -+ 1 ' 1 2 ’
+(1 Oéa)' ~ ATO{Q Xn(3)+j_|_1QJ($7x)
]:
Acxa—l
+ "—(23)‘923_1@1, xQ)( = [+ I+ 111 (2.3)

Aga

We know from [9, Lemma 1.1],

Aoy _ 0a(n® + )t

2.4
o ST e 24
Thus,
2k —1 . .
(nB ) j+1 1,2
I< aa(l aa) JZO (n>aa n(B) +54+1 Q](J? y L )
2k—1
(B) Qq—2
< ag(l — ag) Z (™ + ) (7 + 1|2, 2?)
2k—1
aq(1 — ay )
- (W% ISyt e =, (25)
7=0
. j+1
h = 2.
where  7(j) (n® & 7= (2.6)
Similarly,
282 paa—1 .
1 n®y g+l (el 2
IT=(1-a) = Age B4+ 1 RICRES)
]:
282
1—a,
in)% DIROICHENEI R 2.7)
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Consider 111 as it is. Using Abel’s transform and the same procedure as above,
we have the following results for (2) and (3).
The situation for (2),

@) Saa(l —((:3)&?23(13 ) Z ’Y(j)‘Kj(xl)

(2.8)

j=2"

ay(1 — ay) Dy (22 2] _ Aga—l
— (n))af )N )| s + 2 Do) | a1

The situation for (3),

B_2
ao(1 — ag)Dys(zt) : .
(3)] < TS TS S AG)| e (2.9)
j=2k
ag(1 — ag)Dys (2! 2l , A%a~l
+ %l )a () V(J)‘KJ($2) +t s D23($1)’K2Bfl(x )‘
(n) . 3:0 Ana
By the above written, we get
D N D 9y 2B-1
ang(:ﬁ’ x?)’ < 23(552%23(95 ) Az&:)ﬂ'
n =0
(1 — ) 2]
+ =2 10 ”sza(xl)Kg(ﬂfz)
=0
+ | Dys (2 K (x| + |Q; (2", 2?)
(1 — ) 22
P 70')”1?23(331)&(932) + | Do (@) K ()
j=2+
Aaafl
+ |, 2?)| | + 2 DQB(xl)‘Kﬂ,l(x?)\
+ 23023(902)\&3_1(1;1)‘ + ‘23923_1(3;1,1;2)‘] . (2.10)

It can be supposed that v = 0, that since Haar measure is shift invariant. That
is, I.(u) = I3(0) = Iy. Besides, since for n < 2% (2! 2%) € Ii(u') x I (u?) and
(y',y?) € Iy(ul) x Ix(u?) we have Qo= (y! + 2!, y? +22) = Q2 (y! +ul, y> +u?).
Thus,

/ Jlat a5 '+ 2y + a?)dA () 2?)
I (ul) x I, (u?)

= Qo (y' +ul, vt + u2)/ f(zt, 2H)d\(z", 2?) =0,  (2.11)

o (ut) x Lo (u?)
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/ sup |toe fldA :/ sup |toe fldA.

I (ul) x It (u?) n,a€N I, (ul) x I, (u?) n>2% aeN

Thus,

/ sup / Qoet(y' +at, y® +2?) f(ah, 2®)dA (2, 2®)| dA(y', v°)
I x Iy, n22k,a€N I, x I,

|
IkXIk n22k,a€N

[
I, x I, n>2F aeN

2B_1

xZA%—l d\(z', 2?)

n(py+J

" [aa(l —ag)

(1 — ay) .
+/ sup / f(xl, 132)— ’Y(])
T x I, n>2k aeN | J I, x I}, noe Z

x K;(y' + a)

[ 1—0za

+ / sup
IkXIk nZQk,ae

X Kj<y2 + x2)

" [aa(l — Qag)

na

+ / sup
I, < I, n>2K aeN

X

Q;(y' + 2, y* + %)

/ 0yt + a2ty )] | (2 2)] dA(zh, 2%)dA (", v?)
IkXIk

DQB ! .I‘l D2B 2 I2
/”mxl,m[ (y' + ") Dy (y* + 2*)

A
| et x?)\]

d\(z', 2?)

dA(y', v?) + / sup

Ik ><Ik n22k,a€N

Dos(y' + ') K;(y° + 2?) d\(y', v?)

)N ) - [ s | g
IkXIk n22k,a€N IkXIk
Z iy Y+ 2?)| A, 2?) ANy v?)
=0
23—2
/ flat, 2% [ Zv Dys(y' + ")
N I X1y, k
7j=2
dA(z', %) |dA(y, v?) +/ sup / flz', %)
Ik X]k ank,CLEN Ik X]k
282
> A Des (v + 2”) Kyt + 2) || dA(2', 2)|dA(y', v°)
j=2k
282
og(l — ay )
/ f($1,$2) (T) ZV(J)
T x I, n-e j=2K

dA\(z', 2%)|dA(y", v?)
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aq—1
+/ sup / f(zh, 2%) | =2 (2B)D23(y1 + t)
To xIp n>2K aeN | J I, x Ty Afe
X ‘KQB,l(gf + 23| | d\(2t, 23)|dN (Y, v?)
ag—1
+/ sup / flat, 2?) | =2—(2P)Dys (1 + 2?)
Tox1I, n>2K aeN | J I, x 1}, Afe
X ‘K2B_1(y1 —|—x1) d)\(xl, x2) d/\(yl, y2)
S |[ e
I x I, nZQK,aEN I x I,
Adet o 1 1.2, 2 12 1 2
) |2 ey oty )| | A, )| dA o)
10
i=0
(2.12)
It is simple to find out that
B
Dys(y' + 21) Dys (y? + 22 — o —
22 ) Das ) D AN =0 (2.13)

Al ,

n =0
for any (y' + 2!, y?+22) € I x Iy = I} x [ U I}, x I, U}, x I. From this we can
easily see that there is a possibility in which either y'+z! € I}, y>*+2> € I; or both
y'+xt and y?+2? € I. This implies that either Dys (y'+a!) = 0 or Dys (y?+2?%) =
0 must hold true. Thus (2.13) becomes true because Dys(y*+21) Dy (y? +22) = 0
for B = |n| > kand (y'+2', y*+2?%) € I x I. Thus, ©; = 0. Moreover, since for
any j < 2% we have that the Marcinkiewicz kernel Q;(y'+z!, y*+2?) depends with
respect to (z', z?) only on coordinates z} = 0,..., 7} |, =0, 22=0,...,22 | =0,
then

[ rat et et g e dret, o)
Ik ><Ik

= 4" )] fl@', 2%)d\(z', 2%) = 0. (2.14)

Ik Xlk
Thus, (2.14) implies ©4 = 0.
Since for any j < 2% we have that the kernel K;(y + z) depends (with respect

to z) only on coordinates 25 =0, ..., z}_; = 0, then
/ f(x) | K;(y+x)| d\(z) = | K;(y)| f(x)dA\(x) = 0. (2.15)
I, x1Ip, Iy x I,

Thus, (2.15) implies ©, = 0 for b = 2, 3.
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On the other hand,

2582

y = el G 5 )

(n)aa j:2K

Q; (2!, xz))

n

< sup | (z", 2%)] % Zv(j)

< sup ‘Qj(:vl,xZ)] aa<1 — aa) Z j2+ 1

j>2k (n)oa st Je e
< C'sup |Q(z', 2%)| Ga(l — au) ija“_l
T n)e

(

(
< CSBQI;)C (2", %) %/n a1
(
(

< C'sup |[Q(z', 2%)|

ok
= C(1 = ) sup |Q(a', 27)] (2.16)
j>2k

for some constant C'.
Thus, using Lemma 1.2, we can find that

/ sup  Md\(zh, 2?)

Iy x I, nZQk,aEN

<C(1- Oéa)/ sup  sup !Qj(xl,a:2)| d\(z', 2?)

Ik X]k ank,CLEN ]ZQB

<C.
Thus, ©7 < C'||f||, . The situation for ©5 becomes

28 _9

(1 — ay) :

bz [ sup| [t e 2L S
Tix Iy n>2k | J I, %1, n%a Z

j=2k
X | Dys(y' + 2" K;(y? + o) [ | dA (2!, 2%)|dA(y', v°)
282
ag(1 — ay .
s sl [ g | B0 5 )
IkXIk 7’L22k IkXIk n-e j:2k
X |Dys(y' + x')K;(y? + 2%) [ | dA(a', 2%)|dA(y", v°)

2B_9

|t [@ > 10)

+ / sup
Yk ><T)C n22k
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X |Dys(y' + 2" )K;(y* + 2%)| | d\ (2!, 2°)

S/\
IkXIk

X |Dys(y" + x') sup |K;(y* + 2%)|

j>2k
+/ sup/
I, x1I,, n>2k J I, xT},

dA(y', y*)

(1 —ag) - ,
sup / ——= > ()
n>2k JTx I, n%a ]Zl

fla, 2?)

d\(z', 2?)

]dk(yl, y?)

[—%ﬁ; 2§10

f(at, 2?)

X |Dys (y" + x') sup |K;(y* + 2%)| ]d)\ M\ (x!, 2?)
2k
s [t ) [ (220 j{jn«'>
Ik X[k ’ n22k TkXTk
X | Dys(y' + ') sup |K;(y* + 2°)| ] dA(y, v?)|dA(z", 2?)
Jj>2k

:ZNl -+ NQ + Ng.

By using [12, Lemma 3| we have

/ sup
I, j>2F

Hence Ny becomes

(1 —ag) ~ ,
Ng/ fxl,x2 sup/ —_— YU
? IkXIk ( ) nZQk Tkxfk naa ]Zl ( )
X | Dys(y' + ') sup |K;(y* + 2°)| ]dA(yl, y?)|d\(z!, 2°)
Jj>2k
< C/ fat, 2?)|dA(z, 2%) sup (/ ‘DQB(y1+x1) (y1>>
Iy X Iy, nZQk I
<o |ret e, o)
IkXIk
<C|fll;- (2.17)

Analogous with the proof of Ny, we have N3 < C'||f]|,. The situation for N;
becomes

a 1— a
Nis [ st et et sup [ 20200
IkXIk n22’“ Tk naa
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x anv(ﬁ‘DzB (y' + wl)‘dk(yl) Sup/I

j>2k
<c/
[k.XIk

(2", 22) sup / aa(l — o)
Iy
x> 0[Pyt + i) < [ |ft, Bt a?)|
j=1 IkXIk

Ky + 2)[dA()

flat, 2?)

n>2k nta

=C/l- (218)

Therefore,

[ o o

I, < I, nZZk,(ZEN

d\(y', y?)

/ Flat, a0 (! 4 2y + 2)dN (2, 2?)
IkXIk

[ e
IkXIk TLZQk,lZGN

<[ pataaete) [ s
I x I, IkXIanQk,GGN

< C’/ (", 2?)|d\ (", 2?)
IkXIk
<Al

Q2 (yt + 2t y? + 2%) [ dA(y', y?)

Define the maximal operator

{00 f = sup |2 f] = sup

n,a€N n,a€N

Corollary 2.2. Let A > 0 and f € L*(1?), g € L>(I?). Then,
[tne £l < C UL

[ Qel(zt) 2%

and
[t2eg]| . < Cllgll -

Proof. The proof is a direct consequence of Lemma 2.1. Besides, from the fact
that L'-norms of the Fejér kernels and also the Dirichlet kernels with indices of
the form 28 are uniformly bounded, we get

251
Dy (x|, ([ Dgn (2°) ]

[t 22|, < o > A
n j:[)
a(l = ag) > , )
+ = D D) | [ Der ], K5
j=0

D, I, + e x2>Hl]
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2B_9

o [N ]

j=2*

D), [, + st xw]

e [T

+ HQBD?B($2)”1 HK2B—1<x1)H1 - ‘}(23)923—1(‘7’;17%2)”1]

<C. (2.19)
Thus,
o=t fll < CUEIL - (2.20)
Similarly,
[t2tg|l. < Cligll -
Thus, the corollary follows. O
Lemma 2.3. Let 1 > a,, > 0. Then,
Q0 (2!, %) | < Qn(at, 2?), (2.21)
where
San (1 2 Qa1 2 Al 1 2
Qon (2, 22) =Qeel (2! 2 )‘ + 25 | Do (a!) Dy (2?)
2k —1
an(l — ay, )
¢ ol ) [ Dy ('), (a?)
§=0
+ | Dy (2?) K (x| + &?j(xl,:x2)]
(1-an) "~
an (1 —ay, ,
+T Z ’7(]) DQB(LUI)KJ([E2)
=2
+ | Dy (2*) K (z")| + f%(x1,$2)]
Agn—t (B—1) 1 2
+ —Aan (n )DQB (ZE ) Kn(B_U(CL‘ )

+ (n®7V) Dys (a?)

K, -1 (xl))

n

4—(n‘B_1h

Q0 (a7 332)’] . (2.22)
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Proof. Recall that B = |n| and n

281

1
(e 7% 1 2\ § an—1
Qn ($ ,I' ) _Aa” AQB+R(B) J

+ Ain Z Aan—l

=%l (g! o

Since (see Lemma 1.1)

Dijion(z) =

we have

Dijiom, J+2B($ %)

Thus,

n(B-1)

n<B 1)

_ Dy (') Dys (w Z -

AOC'/L

(B)

2B 4n(B)—j

n(B=1)

D2B(

o ZA“

I)DzB ($2
+1bys_y (€1) Dy (2”) Dy (at)
+¥3s_ (2?) Dyn (1) Dy(

n

)

33

= ZJB o 127, n®) 28 = n. We have
Dj(at,2?)

(3_11) Dj—i-QB +23([)§ l‘) (2 23)

Doz (x) + o5 Dj(), (2.24)

+ Pys_y (2" )W3s_y (4®) Dy (2, 2?). (2.25)

1
2 : anp—1 1 .2
Aan An(B—l)_ij-l—ZB,j—l-QB (CE , L )

1 gy nF7H 2 1
i %3_1(27%?23(:[ ) ; Ai?mlﬂD ( ) %B—l(ié?ﬁ(l’ )
n(B-1) n(B-1)
« Z AQ?B—)LD ) ¢25—1( 2B 1 Z AQ?B)LD 2)
_Dan(@DDan(a) "N~ s aoa(e) Dan(a)
N A — n®g; T Aan
n(B—1) ~ n(B 1
< 3 A e+ S it 0y
n(B 1)
4 Yo A:f:fB L Z Aot Dyt ). (2.26)
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Therefore, from (2.26) and with the help of Abel’s transform with analogous
steps to the proof of Lemma 2.1, we get

n(B=1)
1 o
Aaa Z An?B—l1>_ij+2B,j+2B($1v932)’
A%
S Qzan DQB(.CCl)DQB(x )]
ag(l — ay) 2]
ST v<j>”DQB<xl>Kj<x2> + | Don () ()
j=0
(1-an) "~
o, (1l — ay, )
+ Qj(l‘l, 1‘2) +TLT Z v(5) D2B($1)Kj(x2)
j=2k
2 1 1,2 Apn—! B-1 1
+ | Do (27) Kj(27) | + (2, 27)| | + Anan (n'”V) Dy (2)
X Kn(B—1)(.Z’2)‘ +nB(n(B_l))DQB(QT2>‘Kn(B—l)(xl)‘

+ (nBD) ‘QMB_U (, x2)) . (2.27)

Thus, (2.27) implies that

‘Qa"(xl, 22| < Qon (2, 22). (2.28)

Define the maximal operators

oinfi= sup |oo"f| = sup ‘f * Qg"(xl, [EQ)‘
nENa,q neNa,q
and
Gonf = sup |Gonf] = sup |fxQon(a!, 2?)|.

nENa,q NENa,q

We prove Lemma 2.4, which is essential tool for the proof of Theorem 2.5. The
way we get this is by the investigation of kernel functions, its maximal function
on the 2-adic group. This is the very base for the proof of main results.

Lemma 2.4. Let 1 >, > 0, f € LY (I x ) such that

supp f C I(u') x I (u?), / fdA =10
T (u) x T (u?)
for some 2-adic rectangle Iy(u') x Iy(u®) C T x 1. Then, we have

/ sup (7141 < C, 1, (2:20)
T (uh) > Ig (w?)

nENa,q
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Proof. From Lemma 2.3, we have
San (12 a1 2 Alle) 1 2
(a2, 2%)| =|ae! (2", 2%)| + 25 Dys (2') Do (%)
Alls)
an(l—ay) 2]
+ % Z V(j)| Do (z1) K (2?)
=0
an(l—ay) 2
+ % Z V(j)| Das (2%) K ()
=0
2k_1
(1 — an) : 1,2
+TZV(J) Q;(z", 27)
7=0
(1 ) nG—1)
an(l— ay, ,
4 22 200) S )| D () K (02)
j=2F
(1 ) nG—1)
an(1l — ay, _
+ = D ()| Dan (27K (o)
j=2F
(1 ) nG=1)
On n 1.2
+ o Z v(5)|€ (2, z%)
j=2k
Aan—l
e () D) Ko (02)|
+ (1) Doy (22) |y ()|
+ (n(t_l))‘Qn(t_n(xl, 1‘2)‘
11
=Y 9, (2.30)
r=1
From Lemma 2.1, the estimation for integral
/ sup| [ P )00y + 2y a?)du(e ) du(y o)
Ik(ul)xlk(u2) neN ]k(ul)xlk(uZ)
<Cfly -
(2.31)

Since f* D, = 0 for t < s < k because of the A measurablity of Dy o+ and

Jfr=o.

Besides, Dyt ot (y' + 2, y? + 22) = 0, for s > k, (y' + 21, y* + 22) & I}, X Iy, then

/ sup| [ Fla )@yt + 2,y + ), )| dty' o)
I T () x Iy (u2)

k(ul)xlk(qﬂ) neN
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(2.32)

Likewise in the proof of Lemma 2.1, for r = 3,4,9, 10, 11, we have the estimation
for the integral

/ sup| [ Fla ), (g + 2o + )l 2|y )
T (uh) X I ( I (ul) x I (u?)

u?) neN
< C| ;-
(2.33)
Since (see Lemma 1.2), we note the estimation for integral
/ sup |©;] < C < o0
To(u') x I (u?) j>2"
and the fact that
(1 ) nG=1) (1 ) nG-1)
Qp — Qp . Oy, — Qp .
S Y S T D)
j=2k Jj=1
(]71) Qn 2] Qn
<o) o2 (2.34)

we have the estimation for integral

/ ‘/ f(@', 2?)@s(y' + 2,y + 2®)dp(z', %) |du(y", y*)
T (ut) X I, (u?) ”GN I (ul) x Ip,(u?)

< CyllFlly-

(2.35)
Similarly, we get
/ sup‘/ flz'x )[@6(y1+x1,y2+x2)
Ik X[k u2 neN Ik ul ><Ik u2
+ Drly! + 2,y + ) dplat 2 | duy' o)
< Collflly + Co LAl < Coll £l - (2.36)
Besides,
/ sup| [ P o)yt g2 + ) ) ', 57)
I (ub) x I, (u?) neN 1 J I (ul) x I (u?)
=0,
(2.37)
as similar to the proof of Lemma 2.1, for j < 2*. Thus, (2.31)—(2.36) imply the
lemma holds true. O

In the following theorem, we prove that o%, 7,%" are of strong type (L, L)
and operators o, 7, are of weak type (L', L').
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Theorem 2.5. Let A > 0 and f € L'(I?), g € L>°(1?). Then,
16:4"9lloe < Cqllgllee s o9l < Co llgll

and

ult (o2 )| > Ay < Sl

p({a (o2 )| > ) < Sl

Proof. Analogous with methods of proving Corollary 2.2, we can get upper esti-
mate for the L'-norm of Q%». That is,

~ Aan B
1957, @)l < 195, )l + 52 Dy () | Do (a2
()
(1 —ay) = ) )
4 220D S Gy 1Dm () 1 )
=0

+ 5| Dys (22)][1] | K (211 + 119 (=", 1‘2)||1]

ol s [HDQB@lmlqu(:czml

non
j=2k

+ [[Don (2%) 1| () 1 + 119 (=, wQ)!h]

an—1

+ A”_
Aan

+ (npn'™ D) Do (22) ||| Km0 (2|

(n77) s (1D ()1 K (%) 1

+ 0T )1Q 0 (2, xQ)IIl]

<C+C <c, (2.38)

(n)on
since n € N, ,. This, implies that ¢,“" is of strong type (L*, L*>°). By the fact
that [Q (2!, 22)| < Qo (z',2?), we have the result that o is of strong type
(L*°, L>=). To proof ¢,* is of weak type (L', L'), we follow the applications of
Calderon-Zygmund decomposition lemma in [11]. That is, let f € L'(T?) and
| fll; <n. Then there is a decomposition

f:f0+2fj

j=1
such that
[ follo < Cn, I holl, < C 1l
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and
VP x I = I, (u") x I, (u)?)

are disjoint 2-adic rectangles for which

supp f; C IV x I/, fidA=0, (W' u?) elxl k€N, jeP,
17 x 19
C|l fill % (T < T
AF) < m— where = U7 (P x V). (2.39)

By the o-sublinearity of the maximal operator with an appropriate constant C,
and since 62" is of strong type (L™, L*°), we have ||, foll . < Cq || folloo < Cyn.
Since

NG f > 2Cqn) < Mae™ fo > Cn) + MG Zf] > Cyn)
<0+ A& ij > Cyn)

<AF) + A[F (a0 ij >Cy)|

Clfll: | Cox / "
< + — a2 fid\
n n ; 17 X7 ’
clifll,
N n
+ / sup / fi(zt, 2? ‘
Z (u?)x Tk, (u9) n€Nan g | J Ik (W)X I, ; (W) ]( )
X Oy + ot gt + 2| AN ), (240)

and with the help of Lemma 2.4 (that is, 9" is quasi-local), we can estimate the
boundedness of

S e | )
3 T, ()< (ud) n€Nap g | Ty (w)x Ty, (u7)
X |G (y! + 2t y? + 2% dA 7)) |aNy )
<Gyl - (2.41)

Hence, the operator 62 is of weak type (L', L'). As a result 2 is of weak type
(L', L'). This completes the proof of Theorem 2.5. O



(C,a)-SUMMABILITY 39

Theorem 2.6. Let f € L'(I x 1) and 1 > a,, >0 . Then,

ay"f = f ae. for n—o00,n€N,,

Proof. By the standard consequence of the fact that maximal operator o is

of

weak type (L', L'), the fact that it holds for each two-dimensional character

polynomial of the group of 2-adic group (linear combinations of 1;(z');(x?)) and
the fact that set of two-dimensional character polynomials is dense in L*(Ix I) in
which this density property obtained from the fact that one-dimensional kernel

fu

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

nction Do is equal to either 2™ or zero, the proof of this theorem follows. [

REFERENCES

. L. Blahota, L.E. Persson and G. Tephnadze, On the Nérlund means of Vilenkin—Fourier
series, Czech. Math J. 65 (2015), no. 4, 983-1002.

. L. Blahota and G. Tephnadze, On the (C, «)-means with respect to the Walsh system, Anal.

Math. 40 (2014), no. 3, 161-174.

I. Blahota, G. Tephnadze and R. Toledo, Strong convergence theorem of (C,a)-means with

respect to the Walsh system, Tohoku Math. J., 67 (2015), no. 4, 573-584.

G. Gat and A.A.A. Joudeh, Almost everywhere convergence of the Cesdro means of two

variable Walsh—Fourier series with variable parameters, Ukr. Math. J. 73 (2021), no. 3,

337-358.

G. Gat and A. A.A. Joudeh, Almost everywhere convergence of Cesaro means of Walsh—

Fourier series with varying parameters, Miskolc Math. Notes. 19 (2018), no. 1, 303-317.

T. Akhobadze, On the Generalized Cesaro means of trigonometric Fourier series, Bull.

TICMI. 18, no. 1, 75-84.

M.I. Dyachenko, On (C, «)-summability of multiple trigonometric Fourier series, (Russian)

Soobshch. Akad. Nauk Gruzin. SSR. 131 (1988).

S. Fridli, On the rate of convergence of Cesaro means of Walsh—Fourier series, J. Approx.

Theory. 76 (1994), no. 1, 31-53.

G. Gat and A. Tilahun, Multi-parameter setting (C,a) means with respect to one-

dimensional Vilenkin system, Filomat 35 (2021), no. 12, 4121-4133.

G. Gat and A. Tilahun, On almost everywhere convergence of the generalized Marcienkiwicz

means with respect to two dimensional Vilenkin-like systems, Miskole Math. 21 (2020), no.

2, 823-840.

G. Gat, On (C,1) summability for Vilenkin-like systems, Stud. Math. 144 (2001), 101-120.

G. Gat, On the almost everywhere convergence of Fejér means of functions on the group of

2-adic integers, J. Approx. Theory, 90 (1997), no. 1, 88-96 (English).

G. Gat, Almost everywhere convergence of Cesdro means of Fourier Series on the Group of

2-adic integers, Acta Mathematica Academiae Scientiarum Hungaricae, 116 (2007), no. 3,

209-221.

I. Blahota and G. Gat, Almost everywhere convergence of Marcinkiewicz means of Fourier

series on the group of 2-adic integers, Studia Mathematica. 191 (2009), no. 3, 215-222.

G. Gat, On the pointwise convergence of Cesdro means of two-variable functions with respect

to unbounded Vilenkin systems, J. Approx. Theory, 128 (2004), no. 1, 69-99.

G. Gat, Cesaro means of integrable functions with respect to unbounded Vilenkin systems,

J. Approx. Theory, 124 (2003), no. 1, 25-43.

G. Gat and L. Gabor, Almost everywhere convergence of Cesaro-Marczinkiewicz means of

two-dimensional Fourier series on the group of 2-adic integers, p-Adic Numbers, Ultrametric

Anal. Appl. 14 (2022), no. 2, 116-137.

G. Gét and U. Goginava, Almost everywhere convergence of (C,a)-means of quadratical

partial sums of double Vilenkin—Fourier series, Math. J. 13 (2006), no. 3, 447-462.

G. Gat and U. Goginava, Mazimal operators of Cesdro means with varying parameters of

Walsh—Fourier series, Acta Math. Hungarica. 159 (2019), no. 2, 653-668.



40

20

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33

A. TILAHUN ADIMASU

. U. Goginava, Almost everywhere convergence of (C,a)-means of cubical partial sums of
d-dimensional Walsh—Fourier series, J. Math. Anal. Appl. 141 (2006), no. 1, 8-28.

U. Goginava and F.Weisz, Mazimal operators of the Fejér means of triangular partial sums
of two dimensional Walsh—Fourier series, Degruyter GmbH and Co.KG, 2012.

I. B. Kaplan, Cesaro means of variable order, Izv. Vyssh. Uchebn. Zaved. Mat. 18 (1960),
62-73.

J. Marcinkiewicz and A. Zygmund, On the sumability of double Fourier series, Fundamenta

Mathematicae. 32 (1939), 239-240.

K. Nagy, Approximation by Cesdro means of negative order of Walsh—Kaczmarz—Fourier
series, East J. Approx. 16 (2010), no. 3, 297-311.

K. Nagy, Approxzimation by Norlund means of Walsh-Kaczmarz—Fourier series, Georgian

Math. J. 18 (2011), 147-162.

F. Schipp, W. Wade, P. Simon, and J. Pal, Walsh series: an introduction to dyadic harmonic
analysis, Adam Hilger, Bristol and New York, 1990.

L.E. Persson, G. Tephnadze and F. Weisz, Martingale Hardy spaces and summability of
Vilenkin—Fourier series, Birkhauser/Springer. 2022.

A. Tilahun, Almost everywhere convergence of varying-parameter setting Cesdro means of
Fourier series on the group of 2-adic integers, Mathematica 65 (2023), no. 2, 153-165.

A. Tilahun, Almost everywhere convergence of varying parameter setting Cesaro means
of Fourier series with respect to Walsh—Kaczmarz System, Annales Math. Silesianae. 39
(2025), no. 2, 190-208.

F. Weisz, Convergence of double Walsh—Fourier series and Hardy spaces, J. Aprox.Theory,
17 (2001), no. 2, 32—44.

F. Weisz, Cesdro summability of two-parameter Walsh—Fourier series, J. Aprox.Theory, 88
(1997), no. 2, 168-192.

L.V. Zhizhiasvili, A generalization of a theorem of Marcinkiewicz, Mathematics of the
USSR-Izvestiya, 2, (1968) no. 5, 1065.

. A. Zygmund, Trigonometric series (English), University Press, Cambridge. 1959.

DEPARTMENT OF MATHEMATICS, WOLLO UNIVERSITY, ETHIOPIA.
Email address: mariyamawitanteneh@gmail.com; anteneh.tilahun@wu.edu.et



	1. Introduction and preliminaries
	1.1. Introduction
	1.2. Preliminary lemmas

	2. Main results
	References

