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ABSTRACT. Very recently, some composition operators were introduced by
means of Laguerre polynomials. Here we extend the results of Gupta by es-
tablishing some of the direct estimates for such operators on [0, 00).

Moreover, we introduce a new version of these operators that preserves linear
functions and in comparison to their original version, has better approximation
outcomes on [a + 2,00)(a > —1).

1. A COMPOSITION OPERATOR

Sucu, Icoz, and Varma [10] proposed an important operator based on Laguerre
polynomials for z > 0 and a > —1 as

a _ _—nt/29—a—1 = lra —nt {
(Gof)(t) = e ™/?2 ;O 2L <_2 )f <n>
where

. ‘ a+0)! .
Li=) ::; (z—i)!(ais)!s!t’ o>l

The Durrmeyer variant of Szdsz-Mirakyan operator (see [8] and references
therein) is defined by

where s,(r) = e "r" /vl
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Very recently, Gupta [6] captured a new operator by composition of G% and
Sy, as

(Qu)(t) := (Su 0 GL)(1).

In [6], a term was inadvertently omitted, which we now correct as follows:

0= s (%) Ly

where

oz—i—ﬁ 1 2nt
nf 2a+ez a+5)|3s+1 1By (1+ L 3)'

For simplicity, we write the aforementioned sequence Q = (Q2) and for f €

Dom(Q) = ﬂDom(Qﬁ), where Dom(Q%) denotes the set of all functions f :

neN
[0,00) — R, for which the operators (1.1) are well defined.

Numerous integral and discrete operators of exponential and nonexponential
types are known to exist; see, for instance, [2, 1, 3, 5, 7, 9] and so on. The
operator provided in (1.1) is not of the exponential kind; rather, it is just a
discrete operator. Furthermore, it is noted that these operators do not maintain
linear functions. We examine asymptotic expansion in limiting and quantitative
form in the current paper. Ultimately, we adjust these operators appropriately

to maintain linear functions.

2. MOMENTS
Lemma 2.1. The moments of QS are given by

(Qneo)(t) = 1,

(@et) =t + 22

10+ 6 2+ 9nt + 2ant
(Qgeg)(t):t2+ + 6a + « ;L nt + Z2an
n

', 74 + 48 + 1202 + (a® + 97 + 33a. + 3a?)nt + (21 + 3a)n*t?
3

)

(Ques)(t) =

I

1
(Q%4)(t) = t* + = [730 +490a + 144a* + 200 + o* + 1257nt + 520ant

+ 78a’nt + 4a’nt + (403 + 96 + 6a°)n’t* + 38n°t* + 4an3t3] :
Proof. By moment generating function of the operator Q% given in [6], we have

(@Qne™)(t) = % P (”t (z:i—;;“» '

Differentiation partially repeatedly with respect to A and substituting A = 0, the
moments can be obtained. O
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Lemma 2.2. The central moments of p ((t) = (Qn(u —1)°)(t),s = 0,1,2,...,
are given by

Mz,o(t) =1,
a+2
(67 t —
Mn,l( ) n )
N 10 + 6 4 o + 5nt
Mn,Q(t) - TL2 ) (21)
N 74 + 48a + 1202 + o + 67nt + 15ant
Mn,3(t) = n3 3
o (1) 730 + 490cr + 14402 + 2002 + o* + 961nt + 328ant + 30a’nt + THn*t?
Mn,4 = :

A
In view of the Cauchy—Schwarz—Bunyakovsky inequality, clearly note that the

absolute moments satisfy
}Mg,l(t” < \/Ng,z(t)- (2'2)

Moreover, for all ¢t € [0, 00), one can observe that
fin, () = O (WL%D : (2.3)
where |m] stands for the integral part of m.

3. ASYMPTOTIC EXPANSIONS

This section deals with the asymptotic formulae and other direct results.

Theorem 3.1. Let us consider f € Dom(Q)ﬂL"O([O, 00)) having first derivative
at a fized point t. Then

(@ N)(@X) = f(t)+ f' (1)

Proof. By Taylor’s series expansion, with a bounded function hy,(t) satisfying

lim hen(t) =0 and Lemma 2.2, we can write
£ 5t

o+ 2
n

+o(n") (n — 00).

@)(0) = i s (5)
Sl (-)ranat-)

= JO) + 1" (&) s () + D Sie(t)hen(?) (é N t>

n

. a4+ 2
= f(t)+ -

We estimate the remainder term R; let € > 0 be fixed. Since hy,,(t) is a bounded
with lim Ay, () = 0, there exists § > 0 such that |k, (t)| < e for each | £ —t| < 6.

£/n—t

f () + R.
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Hence

- E smonan(-)  sonan(i-)

|ﬁ—t‘25 ]f—t|<5
= R1 + RQ.
In view of (2.2), we obtain

Bl =| 5 st (5-1)| e ¥ su|t-

| £—t|]<o |£—t|<s

10 + 6 4+ a2 + 5nt B
< e/ ,(t) 28\/ — =o(n™)

for n — oo. Moreover, with a constant B > 0 such that |hy,(t)] < B, we get

l
< o - — -1
RI<B ¥ S|t -t o)
Lt|>s
as n — 0o, and hence the claim follows. O

Theorem 3.2. Let us take [ € Dom(Q)ﬂL"o([O, o0)), and suppose that the rth
derivative of f exists at fived t. Then the following asymptotic formula

Qnf) —i—zf +0<_LT-2H> (n — o0),

holds true, where py ; is the ith order algebraic moment.

Proof. Since function is r times differentiable at a point ¢ by the local Taylor’s
formula with a bounded function hy,(t) such that £1m hen(t) = 0, we immediately
£yt

have
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Let us consider the term ;. Then

Now, we evaluate the term remainder term R.
Let € > 0 be fixed. Since h (y) is a bounded function such that lim hy,(t) = 0,

/n—t
there exists § > 0 such that |h,(t)| < e for every |£ —¢| < 5. We have
f T
R = Z Z
S S (0) B >( t) S 52,(6) o ><n t)
£ £
= R1+R2,

In view of (2.3), we obtain
[Ral < e Jus, ()] = o (n7 1))
for n — oo. Moreover, for a constant B > 0 such that |he, ()] < B, we have

|Ry| < Bug,(8)] = o (”*WU

for n — oo. Thus
lim |R| =0,

n—o0

and hence the claim follows. O

Consequences of above Theorems 3.1 and 3.2 provide the following first and
second order Voronovskaya type theorems, respectively.

Theorem 3.3. Let f € Dom(Q)ﬂL"o([O, 00)) and have first derivative at a fized
point t. Then

Timn [(QLA)(1) — F(1)] = (0 +2) £ (1),

Proof. Applying the asymptotic formula of Theorem 3.2 with » = 1, and using
(2.1), we can write

(@ )
@no =10+ 3 00106 om0
Then the proof follows by passing to the limit for n — oo. OJ

Theorem 3.4. Suppose that [ € Dom(Q)ﬂL"O([O,oo)) is a function having
second derivative at a pointt. Then we have

lim n [(Q5f)(t) = f(1)] = (+2) f' () + %f" (t).-

n—o0
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Proof. As in the proof of Theorem 3.3, applying the asymptotic formula of The-
orem 3.2 with r = 2, and using (2.1) we get

Q1) —l-zf -I—o( L%D (n — 00).

Then the proof follows by passing to the limit for n — oc.
The above theorems show that the point-wise approximation order is at least
O(n™1), as n — +oo0.

O

4. QUANTITATIVE VORONOVSKAYA TYPE ESTIMATES

In this section, we give some quantitative estimates for the Voronovskaya type
results given in the previous section.

Let f : I — R be function. By C°(I), we denote the space of all uniformly
continuous and bounded functions f : I — R. For m > 1, by C"™(I) the subspace
of C°(I) with functions f : I — R is m-times continuously differentiable and
fO e o).

At first, we recall some important relation and estimation on the Taylor re-
mainder term obtained by Gonska, Pitul, and Raga [4].

By

w(f,6)= sup sup | f(z+h)— f(z)],

0<h<d z€[0,00)
we denote the usual modulus of continuity of f € Cg[0, 00).
For Cp[0, 00), let us consider the following Peetre’s K-functionals:

Ky(f;0) == inf {[If =gl +0[g"] .} (4.1)
geWw
where § > 0 and
W*={geCpl0,0):¢,4",... g e Cpl0,00)}.
Then there exists an absolute constant C' > 0 such that
“lw(f;V0) < Ki(f30) < Cw(f;V0),
KZ(fa 5) S Ow2(f7 \/5)7 (42)

where

wo(f,V6) = sup sup | f(t+2h) —2f(t+h)+ f(t) | (4.3)

0<h<V/5 t€[0,00)
is the second order modulus of smoothness of f.
Let f € C™(I), and consider the following version of the Taylor formula:

m () |
F=> S (b) (t —to) 4+ Ru(f: 1, to),

2!
i=0
where t,to € I and R,,(f;t,to) = h(to —t) (to — ¢)" is the remainder term satis-
fying

|t — t0|m m
Y (f™; [t = tol) (4.4)
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and

[t —to|™ (m) |t — o]
. <9z my. 4.

(see [1]).
Here we study quantitative estimates of the convergence results.

Theorem 4.1. Let f € C" and t € (0,00) be fized. Then we have
‘ ) (@) Z s~

2l 5] e (1) 0]
= i (f ’2<r+1>\ug,r<t>\>‘

Proof. Using the Taylor formula of the rth order as in Theorem 3.2, we get

o f
iasr Z
<nl ST s R (£ 58)].
>n ; n,E( ) f7 n?

Since the remainder term R, (f;£,t) = hen(t) (£ —t)" satisfies (4.5), we can
write

nl'2

Lr+1J [(QO‘ Z f(l
nalt =l J! o, L=l
7 2(r+1)
Let g € C" be fixed. Then there holds
ri1 L@
2@ 0 - 101 - 3 0

i=1

2155 0plt =, (o =4
JZS“ Ak 2(r +1)
t— L I
Y sl S - o s Jmil g
£=0
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This yields

+ —!”LT;” ‘M%,r-&-l(t)‘ .

Finally, the quantitative estimate that follows, is

L] Qo p) (1 Z /o

2n

‘,un r ’Mgm-ﬁ-l (t) |

| (r) (r (r+1)
< _
— {Hf Hoo—i_2<7,._|_1> |N%,r(t)} Hg ”
nm \ua 0] 1)
n,r (r). n,r+1
= 7! K1 (f "2(r+1) }ugﬂ,(t)‘) '
]
Corollary 4.2. Let f € C' and t € (0,00) be fized. Then
218, (t 5 5(t)
n(@af) ~ £ (o +2) £ (1) < Sl g V2T
M%z(t)

As corollaries of Theorem 4.1 for r = 1 and r = 2, we obtain quantitative
estimates for the first and second order Voronovskaya results given in Theorems
3.4 and 3.3 proved in the previous section, respectively.

5. CONSTRUCTION OF AN OPERATOR PRESERVING LINEAR FUNCTIONS

It is obvious from Lemma 2.1 that our new operators (Q¢) defined as (1.1) do
not preserve the linear functions. As the operator Q)% reproduces only constant
functions, this inspired us to propose modifying it to retain both constant and
linear functions.

To preserve the linear functions, we will restrict the domain of these operators
t > a+2, a > —1 and then the modification of the operators provided in (1.1)
is defined as

@ D= @i (- *2) - Z (=20 (8) e

where

a+€ 1 2nt
nt ( 2a+éz Wa + s)! 35+ 11 <1+8;1;?> ’
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fort € I, = [O“T“,oo) (n > 1), and then the corresponding moment generating
function turns out to be

. 2—en - o oh _
Q%" e ><t>%exp<n(t ZQ> (3_26%:».

As in Lemma 2.1, one has the following result.

Lemma 5.1. For every t € [a+ 2,00),a < 2.5 the algebraic moments of the
operators Q% defined in (5.1) are given by

(@ eo)(t) =1,

(@ e)(t) =t,

(Qi*@)(t) =t + n
o N —31la + 15t%n* + (25 — 9a)tn — 44

n3

nt(5 —2a) + 6a — 4
2

)

| 270’ — 267a 4 306°° + (199 — 18a)¢*n” + (69 — 214a)tn — 460

n4

Lemma 5.2. Let f € Cg[0,00) (the class of all uniform continuous and bounded
functions on [0,00) and with norm || f ||= sup{|f(t)| : t € [0,00)}). Then one
has fort € [a + 2, 00),

ey fI<If1I-
Proof. In view of (5.1) and Lemma 5.1, the proof easily follows. 0

As a consequence of the above Lemma 5.1, one has the following result.

Lemma 5.3. For everyt € [a+2,00), the central moments of i (t) == (Q% (u—
t)*)(t),s =0,1,2,..., are given by

#3,*0(75) =1,

uiﬂ (t) =0,

/ngz(t) _ nt(5 — 20;)24— 6a — 47 (5.2)
« 3la — 37nt — 6n*t?a + 27Tnta + 44

ui,s(t) = - 3 )

/Lgl(t) _ 12n383a — H54nt?a — 75m2t? + 90nta — 245mt — 2702 + 267a + 460.

nt

We may observe here that, for —1 < o < 2.5, all of these moments are positive
for sufficiently large n.

Theorem 5.4. Let f € Cg[0,00). Then one has fort > a+2 and —1 < a < 2.5,
Q7)) = £() < 2w (£, 77) (5.3)
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where

nt(5 — 2a) +60z—4)1/2
5 :

5%, = (3 (0)? = (

n
Proof. Clearly, in view of the monotonicity and linearity of the operators Q%
for every 6, > 0, one gets
ot M%,*Q(t)
@ N0~ f@ 1< w(r0) [ 1+ 55 < 2u(r0).
If we choose 0 = 6%, then the proof follows. O
Theorem 5.5. Let f € Cp[0,00). Then one has fort € [0, 00)
| (@nh)(E) — f(t) |< 2w (f,07,) .
where 12
N 10 + 6 + o + 5nt
3t = a0 = R
n
Proof. Similarly, in view of the monotonicity and linearity of the operators
for every d;, > 0, one has
N Mgz(t)
QRN = f#) IS w(f,0) | L+ F—— | 2w (f,9). (5.4)
Choosing § = 4y, then the proof follows. O]

Theorem 5.6. Let f € Cg[0,00) and let t € [a + 2,00), —1 < o < 2.5. Then,
there exists an absolute constant C such that

nt(5 — 2« o — 4]1/?
|@z*f<t>—f<t>|sow2(f,[“5 2) + 6a — 4] )

n
where i 5(t) is given by (5.2).

Proof. Let g € W2, let t € I,,, and let t > 0. Using Taylor’s theorem, we have
9(t) = gl6) + (u =) + [ (= w)g'(w)du. (55)
t

Applying Q%" on both sides of (5.5) and using Lemma 5.3, we get

Q2 0)(t) — (1) = (@ (u— D)D)/ (1) + (Q"‘ ( [ —w)g"(w)dw)) (t)
Obviously, we have | [\“(u — w)?g"(w)dw| < (u — t)?||¢"||. Therefore
(@ 0)(0) — (1) |< (Q2 (u —1)? >< Vg = o) 6" 1
Since | Q" £)(t) |< I17], we get
QAW — FO) <@~ )0 [+ (f — ) | +] Q% 9)E) — 9(0) |
<20f - gl + uH Ol
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Finally, selecting the infimum over all g € W? and making use of (4.1)-(4.3) and
Lemma 5.3, we get

nt(5 — 2a) + 6 — 4 12

2 Y

(@7 f) = f1(&) |< Cwz | f,

n
which proves the theorem. O

Remark 5.7. From (5.3) and (5.4), we see that the estimates of error given in
Theorem 5.4 are better than those given in Theorem 5.5 provided f € Cg[0, 00)
and t € [a+2,00).

In fact, for t € [a + 2, 00),
nt(5 — 2a) + 6a — 4 < 10 + 6 + o + 5nt

2 - n2

n
implies

30” + 4o+ 14 > 0,
which is always true. This yields

0 < 62, < o8,

for t € [a +2,00) and so the claim follows.

We might expand the research in the future studies to include the preservation
of exponential functions. The approaches have different analysis, which we will
cover in another article.
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