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NONLINEAR MAPS MIXED JORDAN TRIPLE
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ABSTRACT. Let A be a factor von Neumann algebra with dim (A) > 2. In
this paper, we prove that a map ® : A — A (not necessarily linear) satisfies
O (APBOC) =D (A) ¢BOC + A¢D (B) OC + A#BOP (C) for all A,B,C € A,
if and only if ® is an additive *-derivation.

1. INTRODUCTION AND PRELIMINARIES

Let A be an associative x-algebra over the complex field C. Amap®: A — A
is called an additive x-derivation if it is an additive derivation and satisfies
P (A*) =D (A)" for all A€ A.

For A, B € A, we define the Lie product [A, B], skew Lie product [A, B], and
the Jordan *-product A e B by

[A,B| = AB—BA, [A,B].=AB—BA*, and Ae B = AB+ BA”*, respectively.
We also define A¢B and AQB, by For A, B € A,
A¢B =A"B+ B*A and, AOB = A*B — B* A, respectively.

These products have recently attracted the attention of many authors (see for
example, [1, 2, 3, 4]). Liu and Ji [7] proved that a bijective map ® on factor von
Neumann algebras preserves the product 4 if and only if ® is a *-isomorphism.
Zhou et al. [9] studied the structure of nonlinear mixed Lie triple derivations
on prime x-algebras. They proved that any map ® on a unital x-algebra A,
containing a nontrivial projection, satisfying

© ([[A, Bl., C]) = [[® (A), Bl., C]+[[A, © (B)]., C]+[[A, Bl., @ (C)] (A, B,C € A),
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is an additive x-derivation. Li et al. [(] studied the nonlinear maps preserving the
mixed product [Ae B, C], on von Neumann algebras. Zhang [10] studied nonlinear
maps that preserve the mixed product [A, B].eC on factor von Neumann algebras.
Recently, Li and Zhang [5] proved that & is a nonlinear mixed Jordan triple
x-derivation on factor von Neumann algebras if and only if ® is an additive *-
derivation.

In this paper, we prove that a map ® : A — A satisfies

O (AQBOC) =D (A) #BOC + A#D (B)OC + A¢BOD (C) (A,B,C e A),
if and only if ® is an additive x-derivation.
2. MAIN RESULTS
To prove our main result we need to quote the following lemma from [8].

Lemma 2.1. Let A be a von Neumann algebra with no central abelian projections.
Then there exists a projection P € A such that P =0 and P = I.

Theorem 2.2. Let A be a factor von Neumann algebra with dim (A) > 2. Then
a map ® : A — A satisfies

O (AQBOC) =P (A) 4BOC + A4D (B)OC + A¢BOP (C) (A, B,C € A),
if and only if ® is an additive x-derivation.

Proof. The necessity is clear. The proof of sufficiency is divided into several steps.

Step 1: It is clear that ® (0) = 0.

Step 2: @(g) :<I>(é) € Z(A).
For every A € A, we have

I 1 1 I A+ A* 1 IN® [A+ A
oo (anyo5) mangon (5) = (57) 2 (5) -2 (5) (557):

1 IN"
By putting A = I in the latter identity, we can conclude that ® (5) = (—) .

2
Therefore, ® (é) cZ(A).

Step 3: @ (A) =@ (A)", for every self-adjoint A € A.
Let A € A, then

o (% (A— A*)) _y (gogoA)

1 I 1 1 1,1

:2(@ (é)A—A*@ (g)) +£(<I>(A)—<I>(A)*).

If A= A* then from the latter identity we arrive at ® (A) = ® (A)".
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siop 0 (4) —a(1)cza

For every A € A, we have

oo (Leaod) o
()

o *AO
o il
— ) A+ A (=) ).
( 2> ra0(5)):
e =m0 (5] = 2(5) o (5) -0 (3)

ol
which holds true for all A € A;. Therefore, ® < 5 ) € Z(A).

%) 0A<>— —o<I>(A><>% —0 0% (”)
I

~.

1
Step 5: ¢ % = 0.

It follows from
il il il il
Pl — ]| =D —¢—0—
(3)=2(3030%)
il il il il il ol ol il il il
=0 — | ¢=—C—+—@0 | = |O—+—@¢—0P| — ) =3P | — ).
(2)‘202+2‘ (2)02—'—2‘2<> (2) 3 (2)

Step 6: @ (1A) =id (A) for all A € A,.
From Steps 4 and 5, we have

®(id) = (A0£<>%) = ®(A) ogoi— A4 ( ) <>— A Low (”)

I I
Employing the latter identity for A = 50 e get P (5) = 0. Therefore,
O (iA) =id (A).

For the following steps we need to fix some notations. Suppose that P € A is
the projection with P = 0 and P = I, whose existence confirmed by Lemma 2 1.
Set P, =P, P, =1—P, and A;; = PAP; (i,j = 1,2) Then, A = Z” LA
When we write A;;, it indicates that A;; € A;;, (4,5 = 1,2). We also define A12
by Ay = PLAP, + P,AP;, for every A € A,. Hence, for every A € A,, we get
A=A+ A+ Ag.

Step 7: For every A, B € Ay, we have ® (A3 + Bz) = ® (A1) + @ (Bi2), and
Q (B2 + Ag) = ¢ (B12) + @ (Ag).
We set

=& (A1 + Bi2) — (A1) — © (By2).
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1
We need to show that 7' = 0. To this end, since [4A;10iP, =0, ® (§> =0, and
¢ (0) =0, we get
I , 1 .
5‘@ (A1 + Byg) OiPs + 50 (A1 + By2) 0P (iPs)

I
= (50 (A1 + Bis) OiPQ>

= (5031202'132)
1 , I :
= 5‘@ (B12) OiPy + 5‘3120@ (iPy) .
From this, we conclude that
gOTOiPz = 0.
Thus, T'15 = Ty, = 0. Similarly, we can conclude T; = 0. Therefore,
O (A + Bio) = P (A1) + @ (Bo) .
Likewise, we obtain
O (Bya+ Ag) = O (B12) + © (Ag) .
Step 8: @ (A + Big + Ca) = O (A1) + P (B12) + P (Con), for every A, B, C €

As.
Set T = ® (A + Bia + Co) — (A1 + Bya) — ©(Cy). We shall show that

1
T = 0. Since 0220507;]31 =0, we get T5 =T1; = 0. It follows from Step 7 that
I . I ,
O (A + Bia + C) 0§<>sz + (A1 + Bia + C) ‘50@ (iPy)
I . I . I .
= <<A11 + By + Cy) ’§<>ZP2) = (3120501132) +& <022‘§<>ZP2)
I I .
=& <(A11 + Bis) ‘EOZPQ) + o (02205011[)2)
I , I . I, .
= (A11 + B2 + Cy) ‘EO(I) (iP2) + ® (A1 + Bia) ‘§<>ZP2 + @ (Cy2) ’§<>ZP2-

1
This implies that TQ§<>Z'P2 = 0. From this we obtain that T5, = 0, therefore
T =0, as claimed.

Step 9: @ (A, + Bjx) = (Aji)+P (Bji), forevery A Be A, 1 <j#k <2
Since

I . . . .
5¢ (Pj+ Aji,) Oi (Py + Bj) =i (Aji + Bj) + (14, B + 1B Ajy)
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we get from Step 6 and Step 8 that

(i (Ajr+ Bj) + P (1A Bjr +iBjAj;) = ® (éo (Pj+ Aji) Qi (P + Bjk)>
= JH@(P) B (A) 0 (1 (Pt Byw)) + 5 (P + A) O ( (iP) + @ (iB))

I _ I _ I ,
=& (1A;) + @ (iBj) + © (1A;,Bjx +iBjAjx) -
It follows ® (iAj; +iBj;) = ® (iAj;) + © (iBjg) , from which we get

® (Ajk + Bjr) = © (Aj) + @ (Bji) -

Step 10: For every Ajj, Bjj S Ajj, P (Ajj + Bjj) =0 (Ajj) + o (BJJ)
Set T'= & (Aj; + Bjj) — ®(A4;;) — P (By;) (1 <j#k<2). Wesee that T = 0.

1 1 I
Since §0Ajj<>iPk = §QBjj0iPk = 0. We conclude that EOTOiPk = (. Therefore
Ty = T, = 0. For every C € Aj, it follows from Step 9 that

D (P;#A;j; + B;j;0iCji) = @ (P;#A;;01C5) + @ (P;4Bj;0iCj) -

Hence P;4T(iCj;, = 0. Thus 2iT};Cj;, = 0, for all C' € A,. Primeness of A now
implies that Tj; = 0, so T' = 0.

Step 11: & is additive on A,.
Let A =37 _Ajand B =Y., be two arbitrary elements of A. It follows

ij=1 ij=1
from Steps 8, 9, and 10 that

1,7=1 1,j=1 1,j=1

i,j=1 i,j=1 i,j=1
2 2
=0 (Z Aij> + @ (Z Bij> = (A)+ 0 (B).
i,j=1 i,j=1

Step 12: ¢ is additive on Ay, = {A e A: A" = —-A}.
Follows from Step 6 and Step 11.

Step 13: For every A,B € A,, ®(A+iB)=®(A) +i®(B).

Set T = ®(A+iB) — & (A) — ¢ (iB). We need to show that 7" = 0. Since
I il I 1

iBQ?}% =0, and ¢ (5) = (%) = & (0) = 0, we conclude that

I il I il I il I il
®(A+1B) 050% =0 <(A +1iB) ‘50%) = (A) ‘50% + o (23050%)

I il I il
— 3 (A) 050% + O (iB) 050%,
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I il
and this implies that T0§<>% = 0. Therefore, T' = 0. It follows from Step 6 that
O®(A+iB)=d(A)+id(B).

Step 14: ® preserves star.
Applying Steps 3, 6, and 13, one concludes that ® preserves the star operation.

Step 15: For every A, B € A,, ®(AB) = (A)B + A® (B).
For every A, B € A,, we have

O (i (AB+ BA)) = @ <AOB<>%> =D (4A) QBQ% + A#d (B) o%

= (®(A) B+ B® (A) + AD (B) + @ (B) A) 1.
By Step 6, we get

& (AB+BA)=®(A)B+ B®(A)+ AP (B) + ¢ (B) A. (2.1)
Similarly we have
& (AB—-BA)=®(A)B—B®(A)+ AP (B) — P (B) A. (2.2)

It follows from (2.1), (2.2) and the additivity of ® that
¢ (AB) =®(A)B+ AP (B).

Step 16: ® (AB) =®(A) B+ A® (B), for all A, B € A.

A+ A* A— A*

Since for every A € A, A = A; +1A;, where A; = and Ay = — are

i
self-adjoint, the identity ® (AB) = ® (A) B + A® (B) follows from Steps 6 and
14. 0

The following corollary is immediate by of [3, Theorems 2.1 and 2.4].
Corollary 2.3. Let A be a factor von Neumann algebra with dim (A) > 2. Then
for every map ® : A — A the following assertions are equivalent:

every A, B,C € A.

(2) @ is an additive x-derivation.

(3) P (A®BOC) = O (A)4BOC + AP (B)OC + AeBOP (C), for every
A B, C e A.
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