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ABSTRACT. We introduce the class of positive weakly (g, r)-dominated multi-
linear operators between Banach lattices. This notion extends classical domina-
tion and summability concepts to the positive multilinear setting and generates
a new positive multi-ideal. A Pietsch domination theorem and a polynomial
version are established. Finally, we provide a tensorial representation that
yields an isometric identification with the dual of an appropriate completed
tensor product.

1. INTRODUCTION AND PRELIMINARIES

The theory of absolutely summing operators, initiated by Pietsch in the 1960s,
has played a central role in the development of operator ideals and their appli-
cations to Banach space theory. Since then, several nonlinear extensions have
been studied, especially for multilinear operators, homogeneous polynomials, and
Lipschitz mappings, leading to a rich framework that unifies summability, domi-
nation, and factorization properties. This area of research has provided a unified
approach to extending linear results to nonlinear settings, with significant contri-
butions from works of Pietsch [14, 15], Cohen [7], Kwapien [10, 11], and others.
In recent years, increasing attention has focused on the positive versions of these
operators. In fact, positive operator theory, which uses the lattice structure of
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Banach spaces, has become a powerful tool for strengthening and extending clas-
sical results. In [8], the basic elements of positive linear and multilinear operator
ideals were established. Thereafter, in [1], positive polynomial ideals were intro-
duced as a natural extension of the linear and multilinear cases. These ideals not
only encompass the corresponding positive classes, which fail to satisfy the con-
ditions of classical ideals, but also provide a unifying framework for their study.
A positive multilinear ideal M™ (or polynomial ideal P*) is a class of multilinear
operators (or polynomials) between Banach lattices that is stable under compo-
sition with positive linear operators. The theory of summability in the positive
setting not only produces sharper inequalities but also exposes phenomena ab-
sent in the purely linear framework. The concept of absolutely (p,qi, ..., gm,7)-
summing multilinear operators, introduced by Achour [l], provides a natural
extension of the classical absolutely (p,q,r)-summing operators of Pietsch [14].
When % = 54— %, this class is referred to as the (g, r)-dominated operators. In this
paper, we introduce the class of positive weakly (g, r)-dominated multilinear op-
erators, which combines lattice positivity with weak absolute summability. This
class is stable under composition with positive operators and fits naturally into
the framework of positive multi-ideals. We also establish the Pietsch domination
theorem in this setting, characterizing these operators through vector measures
on the positive balls of the dual space. This result extends the classical Pietsch
theorem to the positive setting, based on Banach lattice spaces. Furthermore,
we also examine the polynomial version, showing that the structure extends to
m-homogeneous polynomials, giving rise to positive polynomial ideals. Finally,
we establish a tensorial representation for positive weakly (g, r)-dominated mul-
tilinear operators. By introducing a suitable tensor norm, we obtain an isometric
identification of these operators with the dual of a completed tensor product,
thereby providing the natural tensorial framework for the theory. The same ap-
proach applies to polynomials, where a tensor norm is constructed using @Zﬁle ,
the m-fold positive projective symmetric tensor product of F.

The paper is organized as follows. We recall standard notations used through-
out the paper. We present Banach lattice spaces and some of their key proper-
ties. We provide the definition of the regular multilinear space L (E1, ..., Ey; F)
and regular polynomials space P" ("™ FE; F), which are needed for defining posi-
tive weakly (g, 7)-summing operators. Section 2 introduces the class of positive
weakly (g, r)-dominated multilinear operators and establishes their basic prop-
erties. We then naturally extend this to define positive weakly (g, r)-dominated
polynomials. Both classes form positive ideals. Section 3 is devoted to the ten-
sorial representation, which leads to the desired isometric identification. In the

1

case where % =37t %, we show that the space 52“(:1 " (E,..., Ey,; F) of positive

weakly (g, r)-dominated multilinear operators can be identified with the dual of
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where uZt) is a tensor norm that we define below. Similarly, we identify the

space 73;’7;77,) (™E; F) of positive weakly (g, r)-dominated polynomials with
(&5 B) Exne F)',
where we show that )\Z:) is ,uar).

Throughout the paper, E, F, and G denote Banach lattices and X,Y denote
Banach spaces. Our spaces are over the field of real scalars R. By Bx we
denote the closed unit ball of X and by X* its topological dual. We use the
symbol L(X;Y') for the space of all bounded linear operators from X into Y. For
1 < p < oo, we denote by p* its conjugate, that is, 1/p+ 1/p* = 1. Let E be a
Banach lattice with norm ||-|| and order <. We denote by E™ the positive cone of
E, that is, Et = {x € E: 2 > 0}. Let « € FE that its positive part be defined by
xt = sup{z,0} > 0 and its negative part is defined by x~ := sup{—=z,0} > 0.
We have z = 2 — 27, |z| = 2T + 27, and the inequalities = < |z|, 27 < ||
and = < |z|. The dual E* of a Banach lattice £ is a Banach lattice with the
natural order x7 < x5 < (z,27) < (x,2%), for all x € ET. Since F is a sublattice
of E**, we have for x1,29 € E, 11 < 19 <= (11,2%) < (29,2%), Va* € E*T.
We have [(z*,x)| < (|z*|,|z|), for every z* € E* and x € E. We denote by
£;(X) the Banach space of all absolutely p-summable sequences (z;)i.; C X

1

with the norm ||(z)i|l, = (302, [lz:]|?)7, and by £ (X) the Banach space
of all weakly p-summable sequences (z;); C X with the norm, ||(2;)f|lpw =

SUPe .. (Do [(@%, xz)|p)% Consider the case where X is replaced by a Banach
lattice F, and define

ol (B) ={(z:)izy C E: (lml)izy € 65,,(B)} and [[(2:)iyllp ) = [[(12i])iz -
Let Bf. = {2* € Bg« : 2* > 0} = Bg- N E*T. If (z;)".; C ET, then

n

1
@) llpl = @il = sup (Y (2", 2:)7) 7.

x*EBE* i=1
For every (x;);_, C E, it is straightforward to show that

)izt ) < @iz llp g and (5 )i gl < 11(2)izallp. - (1.1)

Given m € N*, we denote by L(E1,..., E,,; F') the Banach space of all bounded

multilinear operators from E; x --- x E,, into F' endowed with the supremum
norm ||T'|| = sup jz,j<1 |7 (z1,...,%m)| . An operator T € L(EL,. .., Ey; F) is
(1<j<m)

called positive if T'(z1,...,2,,) > 0 for every z; € E;“ (1 <j<m). We denote
by LT(E,..., Ey,; F) the set of all positive m-linear operators. For every T €
LY(Ey,...,En; F)and z; € E; (1 <7 <m), we have

T (21, o) ST (2, J2m]) -
An m-linear operator T : Fy X --- X E,, — F is a lattice m-morphism if

IT (x1,. .., xm)| =T (|x1] 5. |2m])
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for all x; € E;. An m-linear operator T : Fy x --- x E,, — F, is called reg-
ular if it can be written as T = Ty — Ty with T}, Ty € LT (Ey,...,E,; F). We
denote by L"(FE1,...,E,; F) the space of all regular m-linear operators from
Eyx---x E, into F. In [5], if F' is Dedekind complete, then L™ (E, ..., E,; F)isa
Banach lattice with the norm ||T'|| ., = |||T]|| . In this case, L™ (E, ..., E,; F) =
LY(Ey, ..., By F). For every o € E (1<j<m), we have 7] ® --- ® x};, €
L (El,...,Em), and

[27 @ - @ @l e = Nlzal] - - Nl |l -

Let FEy,...,E,, be Banach lattices, and let £} ® --- ® E,, denote their alge-
braic tensor product. Fremlin [9] introduced the vector lattice tensor product
Ei®---QF,,, defined so that

21 Q@ @ x| = 21| @ -+ @ |Xp]

for all z; € E;(1 <j <m). He also introduced the positive projective tensor
product £y ®ix| - - - Qx| Ep, where for every § € E1®---QFE,,

k
ol = {ZHWH xzeE;,kENwmszm---w}.
=1

i=1 j=1

Its completion E1(§>|7r‘ e <§>|W|Em is again a Banach lattice, and the canonical map-
ping ® (x1,...,Ty) —> 1 @ -+ ® Ty, is a lattice m-morphism. If F' is Dedekind
complete, according to [5, Proposition 3.3], every regular m-linear operator T :
E, x -+ x E,, — F admits a unique linearization T® € ET(E1®W e <§>|7T|Em; F)
such that 7% (z1 ® -+ ® x,,) = T (21, ..., %), yielding an isometric lattice iso-
morphism between E””(E1</X\>|7r| e (X\)wEm; F) and L"(Ey,..., Ey,; F). In particu-
lar, when F' = R, we have the isometrically isomorphic and lattice homomorphic
identification

LB, ..., Ep) = (BEi@n) - O Em) -

Consequently,
+ _pt
(Br®r | Bp Bm ) Lr (B, Em)”

Moreover, for every ¢ € L7(Ey,...,Ey) and 2y ® - @, € By ® -+ @ By, we
have

For €,...,em € {+,—}, we have

(1.2)

IN

1
n q
sup (E @(\xﬂa---,!%ﬂ)q) :
peBf i=1

LT (Eq,....Em)

A map P : X — Y is an m-homogeneous polynomial if there exists a unique

symmetric m-linear operator P : X" x Sy such that P (z) = P (a:, (m), x) .
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We denote by P (™X;Y), the Banach space of all continuous m-homogeneous
polynomials from X into Y endowed with the norm
1P = sup, 1P (2)[| = inf {C : [P (z)]| < Cl=[|" ;2 € X}.

We denote by Ps("X;Y) the space of all m-homogeneous polynomials of finite
type, that is

Pr("X;Y) = {Z% 'i’fGNywieX*,yiEY,lgigk}_

Let F and F be Banach lattices. An m-homogeneous polynomials P (™FE; F) is
positive if P (x) > 0 for all z € E™. Tt is called regular if its associated symmetric
m-linear operator Pis regular. We denote by P"("™E; F') the space of all regular
polynomials from FE into F. It is easy to see that P is regular if and only if there
exist Py, P, € PY(™E; F) such that P = P; — P,. For a Banach lattice F, the
positive projective symmetric tensor norm on ®. F is defined by

k k
. m X (m)
lJullg :1nf{ E lzi|™ : v € ET k€ N*, Ju| < g xi®---®xi}
i=1

i=1
for each u € ®"E. We denote by @:?|W|E the completion of @' E under the lattice

norm ||-[[; - - Then @ZWE is a Banach lattice, called the m-fold positive projec-
tive symmetric tensor product of E. Moreover, if F' is Dedekind complete Banach
lattice, then for any regular m- homogeneous polynomial P : /' — F', there exists
a unique regular linear operator P® ® WE — I, called the hnearlzatlon of P,

such that P (z) = P® (x ®()®x) for every x € E. Moreover, in [5, Propo-
sition 3.4], the correspondence P +— P® is isometrically isomorphic and lattice
homomorphic between the Banach lattices P"(™E; F') and L' (@:}MIE; F). If
F =R, then
T (mE) = (®:?|7T|E) .
In [8], the authors gave the following definition: A positive multi-ideal is a

subclass M™ of all continuous multilinear operators between Banach lattices
such that for all m € N* and Banach lattices Ei, ..., E,, and F', the components

MY (Ey, ..., Ep: F) = L(E,...,Ep; F) N M*

satisfy the following conditions:

(1) MT(Ey, ..., Ey,; F) is a linear subspace of L(Ey, ..., E,; F), which contains
the m-linear mappings of finite rank.

(i7) The positive ideal property: If T' € M™ (Ey,..., E; F),u; € LT (Gy; Ej) for
j=1,....mandv € LT(F;G), then voTo(uy, ..., upy)isin M* (Gy,...,Gpn; G).
Let || - H M+ s MT — RT satisfy the following conditions:

a) (MT(Ey, ..., En; F), || - ||am+) is a Banach space for all Banach lattices Ey, . . .,
E,, F.

b) The canonical m-linear form 7™ : R™ — R given by 7™ (\,...,\™) =
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AL- A satisfies || T]] 44 = 1 for all m.
)T e MY (Ey,...,Ep; F),u; € LY (G Ey) forj=1,...,mandv € LT(F;G).
Then

lvoT o (uy,... um)ll e < NOIHIT]pa+ [Jeenl] - el -
The class (M™, ]| - ||m) is referred to as a positive Banach multi-ideal. In par-
ticular, when m = 1, we specifically refer to it as a positive Banach ideal.

Replacing the class M™ with the polynomial class PT, and condition ¢) with
PePH("E;F),ue€ LT (G;F)and v € LT(F;G) together with

lve Poullp: < [ofll[Pllp+ [lul™,

we obtain the definition of positive polynomial ideals.

2. POSITIVE WEAKLY (¢, 7)-DOMINATED MULTILINEAR OPERATORS

The notion of absolutely (p, ¢, r)-summing linear operators was first introduced
and studied by Pietsch [14]. Later, Achour in [1] extended this concept to the
multilinear setting by defining absolutely (p, g1, .. ., ¢m; r)-summing multilinear
operators. A positive linear version was subsequently introduced and analyzed by
Chen Belacel and Dominguez [6]. Building on these ideas, a positive multilinear
version was proposed in [8], adapting Achour’s definition to the ordered context.
When 1% = é + %, this notion is referred to as (g, r)-dominated linear operators.
In this section, we present another version of positive multilinear operators. Let
us start with the definition in the positive linear case.

Definition 2.1. [6, Definition 3.1] Consider 1 < r,p, ¢ < oo such that % = %—i— %
Let E and F' be Banach lattices. A mapping u € L (F; F') is said to be positive

(q,r)-dominated if there is a constant C' > 0 such that for every zi,...,x, € E
and y7,...,y: € F*, the following inequality holds:
1w (@), )it I, < C )il g ooy )iz - (2.1)

The space consisting of all such mappings is denoted by ¥,y (E; F). In this
case, we define
HuH\p(q by = inf{C > 0: C satisfies (2.1)}.

There are several ways to generalize this definition in the positive multilin-
ear setting. In [8], the authors introduced a positive multilinear version by
adapting each variable to its corresponding weakly g;-summable norm. In our
approach, we adjust the variables to a single regular form, which allows us to
employ weakly g-summable sequences in the space L" (F1, ..., E,,). This idea
was used by Bougoutaia, Belacel and Hamdi [3] to define the concept of positive
weakly Cohen p-nuclear operators. We show that this new class forms a concrete
example of a positive multi-ideal, satisfies Pietsch’s domination theorem, and ad-
mits a representation via a tensor product equipped with a norm tailored to this
class.

Definition 2.2. Consider 1 < p,q,r < oo such that % = %4— % Let Eq,..., E,,

and F' be Banach lattices. A mapping T' € L (Ey, ..., E,; F) is said to be pos-
itive weakly (g, r)-dominated if there is a constant C' > 0 such that for every
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(x},...,2m) € BEf x -~ x EX (1<i<n)and yi,...,y5 € F*", the following

79

inequality holds:

1
n q
[(T(is o2l wi) iy, <€ sup (Z pl(ai, .. ',xzm)q> 1 )iz o -
Em)

(2.2)
The space consisting of all such mappings is denoted by ET{q ") (Er,...,En F).
In this case, we define

d™t (T) =inf{C > 0: C satisfies (2.2)}.

w,(q,7)

It is straightforward to verify that every finite type multilinear operator is
positive weakly (g, 7)-dominated. Hence,

Ly(Br,... By F)C LD (Br,... En;F). (2.3)

For m = 1, we obtain the following coincidence 511:((1 ) (B F) = W (B F).

T

In the next result, we give the following equivalent definition.

Proposition 2.3. Let 1 < p,q,r < o0 wz’th% = é—i—% andT € L(Ey,...,En; F).
The following properties are equivalent:

1) The operator T is positive weakly (q,r)-dominated.

2) There is a constant C' > 0 such that for any (x},...,2™) € Ey x --- x E,
(1<i<n)andvyi,...,y: € F*, we have

(T (feoa) o)) (2.4)

<o o (Seletlodat)) W0
=1

In this case, we define

d™t (T) =inf{C > 0: C satisfies (2.4)}.

w,(g,7)

Proof. 2) = 1) : Immediately applying Definition 2.2 for (z},...,27") € Ef x
ex Bl <i<nandyj,...,ys € F*T.

1) = 2) : Suppose that T is positive weakly (¢, r)-dominated. For convenience,
we prove only the inequality for the case when m = 2. Let (z},2?) € E;x Ey, (1 <

1%
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i<n)yi,...,ys € F*; then one has

ZI
= (Z (T (2} =il = o)
ZKT ot at) ) )+ ZKT S WIL
ZKT%@ u;) ZKTZW u;)
ZKT ZKT L) )N
ZKT zit2?7) oy ZI ot aln) i)
ZKTZH ZI o) o))
ZKT ) )+ ZI (a}a?) i )N

By using (1.1) and (1.2), we obtain

(ZI yz>|p>;

<82 (1) sup (Zso 2], [22]) ) W7 )izl ] -

PEBLr (B my) \i=1

)%

P)%

P)%

O

Proposition 2.4. Let By, ..., E,,, F,G; (1 < j <m) and H be Banach lattices.

LetT € Ly, (El,...,Em,F) u; € £+ (Gy; ) (1<j<m)andve LT (F;H).
Then
voT o(uy,...,uy) € EmJ(qu)(Gl,...,Gm;H).
Moreover,
iy gy WO T 0 (ur, o yum)) < iy (T) [l -+ | ]0]]-
Proof. Let (z},...,2") € Gy x---x G} (1 <i<n)andy],...,y: € G*". Since

T € L,y (Brro B F) g () 2 0 and o () 2 0 (1< j < m. 1< <)
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we have

||(<v oT o (Uy,...,Un) (le, o ,:E;") ,yf>)?:1Hp
= (1T (wa (23) - (2F) 50" ()i

<A s (e () @) 07 W)

PEB (g, Em) =1 el
< dy oy (D) Nl -+ | 0]
sup (Do (wh s a?) ) Gy
PEBLr (g, Em) =1
Thus vo T o (uy,...,uy,) is in £$f(“q7r) (Gy,...,Gp; G) and we have
Qo gy WO T 0 (u, .oy um)) < At o (T) luall - [Juml| [[0]]-
]

The pair (LZJ(; T),dzl”:; T)) defines a positive Banach multilinear ideal. The

proof follows directly from the previous Proposition and the inclusion (2.3), while
the remaining details are straightforward. Now, we characterize the positive
weakly (g, r)-dominated multilinear operators by the Pietsch domination theorem.
For this purpose, we use the full general Pietsch domination theorem given by
Pellegrino, Santos and Sepilveda in [13, Theorem 4.6] and [12]. For simplify, we
denote by

Ejn = Bx@pr| - Bpr( B

Theorem 2.5 (Pietsch Domination Theorem). Let 1 < p,q,r < oo with }D =

é + % Let Ey,...,E, and F be Banach lattices. The following statements are
equivalent:
1) The operator T € L (Ey, ..., Ey; F) is positive weakly (q,r)-dominated.

2) There are a constant C' > 0 and Borel probability measures j on BEFE ) and
Il

n on Bf.. such that

(2.5)
Bt . +

B
(E‘ﬂ_l) F**
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3) There is a constant C > 0 and Borel probability measures y on BZFE

on Bjf.. such that

. and
) n

7]

q

|<T(x1,...,xm)7y*>!§C/ p(z', ... 2™ %dp X</
B . Bt

(Elw\) Fxk

T

(v, y**>’"dn>
(2.6)

for all (z%,...,2™ y*) € Ef x --- x Ef x F**. Therefore, we have

dﬁJ(rw) (T) =inf{C > 0: C satisfies (2.6)}.
Proof. 1) <= 2) : We will choose the parameters as specified in [13, Theorem
4.6]

(S L(Ey,...,Epn; F) X (Ey X -+ X Ep x F*) x RxR — Rt
S(T7 (xlw'wxm?y*)?)\l?)\Q) = |)\2||(T(x1,,:cm),y*)|
RlzBEFE )*X(Elx"-xmeF*)x]R%R*:

||
Rip, (x',... 2™ y"), A1) = @ (2] ..., [2™])
Ry: Bf. x (B4 X+ X By X F*) x R -5 RT :

RZ(y**v (SCI, e 7xm7y*) ) )‘2) = |)‘2| <‘y*’7 y**>'
These maps satisfy conditions (1) and (2) from [13, p. 1255]. We can easily

conclude that 7' : Ey x --- X E,, — F is positive weakly (g, r)-dominated if and
only if

3=

(Z S (T7 (%1a s axgna y:) 7)\1',1’ )\i,Q)p)
=1

Q|-

S C sup (Z Rl(@? ('Izlvvx:nay;k) 7)\i71)q)
peBT . =1

(Bix1)

X sup (Z R2<y**7 (.ZU%, s 756;”7 y;,k) ) )‘i,Q)T) )

y**EB;** =1

S =

that is, T is Ry, Ry-S-abstract (g, r)-summing. As outlined in [13, Theorem 4.6],
this implies that 7" is Ry, Ro-S-abstract (g, r)-summing if and only if there exists
a positive constant C' and probability measures p on B(% ) and 1 on Bj.., such

that

7]

S <T7 (xlv s axm’y*) 7)\17)\2)
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Consequently,
}(T(xl, conx™) YY)
1

sc/ o (|2, ™) du </ o] 5™y dn)?.
Ple.) e
2

The implications 2) = 3) and 3) = 1 are immediate. O

Proposition 2.6. Let T € L(Ey,...,E; F) and 1 < p,q,r < co. Consider the
following statements:

1) T® . E1<§>|W| e @X\)\W\Em — F' is positive weakly (q,r)-dominated;

2) There exist a Banach space G, a positive (Dimant) strongly p-summing m-
linear operator S : By X --- X E,, = G and a Cohen positive strongly p-summing
linear operator u : G — F such that T =wuo S;

3) T is positive weakly (q,r)-dominated.

Then, the statement 1) implies 2), which implies 3).

Proof. 1) = 2) Since T'® is positive (g, r)-dominated, by [6, Theorem 3.7] there ex-
ist a Banach space G, a positive g-summing linear operator v : E1®|7r| e @)wEm —
G and a Cohen positive strongly ¢*-summing linear operator u : G — F' such that
T=wuov. Let S=vo®. ThenT =uovo® =wuoS and the diagram

Eyx--xE, — F
1® NS Tu
B - G
commutes. Since S® = v, by [2, Corollary 1], it follows that S is positive Dimant
strongly p-summing.

2) = 3) : There exist a Borel probability measures p on BZFE ) and 7 on
7]
Bj.. such that for every (2',...,2™) € Ef x --- x E} and y* € F**, we have

|<T(x1, o x™), Yt
= <uoS(£L’1,...,$m) 7y*>

<df(u)|S (z*....2m)| (/B+ (y*,y**>’“dn>T

F*

Qe

1
T

<qi@a )| [ el (/ (y*,y**>’”d77>

~ * Rk
(Bim1)

O

In what follows, we develop and analyze the corresponding positive polyno-
mial version. This approach allows us to establish that the class of positive
weakly (g, 7)-dominated polynomials forms a positive polynomial ideal, stable
under composition with bounded positive operators. Moreover, we establish a
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Pietsch domination theorem in the polynomial setting, showing that the domi-
nation inequalities extend naturally from the multilinear case.

Definition 2.7. Let m € N*. Let 1 < p,q,r < oo with 5 + % Let £ and

F' be Banach lattices. A polynomial P € P (™E;F) is called positive weakly
(q,7)-dominated if there exists a constant C' > 0 such that for any (z;)~, C E*
and (yf)i_, C F*T, the following inequality holds:

”((—P (xz> 7y:>)?:1‘|p <C sup (Zﬁb xz ) yz)?:1||r,|w| . (2'7)
¢EB7D7”<77LE)
The space of all such polynomials is denoted by 73;“’( ) (ME; F). Its norm is given
by
m-
d w,(q,r)

An equivalent formulation of (2.7) is

(P) =inf{C > 0: C satisfies (2.7)}.

1P (23),97))icall, <€ sup <Z¢(!xi\)q>qH(!yZ‘D?:lHr,w

¢€prr(mE) =1
for every (z;)f_; C E and (y});_, C F™*. It is straightforward to check that
Pi("EF) C P (TEF). (2.8)
Proposition 2.8. Let P € P} ("E;F),u € LY (G;E) and v € L¥(F; H).
Then vo Pou € P+(qr ("G H) and we have
dyy gy (0o Pow) < ol di, . (P) [lu]™
Proof. Let (z;)-, C ET and (y});_, C F"**. Then

(ol Poute) w)P)}

= P ou @) v G

< &5 tn(P) sup (Zw ) 160" @)zl

1
q

<t (P)ul™ sup (Zw(n H )) [ (€77 ey |

'¢er[37 (ME)

< ol g,y (P) [lul ™ sup (ZM%)") 1C)i= o -

+ X
d)EBPT(m E) =1

Thus v o P o u is positive weakly (g, r)-dominated and
drt (o Pou) < |l dit  (P) [lul™
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0J

The pair (ng(q’r),df;‘jw)) defines a positive Banach polynomial ideal. The

proof follows directly from the previous proposition and the inclusion (2.8), while
the remaining details are straightforward. We now turn to the characterization
of positive weakly (g, r)-dominated polynomials through a Pietsch domination
theorem.

Theorem 2.9 (Pietsch Domination Theorem). Let m € N*. Let 1 < p,q,7 < 00
with % = % + % Let E and F' be Banach lattices. The following statements are
equivalent:

1) The polynomial P € P (™E; F) is positive weakly (q,r)-dominated.

2) There is a constant C' > 0 and Borel probability measures p on B;;(mE) and n

on Bf.. such that

P <c(f  olaldni([ wlyyant @9

for all (z,y*) € E x F*. Therefore, we have
Ay lym(P) =nf{C > 0: C satisfies (2.9)}.

J(q.m)
3) There are a constant C' > 0 and Borel probability measures jn on B;;(mE) and
n on Bf.. such that

Pyl < o [

+
Bp'r' (ME)

Sl

sl dwi([ warra)t a0

BF**
for all (z,y*) € ET x F**. Therefore, we have
Ay o (P) =inf{C > 0: C satisfies (2.10)}.
Proof. 1) <= 2) : We choose the parameters as specified in [13, Theorem 4.6]

S:P(ME;F)x (EXF*)x RxR—R*":
S (P, (z,y*), A1, A2) = [Xa| [{P(2), y7)]
Ry : B g % (B x F*) X R — R - Ry(8, (2,5°), \) = (|, )
Ry : Bf. x (B x F*) xR — R : Ro(y**, (z,y*) , A2) = [Xa] {Jy*], y**).

These maps satisfy conditions (1) and (2) from [13, p. 1255], allowing us to
conclude that P : E — F is positive weakly (¢, r)-dominated if and only if

=

Z S (P, (xi,yf) , Aty Ai2)?)

n n
1
T

S C sup (Z Rl(¢7 (‘ri? yz*) ) /\iyl)q)% sup (Z RQ(y**a (Ii7 y;ﬁ) ) )‘Z}Q)T) )

¢EB';‘;T(WE) =1 y**eB;** =1

that is, P is Ry, Ro-S-abstract (¢, r)-summing. As outlined in [13, Theorem 4.6],
this implies that P is Ry, Ro-S-abstract (g, r)-summing if and only if there exist a
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positive constant C' and probability measures p on B;;T(m ) and 7 on Bj.., such
that

S(Pv (l‘,y*) ’ )‘17 /\2)
< / Ru(6, (2,9%) , M) dp)

=

([ Ralo () )

pr(mE) e
Consequently,
* 1 * KK\ T 1
Parl <ot e[l
Bprmp) Bjoes
The implications 2) = 3) and 3) = 1) are straightforward to prove. O

3. TENSORIAL REPRESENTATION

Tensorial representation plays a fundamental role in the study of Banach
spaces. For the projective tensor product, it is well known that the space of multi-
linear operators £ (X7, ..., X,,; Y') coincides with the dual of X; Rp R Xn@n Y.
Similarly, replacing the projective norm with the injective norm ¢ yields a coinci-
dence with the space of integral multilinear operators. For this reason, tensorial
representation has become a standard objective in the study of new classes of
operators. It is therefore natural, when introducing a new class, to seek an ap-
propriate tensor norm that produces an analogous identification. In the present
section, we define a tensor norm on the algebraic tensor product F1®- - -Q F,, Q F*
and show that its topological dual is isometric to the space of positive weakly
(q,r)-dominated multilinear operators. This tensorial approach provides a nat-
ural framework to identify such operators. In the polynomial case, we similarly
define a tensor norm on (@:WE) ® F and show that its topological dual is iso-
metric to the space of positive weakly (g, r)-dominated polynomials.

3.1. Multilinear case. Fix m € N*. Let F1,..., F,,, F' be Banach lattices. Let
1 <p,q,r < oo such that 1—17 = %—i—% andu € F1 ®---® E,, ® F. For simplify, we
denote it by

En| = Er8yr** @l En-

Consider
dr () = inf {H(Ai)l

where the infimum is taken over all general representations of u of the form

1 m .
oy 5 10l 0}

EZ*

u:Z)\ix,}@)---@x?@yi, (3.1)
i=1

with (2)._ | C Ej, (y:)iy C F, (\)7, CR, (1 <j<m)andn €N~

Lemma 3.1. Letu € E1®---QFE,,,QF of the form (3.1) . The following properties
are equivalent:
1)u=0.
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2) il)\sz (z})....xk, () y* (yi) = 0 for every i C E;‘*’, v e Pt 1<i<m.
9) SN (ohooa?)y () =0 for cvery @ € L7 (Er...... By) and " € F**
4) iAi¢(x}7-'-7$T)y* (y;) = 0 for every p € L7 (E\, ..., Ey) and y* € F**.
Proof. 1) < 2) : The first implication is straightforward by [16, Proposition 1.2].

For the second, assume that 2) holds. Let x; € Bf for 1 < j <mandy" € F"
Then

ch“{ () al, (@) " (w)

*Z o) (@) () @) (6 - ) ()

Expanding the products yields a finite sum of terms of the form
Zw*“ £l) - )y ().

where €1,..., €6, € {+, —} and € € {4, —}. Each of these sums corresponds to
positive functionals and, by assumption 2), they all vanish. Therefore,

> oxa () - a, () Y (1) = 0,
=1

Hence u = 0.
2) & 3) : Assume 2). By the same reasoning as above, we obtain

> o (xf) g, (27 Y () =0
i=1
for all 25 C E},y* € F*. From [16, Proposition 1.2], this implies u = 0, and

consequently,
(u,) = 0 for every (m + 1)-linear form .

In particular, this holds for ¢ € LT (Fy,..., E,) and y* € F*t| so that

Z)\M )y (y;) = 0.

Conversely, if 3) holds, then take 25 C Ej*, y* € F**. We have 2} ® --- @ 2}, €
Lt (Ey,...,E,). Hence,

S i@ @, (o). 2l ZM‘l (@) Y7 (3:) = 0.
=1

3) = 4) : Let ¢ € L™ (Ey, ..., E,), there exist p1,p2 € LT (F,..., E,) such
that

Y = Y1 — P2.
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Let y* € F**. Then

Y o (a2 Y ()

i=1

= N (e )y () = Y s (w2 Y () = 0.
i=1 i=1

4) = 3) : This is immediate, since LT (Ey, ..., E,,) C L (Fy,...,Ey). O
The following proposition can be proved easily.

Proposition 3.2. Let 1 < p,q,r < oo such that i = é + % and m € N*. Then

,u’(Zt) s a tensor norm on B1 ® -+ @ E,, ® F.

Proof. 1t is clear that for any element u € £y ® -+ ® E,,, ® F' of the form (3.1)
and any scalar a, we have

M?;,J;) (u) >0 and N(mq?;) (au) = |af M(q 7) (u).
Let ¢ € BZT(EI ) and y* € Bp-+. Then,

.....

= Z)\W (xi,,x?”‘) Y (yi)

y* (|vil) ( by the Holder inequality)

<O, Zso 221, %p " (Jwil)")

=1

L 1

< A)llgn, — sup j27[)") sup Zy (lyih)")r
’ SOEBCT(EH »»»»» BEm) =1 Y E€Bpa+t i=1
Since
1 l 1
s (et b)) = et @ a )

PEBLr gy, Em) =1

we obtain
e @9 < 1O, [ @@ (53 16, o
By taking the infimum over all representations of u, we obtain
[, @y < i ().
Suppose that g (u) = 0; then

[{u, 0 @y")| = 0.
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Consequently, if ¢ € L™ (Ey, ..., E,) and y* € F*T with ¢ # 0 and y* # 0, then

*

)
s 0 ® 5 = lloll Iy ||\< : >]:o,
Tl © Tl

and by Lemma 3.1 we obtain v = 0. Let now uy,us € E® F of the form (3.1).
By the definition of “EZ;)’ we find representations

S1
§ 1 m
ul pry )\lel,z ® P ® SL’LZ ® yl,’L’7

i=1

52
1 m
Uz = § )‘2,1‘552,1‘ @ @ Ty D Y2,

i=1

such that

(A1)

1 m
o ||(x“ X xl,i) /1
el a.lwl

(Eim) (Y1)

m+
éi}‘w‘(p) < M(‘Iﬂ“) (u) Te.

Replace (A1), (z1; ® - -+ @ 27%) and (y1,;) by an appropriate multiple of them;

1
=

()l s
AL = A i

1)l
p

1 . m || P* R
Y (F) H@l,z‘@ ® 27;) o (B)

1 1

1 1 [EIATOMI
xl,z’®"'®xﬁ‘:xl,z'@"‘@x;ni 1 )

Nt ®- @) T
H( 1, 11) qul ‘(E‘ |)

1
q,|w| |7
1(y1,1)

TevwI:

91
P

Y1, = Y1,

.
ﬁmqy

()

We obtain

1
p*

IN

H()‘U):il

51
Ep*
1

(v () +2)
(v () +2)’

1
(v () +¢)

H(x%,i(g'”@xlz)

H(yu)si

IN

\w\(Elﬂ)

ol (F)

IN
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Similarly for us, we get

ity (i + )
s o
< (H(Al,i)i;1 q

7y

(

’(ﬁiz@) ®$12)

p* s
s Aoi):2 -
L + H( 2)i21 o (Biep)

j}lwl(F) + H (Y2,)i2,

r

q )%
é;ﬁw‘(F)

+||($§z®®x?z)fi1 2 (B H Yii);

%‘,_,

1
< (M( +) (u1) + /’L(q r) (u2) + 25) <N7(Z;r«) (u1) + MZ;) (u2) + 25) '

1

x (u’{;}‘) (ur) + %, (uz) + 25) '
< Nz,t) (u1) + M(Zj:) (ug) + 2¢.

By letting € tend to zero, we obtain the triangle inequality for u (ar ) O

Proposition 3.3. The norm u( ) is reasonable, that is,

€< U <, (3.2)

where € and ™ denote the injective and projective norms on Fh ® -+ Q@ E,, @ F,
respectively.

Proof. Let us prove the right-hand inequality in (3.2). We have

Higm (1) < 1)

1 m\n n
(z; ® - Q] )@-:1||gg(@|ﬂ) 1) izallen ()
For each i, we set

1
(Al lyill i ® - - @ 2[1) "

)\’i = )\Z ,
Al
)\i i 1 [N m 1
Do @ = e el IHyHleZ® @)
e Tl '

Substituting these expressions into the above inequality and taking the infimum
over all representations of u of the form (3.1), we obtain

D il led @@ < 3 Il lwl [lad]] - 21l
i=1 =1

Hence,

bt () < 7 ().



134 A. BOUNABAB, A. BELAADA, A. FERRADI AND K. SAADI

}

= sup {Z&x“{@@xfn(xi,,w?’)y (v:)
i=1

T;EBpx Y €EBpx
J
1<j<m

For the left inequality in (3.2), we have

) = swp {E}M@H~%@ﬁf@)

a:}fEBE; Y EBpx
1<j<m

} |

Since ] ® - -+ @ @y, € Brr(p,,. E,), and taking absolute values inside, we get
e (u) < sup {ZlM!sa(x§®'--®x§”)||y*(yi)l}-
PEBLr(By,...Em) ¥ €Brx | 2

Since |¢| € B, (Er...m and Y| € Bj.., we further obtain

e (u) < sup {ZIA Lo (|2, (Iyz|)}-

+ *
PEBLr(py,... . Em) Y €8+ Li=1

Applying the Holder’s inequality, we have

e (u) < [(M)i=

sup
+
PEBLr ()

1 n
w ) Nl -
m) =1 ,

,,,,,

Finally, taking the infimum over all representations of u of the form (3.1) yields
e(u) < M(q ) (u).

O

We denote by E1® e ® m+ Fpn® e F the completed of £1®---Q FE,,Q F

(CRD) P Hg.r)
for the norm u(qt The main result of this section is the following identification.

Proposition 3.4. Let 1 < p,q,r < oo such that% = 5%—%. We have the following
isometric identification:

£m4(r )(El,...,Em;F) (B\® s+ @ s Epy@ mr F¥)*.

Ham Ham Hig.m
Proof. Let T € EZZI " (E,...,En; F). We define a linear functional on £ ®- - -®

E, ® F* by )
=D (T (z, - af) 7).
=
where 1 = fjl Azl ® - @27 @y, Then, by the Holder’s inequality, we have
Ur (u)| = zn: T ()., 2),uf)
i=1
< ||(/\z)||e; (i |<T (lev e ,qun) ,yf>

p)%
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Since T is positive weakly (g, r)-dominated, we get
Wr (0] < 4 (T IO, [ @2 e 5 NG e

Hence, as u is arbitrary, U is u?”ﬂ—continuous on 1 ® - -®@F,®F* and extends

continuously to the completed tensor product E;® AT ® #Zn+)Em® s F* with
(q,7 q,r

Wzl < dy

(o (T)-

Conversely, let ¥ € (E1® e @uznqL) m®“1<n+)F*)*. We consider the mapping
(q,r q,m q,T
B(V) defined by

B(Y) (z,...,2")(y) =¥ (' @ @2 @ y").

It is clear that B(V) € L(Ey,...,Ey; F). Let (:vf)zlzl CEj (j=1,...,m)and
Yi--,yn €Y. Then

=1
- ‘<@(Zx}®~~®x§”®yj>

=1

< Wl gy Zx1®“~®w7®yf)-

Therefore,

(ZKB(\I/) (zf,...,2") yr
= sup (Z)\’L<B(\D) (@i 2"),ui)

1)l gn_ <1
p

P)%

)

)

= sup (|¥(D \of®@---@z"@y)
1A, <1 Z

< sup ([P [l gn,
1D len, <1 !

<1l e @y g 16N, @

(zj®-- @z Hgn o (Bim) H(yz)”l o (F)

Hence, B(V) is positive weakly (g, r)-dominated and
iyl (B(R)) < [0

w,(q,7)
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3.2. Polynomial case. The polynomial case differs from the multilinear case in
essential details; it does not directly follow from the multilinear setting, and the
proof steps must be revisited to handle this situation Let E and F' be Banach

lattices. Let 1 < p, q,r < oo such that % == + . Consider u € <® WE) ® F of
the form

U—Z)\xz ®xz®yz> (33)

where \; € R,z; € F and y; € F(l <1 < n). This representation of u can be
considered a general form, as any other representation can be rewritten in this
way. Define

Ngry (@) =1f G, sup (1@ (2l [wllen ) ¢

+

where the infimum is taken over all general representations of u of the form (3.3).
Proposition 3.5. For every u of the form (3.3), we have
Aoy (W) = g ()
Proof. Let u be of the form (3.3). We have
Hiar) (W)

Zin{II( e,

p

it g s (o

¢EB+ P
\ (® Al ) =

(m)
( ®"'®517i)

(® . |E) ||(yi)||e:!w|(p)}

!
| ) V10

o

a|w]

il’z‘@(

. " (m) 71
NS A TS S I <Z¢(|xi|®---®|x¢|) Pl
P ¢6B+Am R r,|w|
\ (®s,|w\E)

Since P" (ME) = (@ZHME)*, we get

Higr (@) = mE QIO e, sup @zl gy 1wl () ¢ = Ay (0)-

O

From the above discussion on the tensor norm ,ugt) (u), and the previous propo-
sition, we obtain the following result.

Corollary 3.6. Let 1 <p,q,r < oo such that ; = ¢+ and m € N*. Then [}
is a tensor norm on (@gﬂE) ® F' and we have

e Agn ST



POSITIVE WEAKLY (g,7)-DOMINATED MULTILINEAR OPERATORS 137

where € and w denote the injective and projective morms on (@ZWE) ® F,
respectively.

We denote by ( WE) ®)\m+ F' the completed of ( |7r|E) ® F for the norm

AT
(g,7)
Now, the main result of this section is the following identification.

Proposition 3.7. Let 1 < p,q,r < oo such that % = %—}—%. We have the following
isometric identification

Potary ("B F) = (&% e E) ®ymt F)*.

() (g.7)

Proof. Let P € P;’fz;’” ("E; F) . We define a linear functional on (® |W|E> ® £
by

ZA v

where u = > \z; ® -+ @ x; ® yF. Then, by the Holder’s inequality, we have
i=1

n

D NP (), y7)

i=1

n

TP () ,y1)")5.

i=1

(Ve (u)] =

< H()\z’)|eg*

Since P is positive weakly (¢, r)-dominated, we get

Ve (] < dyly PN, sup (16 @)y 1D ler | ey -
" $€BFrimp,
Hence, as u is arbitrary, ¥p is /\ —contmuous on (® |7r|E) ® F* and extends

continuously to the completed tensor product (®5 WE) ® )‘ZH)F * with
b q’,r
V| < it (P).

Conversely, let U € ((@:IWE) ® /\m+)F )*. We consider the mapping B(V) defined
by !

B(Y) (2) (y) = ¥ ( o™ @w@y*> |

It is clear that B(V) € P (™E; F). Let z1,...,z, € E, and yj,...,y: € F*, we
have

n

> (BY) (2:),97)

i=1

‘< Z:p ®xz®yz>

< AR, sz Non o).
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Therefore,

= sup (Z&(B(‘I’)(%)WD)

H()‘l)HZZ* Sl i=1

= sup (\II(Z)\ZiUl@(m)@xz@y;k) )
i=1

1) gn, <1
P

< sup e, sup (6 (@)l 1) en, | ey

H(Az)”[;l* <1 ¢€B;r(mE)

<[l sup (@ @lley W len | ey -

$€BLr (m gy

Hence, B(WV) is positive weakly (g, r)-dominated and

art L (Bw) <[]

w,(q,7)
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