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ABSTRACT. In this paper, we introduce the notions of proximality and re-
gionally proximal relations via a Furstenberg family with respect to the semi-
group S. We also explore the relationship between .#-equicontinuity and 7.%-
equicontinuity. Furthermore, we show that if (X, {Ts}seg) is .#-mean equicon-
tinuous, then Pg (X, {Ts}scs) and Qg (X,{Ts}scs) coincide for amenable
semigroup actions. We prove that if a countable, discrete, infinite, and com-
mutative semigroup action is .%-mean sensitive, and there exists an .#-mean
proximal pair consisting of a transitive point and a periodic point, then the
system is .%-mean Li—Yorke chaotic.

1. INTRODUCTION AND PRELIMINARIES

1.1. Dynamical system. A dynamical system is a pair (X, {Ts}scs), where S is
a countable discrete semigroup, (X, d) is a compact metric space, and Ty : X — X
is a continuous map for every s € .S, such that for all s, € S, we have Ty0T; = Ty;.
If (X, {Ts}ses) is a dynamical system, then the semigroup S is said to act on X,
and we refer to this as an action of S on X (or an S-action on X). We say that S
acts on X via {Ts}ses. A ZT-action topological dynamical system (X, 7T') means
that X is a compact metric space (referred to as the phase space) with a metric d,
and T is a continuous function from X into X. A point z € X is called transitive
if its orbit, orb(x, S) = {Ts(z) : s € S} is dense in X.

For each pair of nonempty open subsets U,V C X, we define
NUV)={seS:UNT,; Y (V) #0},and J(U,V)={se€ S:T,(U) C V}.
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A dynamical system (X, {7s}ses) is said to be transitive if N(U, V) # () for
every pair of nonempty open sets U,V C X.

The system (X, {T}ses) is called minimal if every point x € X is transitive.

We say that (X, {Ts}ses) is equicontinuous if for every € > 0, there exists § > 0
such that

d(z,y) <6 = d(Tsx,Tey) <e, forallseS.

The concept of sensitivity for Z,-actions was first introduced in [2] and is com-
monly used in the study of dynamical systems. A dynamical system (X, {Ts}ses)
is called sensitive if there exists 6 > 0 such that for every € X and every
neighborhood U of z, there exist y € U and s € S such that d(Tsz, Tsy) > 0.
(see [3, 13]). A pair (z,y) € X x X is called proximal if infseg d(Tsz, Tsy) = 0.
We denote the set of all proximal pairs by P (X, {Ts}ses). A dynamical system
(X, {T,}ses) is called proximal if every pair of points in X is proximal; that is,
P (X {Ts}ses) = X x X. If infoeg d(Tsz, Tsy) > 0, then the pair (x,y) is said
to be distal. A dynamical system (X, {7s}scs) is distal if every pair of distinct
points in X is distal. A pair (z,y) € X x X is called regionally proximal if for
every € > 0, there exist 2/, ¢y’ € X and s € S such that

dz, ') <e, dy,y)<e, and d(Ty',Ty') <e.

We denote the set of all regionally proximal pairs by @ (X, {Ts}ses), or simply Q.
ClearlY7 Q (Xv {TS}SES) 2P (X7 {TS}SES> (See [3’ 1 2])

1.2. Basic concepts of amenable semigroups. Let S be a discrete semigroup.
A left invariant mean for S on £>°(S) is a positive linear functional m : £*(S) — R
satisfying the following conditions:

(a) m(1lg) = 1.
(b) m(f o As) = m(f), for all f € £>°(S5) and s € S, where \;(z) = sx for
r€eS.

A right invariant mean is defined analogously. The semigroup S is called left
amenable if a left invariant mean exists, and amenable if both left and right
invariant means exist. In this paper, we consider discrete countable amenable
cancellative semigroups. It is well known that such semigroups admit Fglner
sequences [1]. A (left) Fglner sequence is a family {F,}°°, of finite nonempty
subsets of a countable semigroup S such that

. |sFLAF,
lim ——— =

n—o0 |Fn|

0,

forall s € S, where sF,, = {sf : f € F,}, /A denotes the symmetric difference, and
|-| denotes cardinality. A right Folner sequence is defined analogously. A sequence
in S is called a Fglner sequence if it is both a left and right Fglner sequence. For
countable left cancellative semigroups, the existence of a left Fglner sequence is
equivalent to left amenability [4]. Throughout this paper, we consider only left
Folner sequences and will routinely omit the adjective “left”.
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Let A C S and let F = {F,}%, be a Fglner sequence. The upper density of A
with respect to F is defined by

— ANF,
Dz(A) = limsup | |

n—00 ‘Fn‘

Similarly, the lower density of A is defined by

.. JANE,
Suppose that Z is a collection of infinite subsets of S. For each a € [0,1),
define

D(a")={A € %: D(A) > a}.
For A C S, the Banach density of A is defined by
BD(A) =sup {Dz(A): F is a Fglner sequence on S} .

Again, assuming & is a collection of infinite subsets of S, and for a € [0, 1), we
set BD(a%) ={A € %: BD(A) > a}. (For more details, see [6, 7, 10]).

The authors in [11] first introduced the important concept of mean equicon-
tinuity and mean sensitivity for Z"-actions. Let (X, {Ts}scs) be a topological
dynamical system and F = {F,}>°, a left Folner sequence in the semigroup S.
The system (X, {7s}ses) is said to be mean equicontinuous with respect to F if
for every € > 0, there exists ¢ > 0 such that whenever z,y € X satisfy d(z,y) < d,
we have

I 1
111 su

Z d(Tsx, Tyy) < e.

SGFn

A point = € X is called a mean equicontinuous point (with respect to F) if for
every € > 0, there exists § > 0 such that for all y € X with d(z,y) < d, we have

I 1
111 su

Z d(Tsx, Tyy) < e.

SGFn

A transitive system is said to be almost mean equicontinuous if it has at least
one mean equicontinuous point (see [5, 10]).

Yan and Zeng [18] introduced the notions of mean sensitivity, mean proxi-
mality, and mean Li—Yorke chaos for actions of amenable groups. The system
(X, {Ts}ses) is said to be mean sensitive (with respect to F) if there exists 6 > 0
such that for every x € X and every neighborhood U of x, there exists y € U
satisfying

1
lim sup —— Z d(Tsz, Tsy) > 6.

n—00 |Fn| sEF,

A pair (z,y) € X x X is called a mean proximal pair for F if

1
lim inf —— g d(Tsz, Tyy) = 0.
n—00 |Fn| =
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Let M P denote the set of all mean proximal pairs in (X, {7Ts}ses). The system is
called mean proximal if every pair (z,y) € X x X is mean proximal. Let n > 0.
A pair (z,y) € X x X is called a mean Li—Yorke pair with modulus 7 for F if

1 1
lim inf d(Tsx,Tsy) =0, and limsup d(Tsx, Tsy) > 1.
R 2 PPTE &

Let MLY,(X,{Ts}scs) denote the set of all mean Li-Yorke pairs with modulus
1. A subset K C X is called a mean Li—Yorke set with modulus n > 0 if every
pair of distinct points (z,y) € K x K is a mean Li—Yorke pair, that is,

K x K\ Ax € MLY,(X,{T.}scs),

where Ay = {(z,2) € X x X : x € X}. The system (X, {Ts}ses) is said to be
mean Li—Yorke chaotic if it contains an uncountable mean Li—Yorke set (see [1§]
for further information).

1.3. Furstenberg family. In this section, we discuss some definitions of dynam-
ical systems via Furstenberg families. Recently, researchers have investigated
fundamental concepts in topological dynamical systems —such as transitivity,
mixing, equicontinuity, sensitivity, and proximality— via Furstenberg families.
Ju et al. [8] introduced a new type of .#-equicontinuity, which is characterized
as the negation of the existence of k.%-sensitive pairs almost everywhere. They
also established an analogue of the Auslander—Yorke dichotomy theorem, showing
that a transitive system either possesses .%-sensitive pairs almost everywhere or
is almost k.%-equicontinuous of the new type.

According to [16, Theorem 6 |, there exist two distinct definitions of .Z-
sensitivity for a system (X,7'), which are generally not equivalent. In [9], these
two notions were referred to as .%-orbit sensitivity and .#-diameter sensitivity,
respectively. Nonetheless, the existence of .#-sensitive pairs almost everywhere
is equivalent under both definitions. Song [14] introduced the concept of the
proximal relation via Furstenberg families and studied .%-proximity, .%-ductility,
Z-almost ductility, and .%-semi-distality for Z*-actions. Later, Ri, Ju, and
Kim [15] investigated .Z-equicontinuity using a generalized regionally proximal
relation defined via Furstenberg families. They proved that a system (X,T) is
Z-equicontinuous if and only if it has no nontrivial k.% -regionally proximal pairs.

Throughout this paper, S denotes a countable discrete semigroup, and P(S5)
is the power set of S. A collection .# C P(S) is a Furstenberg family if F; C Fy
and F} € .Z imply Fy, € %. Given a Furstenberg family .%, define its dual family
kZ as follows:

kF ={FePS):S\F¢Ft={FePS):VF € F, FNF +{}.

It is easy to see that .# is a Furstenberg family if and only if k.% is so, and
k(kZ) = .%. Given two Furstenberg families .%; and .%,, define

ﬂl'ﬁQZ{FlﬂFQZFlEﬂl, FQGﬁQ}.

A Furstenberg family .7 is called a filter if it satisfies % - .% C .Z#, and it is said
to have the Ramsey property if F} U Fy € % implies F; € % or Fy, € Z. It is
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easy to check that a Furstenberg family .# has the Ramsey property if and only
if k.7 is a filter (see [1] for further information).

For s € Sand FF C S, define s 'F = {t € S : st € F'}. A Furstenberg family
F is said to be translation invariant if for every F € .% and s € S, we have
s 'F € Z. For a Furstenberg family .#, define

TF = {F € P(S): ﬂ(Fs;l) € .7 for every finite set {sy,...,s,} C S} :
j=1

The family .7 is thick if 7.% = % . It is easy to see that 7.% is the largest thick
family contained in .#. Clearly, if .7 is a filter, then 7.% is also a filter (see [14]).
Let (X, {Ts}ses) be a topological dynamical system. In this paper, we denote
by (X x X, {Ts x Ts}ses) the induced topological dynamical system on X x X,
where the action is defined by

(Ts x Ts)(x,y) = (Tsx, Tyy), s€S.

For simplicity, we write this system as (X x X,S x S). For a given point z € X,
a positive number € > 0, and a subset A C X, define

Ng(z,A) ={s € S: T,x € A}.
The e-neighborhood of the diagonal in X x X is defined by
A ={(z,y) € X x X :d(z,y) < e}.

Since the metric d : X x X — [0,00) is continuous, we have A, = d~'([0,¢)),
which is an open subset of X x X. Moreover, A; = {(z,y) € X x X : d(z,y) < }.
For any pair (z,y) € X x X and any subset A C X x X, define

Nsxs((w,y), A) = {s € §: (Tex, Toy) € A}.
Therefore,

Nsys((z,y),A) ={se€ S: (Tsx,Tsy) € A}

={se S:d(Tsx,Tsy) < e}.

Ju et al. [8] introduced the notion of .Z-equicontinuity for topological dynamical

systems (X, T'); we generalize this definition to amenable semigroup actions. The
definition is as follows.

Definition 1.1. Let (X, {T}scs) be a topological dynamical system, and let .#
be a Furstenberg family. For € > 0, define

Eq7 = {z € X : 36 > 0 such that Vy, z € B(z,6), Nexs((y,2),A.) € F},
Eqzr = ﬂqu
e>0

A point x € X is called an .%-equicontinuous point if x € Eqz. That is, for every
e > 0, there exists 6 > 0 such that for all y, z € B(z, ) we have

NSXS((y7Z)aA5) € ﬁ

The system (X, {Ts}ses) is said to be .F-equicontinuous if Fqz = X. A transitive
system is said to be almost .Z-equicontinuous if Eqz # ().
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In [16, 17], the authors introduced the concept of .%-sensitivity under con-
ditions (a) and (b) for Z*-actions. We generalize this definition to actions of
amenable semigroups as follows:

Definition 1.2. Let (X, {Ts}ses) be a topological dynamical system and let .#
be a Furstenberg family.
(a) A pair (z,y) € X x X is called (.Z, ¢)-sensitive if

Ngxs((]?,y),X X X\ZE) € gZ

Denote the set of all (.Z, ¢)-sensitive pairs by (%, ¢).

(b) The system (X, {7}}ses) has .#-sensitive pairs almost everywhere if there ex-
ists € > 0 such that for every nonempty open subset U C X there exist x,y € U
such that (z,y) is (.Z,e)-sensitive. Lian, Huang, and Li [12] showed that, when
mean equicontinuity is defined with respect to a Folner sequence, the proximal
and regionally proximal relations coincide. This result reveals a structural phe-
nomenon associated with mean equicontinuity. Motivated by this observation, we
investigate the corresponding phenomenon in the framework of Furstenberg fam-
ilies and amenable semigroup actions, and we show that .#-mean equicontinuity
also leads to the equality Pz = ()& in this setting. Yan and Zeng [18] proved that,
for amenable group actions defined with respect to a Fglner sequence, mean sensi-
tivity together with the existence of a mean proximal pair formed by a transitive
point and a periodic point implies mean Li—Yorke chaos. In the present paper,
we establish an analogue of this phenomenon within the context of Furstenberg
families for amenable semigroup actions.

2. MAIN RESULTS

In [14, 15], the authors proved some properties of proximality and regional
proximality for Z'-actions. In this section, we prove these properties for amenable
semigroup actions via Furstenberg families. First, we generalize the notions of
Z-proximality, .%-Li—Yorke pairs, and .#-regional proximality to the action of
a countable amenable semigroup S. In addition, we investigate the connection
between .Z-equicontinuity and 7.%-equicontinuity. In particular, we establish
that if (X, {Ts}ses) is #-mean equicontinuous, then

PEZ(X> {Ts}SGS) = Q?(X7 {TS}SGS)'

We also demonstrate that if a countable, discrete, and infinite commutative semi-
group action is .%-mean sensitive and contains an .%-mean proximal pair formed
by a transitive point and a periodic point, then the system exhibits .%-mean
Li—Yorke chaos.

Definition 2.1. Let (X, {T}ses) be a topological dynamical system and let .#
be a Furstenberg family.
(a) A pair (z,y) € X x X is called .Z-proximal if (z,y) .#-adheres; that is,
for every € > 0,
Ngxs((l', y), AE) € F.
We denote the set of all .Z-proximal pairs by Pz (X, {Ts}ses), or simply
Pg.
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(b) A pair (z,y) € X x X is said to be .Z-regionally proximal if for every
e > 0, there exists a set F € .% such that for every s € F, there exist
points 2/, 3’ € X satisfying

d(z,2') <, d(y,y') <, ATy, Tyy') < e.
The set of all such pairs is denoted by Q# (X, {Ts}ses), or simply Q.

(c) A pair (z,y) € X x X is called an .#-Li—Yorke pair if it is x.%-proximal
but not .Z-proximal; that is, (z,y) € P,z \ P#. The collection of all such
pairs is denoted by LY.

It is clear that Pz (X,{Ts}ses) C Qz(X,{Ts}ses). A topological dynamical
system (X, {Ts}ses) is said to be Z-distal if P,» = Ax. In Proposition 2.2, we
prove that Pz (X, {Ts}ses) = Pra (X, {Ts}ses), and in Proposition 2.3, we show
that an analogous statement holds for .%-regionally proximal pairs; that is,

Q? (X) {Ts}sES) = Q’rﬂ <X7 {Ts}seS) .

Proposition 2.2. Let (X, {Ts}ses) be a topological dynamical system and let F
be a Furstenberg family. Then Py = P, .

Proof. Since 7% C %, we immediately have P,z C Pz. To prove the reverse
inclusion, let (z,y) € Pz and fix € > 0. Define

F= NSXS((I7y)7 AE)
Since X is compact and each T is continuous, there exists 0 < § < ¢ and a finite
set {s1,...,8nm} C S such that
d(z,w) <0 = d(Tyz,Ty,w) <e forallj=1,...,m.
Let
F' = Nsus((z,y), As).
Since (z,y) € Pz, we have F' € .%. Moreover,

F'c{teS:{tsi,....tsn} CF} C [ Fs;".

j=1
Thus 2, st’l € .Z, meaning F' € 7.%. Therefore (z,y) € P, 5. O

Proposition 2.3. Let (X, {T}ses) be a dynamical system and let F be a Fursten-
berg family. Then a pair (z,y) € X x X is % -regionally proximal if and only if
for any € > 0 and any neighborhoods U of x and V' of y,

NSXS(U X ‘/,As) S F.

Proof. Suppose that (z,y) is %-regionally proximal. Fix ¢ > 0 and neighbor-
hoods U of z and V of y. Choose 0 < & < e such that Uy(z,e’) C U and
Ua(y,e') C V. Since (z,y) is F-regionally proximal, there exists F' € % such
that for every s € F' there exist 2,3’ € X with

d(z,x') <€, dly,y)<e, dTa,Ty) <.

Thus
F C Ngys(Ua(z,e") x Ug(y, "), Ar) C Nsxs(U x V, A,),
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and therefore Ngys(U x V,A.) € #. Conversely, suppose that for any ¢ > 0
and any neighborhoods U of x and V of y, we have Ngxs(U x V,;A,) € F. Set
U =Uy(x,e) and V = Uy(y, ). Then

F .= N5X5<U X Vv,Ae) € 7.
For each s € F there exist 2/ € U and y' € V with d(Ts2', Tsy') < e, showing
that (z,y) is #-regionally proximal. O

Proposition 2.4. Let (X, {Ts}scs) be a dynamical system and let .F be a Fursten-
berg family. Then Qz = Q..

Proof. Since 7. C %, we have Q,7 C Q. Let (z,y) € Q#. Fix ¢ > 0 and
neighborhoods U of x and V' of y. By Proposition 2.3,

F = N5X5<U X V;AE) € 7.

Let s1,...,s, € S. By continuity, there exists 0 < 0 < ¢ such that d(z,w) < ¢
implies d(T,;z, Ty, w) < ¢ for all j.
Set
F' = NSXS(U X ‘/7 A(g)
Then F' € . by Proposition 2.3. Moreover,

F’sj_1 C F  for each j,

SO
F'c()Fs;',
j=1
which is in .#. Hence F' € 7.%, and by Proposition 2.3, (z,y) € Q,#. O

The next lemma establishes the equivalence between .7 -equicontinuity and
T -equicontinuity.

Lemma 2.5. Let (X,{Ts}ses) be a dynamical system and let .F be a Fursten-
berg family. Then (X,{Ts}ses) is F-equicontinuous if and only if it is 7.% -
equicontinuous.
Proof. Clearly, 7.%-equicontinuity implies .#-equicontinuity. Thus, it remains to
prove the converse. Assume that (X, {T}secs) is -Z-equicontinuous. Then for
every x € X and every € > 0, there exists 0 > 0 such that
J(Ud<l',(5) X Ud(ZL‘75), Ae) € 7.

Let

F = J(Uy(x,6) x Uy(z,0),A.) € F.
Now, fix any finite set {s1,...,s,} C S. By continuity there exists 0 < §; < ¢
such that for all y, z € B(z,d;) and for all j,

d(Tsy, Ts;z) < 0.

Define
F, = J(Ud(a??él) X Ud<x)51)7A€)‘
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Then F' C F, so I' € %. Moreover, for each 7,
F's;t CF,
and therefore,

F'c(\Fs;'eZ.
j=1
This implies that F' € 7.%. Hence (X, {Ts}ses) is 7-%-equicontinuous. O

Li, Tu, and Ye, [I1] introduced the notions of mean equicontinuity and mean
sensitivity for Z*-actions. Subsequently, Lian, Huang, and Li [12] and Yan and
Zeng [18] extended these notions to amenable group actions. Inspired by [11, 18,
12], we introduce the concepts of .#-mean equicontinuity and .%-mean sensitivity
for amenable semigroup actions. For this purpose, we assume that {F,} is a
F@lner sequence in the semigroup S, that .# is a Furstenberg family, and that
F € %. In the case where F,, N F' = (), we adopt the convention

> d(Tox, Tuy) = 0.
sl

Definition 2.6. Let (X, (T5)scs) be a topological dynamical system, let .# be a
Furstenberg family, and let F = {F,}>2, be a Folner sequence in S. For every
¢ > 0 and some F' € %, we define

MEq¢" =< 2 e X :36 > 0 such that limsu d (T.
Qa n*)OOp ‘F m F| + 1 SE;F ))
<€

for all y, z € B(x,0). We then set

MEq” = | MEq,
FeZF
MEqs = (| MEq”.
e>0
A point x € X is called an .#-mean equicontinuous point if x € M FEqz, that

is, for every ¢ > 0 and every F € %, there exists § > 0 such that for all
y,z € B(x,9),

lim su d(T. < €.
,Hoop\F mF|+1 ;F (2))
If MEqz = X, then the dynamical system (X, (T})ses) is called .#-mean equicon-
tinuous. If M qu’ is an open and dense subset of X for each € > 0, then the
system (X, (T§)ses) is said to be almost .%-mean equicontinuous.

Definition 2.7. Let (X, {7s}secs) be a topological dynamical system, let .# be a
Furstenberg family, and let F = {F, },,eny be a left Fglner sequence in S.
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(a) A pair (z,y) € X x X is called (.#,)-mean sensitive if for every I' € .F

limsup —— d(Tsz, T,

nooo | Fn mF|+1 FZmF )

(b) The system (X, {Ts}ses) is said to have .Z#-mean sensitive pairs almost
everywhere if there exists € > 0 such that for every nonempty open subset
U C X, there exist x,y € U such that (z,y) is (.%,)-mean sensitive.

Now, we define the notions of .%-mean proximality and % -mean Li-Yorke
chaos for actions of countable amenable semigroups.

Definition 2.8. Let (X, {T;}scs) be a topological dynamical system, let .Z be a
Furstenberg family, and let F = {F},},.en be a left Folner sequence on S.

(a) A pair (z,y) € X x X is called an #-mean proximal pair if for every
FeZ
1

seFp,NF

We denote the set of all .#-mean proximal pairs by M Pgz. The system
(X, {Ts}ses) is called F-mean prozimal if every pair (z,y) € X x X is
Z-mean proximal.

(b) A pair (z,y) € X x X is called an .#-mean asymptotic pair if for every

FeZ7, .
i F,NF|+1 ; (T, Toy) = 0.
WNF
The system (X, {T5}ses) is called . -mean asymptotic if every pair (z,y) €
X x X is #-mean asymptotic.
(c) Let n > 0. A pair (z,y) € X x X is called an .% -mean Li—Yorke pair with
modulus 7 if for every F € .F,

1

li f ——— de 7Ts :07
et TNy o 2 d(TaTy)
SCF,NF
and
lim su d(Tsx, T.
el [Fn O F[ 41 ﬂF!+1 ;F )

We denote the set of all such pairs by M LY.

(d) A pair (z,y) € X x X is called an F -mean regionally proximal pair if for
every g > 0, there exists F' € .% such that for every s € F, there exist
'y EXWlthd(x £L‘)<€ d(y,y') < e, and

limsuplF ﬂFH—l Z d(Tsx', Toy')

n—roo seF,NF

We denote the set of all such pairs by M Q& (X, {Ts}ses) or simply Qprz.
We now turn to the relationship between .%-proximality and .%-regional prox-

imality under the assumption of .%-mean equicontinuity. The following theorem
shows that, in this setting, the two notions coincide.
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Theorem 2.9. Let (X, {Ts}ses) be a dynamical system and let F be a Furstenberg
family. If (X, {Ts}ses) is F -mean equicontinuous, then

Pz (X {Ts}ses) = Qz (X, {Ts}ses)-

Proof. Tt is clear that Pz C Q. Thus it suffices to show that Q# C Pz. Let
(x,y) € Q#. Since the system is .#-mean equicontinuous, for every ¢ > 0 and
every F' € .7, there exists § > 0 such that for all z,w € B(.r J),

li d(Tsz, Ty —.
1msup|F ﬂF|—i—1 Z z, Tsw) 3

Because (z,y) € @, there exists F' € % such that for every g € F there exist
',y € X satisfying

d(z,z") <0, d(y,y') <9, d(Tya!, Tyy') < é.

Consequently, we have

limsup’F ﬁF\—l—l Z d(Tsz, Tsy)

n—o0 F NF

) 1
< lim sup

AR d(Tyx, To') + d(Tyy, Ty de’,TS’>
wsup oy > (AT 1)+ d(Ty ) + d(T!, Ty

seFp,NF
<€ n € n €
— — — =€
3 3 3
Since € > 0 was arbitrary, we conclude that

1
limsup ———— Z d(Tsz, Tsy) = 0,
oo |[Fn O F[ 41 SEF,NF

which shows that (z,y) is #-proximal. Hence QQ# C Pz, which completes the
proof. |

Theorem 2.10. Let S be a countable discrete infinite commutative amenable
semigroup, let F be a translation-invariant Furstenberg family, and let F' € % .
Let F = {F,};° be a Folner sequence in S. If (X,{Ts}ses) is F -mean sensitive
and there exists an % -mean proximal pair in X X X consisting of a transitive
point and a periodic point, then (X,{Ts}scs) is F-mean Li-Yorke chaotic.

Proof. By .%-mean sensitivity, there exists § > 0 such that for every x € X and
every neighborhood U of z, there is y € U with

ZdeTy > 0.

seF,NF

lim su
oo [P N F+ 1 F| +1

Fix n =0/2 > 0 and define

1
D, — X x X : i S AT Ty) >n S .
: {(%y)e X X Jim sup |FnﬂF|+1se;F (Tox, Tyy) n}
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We first show that D, is a G5 subset of X x X. For m,l € N, set

- 1 1
E,., = ) EX XX ————— d(Tsx, Tsy) >n— —
! g{(”) F,NF[+1 Z;F v Tsy) > m}
For fixed n, the map
1
_ d(Tsx, T

seF,NF

is continuous on X x X, so the set in braces is open; hence each FE,,; is open.

Moreover,
Dn = ﬂ ﬂ Em,lu
m=1[]=1

so D, is a G5 subset of X x X. Next, we show that D, is dense. Assume to
the contrary that it is not dense. Then there exists a nonempty open rectangle
Ui x Uy C X x X such that (U; xUy)ND,, = 0. Since d(Tsx, Tyy) = d(Tyy, Tsx) for
all s € Sand z,y € X, the set D, is symmetric, and therefore also (UyxUy)ND,, =
(). Let U := U; N Us,, which is a nonempty open subset of X. For any z,y € U,
we then have (z,y) € Uy x Uy and hence (x,y) ¢ D,, implying

1
li T d(Tsx, T,
s AT 2 AT <0
seFp,NF

Now, fix x € U. By .#-mean sensitivity, applied to the neighborhood U of =,
there exists y € U such that

) 1
lim sup

S — d(Tyx, Toy) > § = 2n,
msup gy ), AT L) > 0= 2

seF,NF

which contradicts the previous inequality. Hence D, is dense in X x X. Recall
that the set of all .#-mean proximal pairs is

1
MP?Z{( y) € X x X hﬂ}gfm Z d(Tsx,Tsy):O}.
s€eFNF
As usual, we may write
ﬁﬁ@ )eX XX —1 Z d(Tsszy)<i
|F,NF|+1 ’ m(’
m=11=1n=1 sePnF

so M Pz is a G subset of X x X. By assumption, there exist a periodic point
p € X and a transitive point ¢ € X such that (p,q) € M Pz. Thus, for every
Fe7,
o s 5 AT o
SEF,NF
Let Stab, = {s € S : T5(p) = p} and let r = [S : Stab,] < oo be its index. We
may decompose
S = s1Stab, U spStab, U - - - U s,Stab,,
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where s;'s; ¢ Stab,, for i # j. For each 1 < j < r, define
X; ={T,s(q) : s € Stab,}.

We claim that M Pz is dense in each X; x X;. Fix j and let ¢;,¢, € Stab,. Then
T, p =T,,p = p, and for each s € 5,

d(TsTSjt1Q7 TSTSjt2q) = d(TSSjtl Q7 TSSthq) S d<TssJ-t1 Q7 TSSjp) + d<TssJ-pa TSSthq)‘
Since p is fixed by all elements of Stab,, we have

TSSjtkp = TSSj (nkp) = Tss]'p) k= 1,2,

and hence each term on the right-hand side can be written in the form d(Typ, Ty q)
for some s € S. By the amenability of S and the Fglner property of {F,},
reindexing the sums by finitely many left-translations does not change the limit
inferior of the corresponding averages. Consequently, for every F' € %,

1
liminf —— AT,y 1. q, ToTs 1q) = 0,
00 \anFHlse;F (LTojnd, T Teyua)

80 (T4,4,q, Ts;1,q) € M Pg for all t1,t, € Stab,. Therefore
{(TSjthaTSthQ> : t17t2 S Stabp} C Mpfia

and taking closures shows that M Pz is dense in X; x X for each j. Since ¢ is
transitive, we have

X:{Ts(q):SGS}:UXj.

Therefore at least one X, has nonempty interior; fix such a j and set A =
int(X;) # (. Since (X, {Ts}ses) has no isolated points, A is a perfect com-
pact metric space. Moreover, by the density of D, in X x X and the density of
MPgz in X; x X;, we see that

D,N(AxA) and MPznN(AxA)

are both dense G subsets of A x A. By Mycielski’s theorem (together with [18,
Remark 3.1]), there exists a Mycielski subset K C A such that

K x K\ Ax C D,N MPs,

that is, every pair of distinct points in K is simultaneously .%#-mean proximal and
has .%-mean separation at least n in the limsup sense. By the definitions given
earlier, this means

K x K\ Ax C MLY 7, (X, {T\}scs),

so K is an uncountable .#-mean Li-Yorke set with modulus 7, and (X, {T}}ses)
is .#-mean Li-Yorke chaotic. O

Lemma 2.11. Let % be a translation-invariant Furstenberg family and let F' €
F. Let F = {F,}, be a Folner sequence in S. If (X,{Ts}ses) is F-mean
asymptotic, then (X,{Ts}ses) is F-mean prorimal.
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Proof. This follows directly from the definitions, since for each pair (z,y) € X x X
and every F' € .7, we have

lim d(Tszx, T 0,
n—>OO’F ﬂF|+1€;F y)

which immediately implies

liminf ———— d(Tsz, T, 0.
n—00 |F ﬂF|—|—1 E;F y)

Thus every .%-mean asymptotic pair is .%-mean proximal. O

Corollary 2.12. If (X, {T}ses) is -F-mean equz’continuous then (X, {Ts}ses)
is F -mean regionally proximal if and only if it is % -mean asymptotic.

Corollary 2.13. If (X, {Ts}ses) is an F -mean prozimal system, then (X, {Ts}ses)
has no #-mean Li—Yorke pairs.
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