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ABSTRACT. Our aim is to introduce a class of minimally generated systems
generated by some certain synchronizing blocks called totally synchronizing
generated system. This has been used to give a new shorter proof for com-
puting synchronized entropy hsyn(X). Also, the derived shift space has been
characterized as well.

1. INTRODUCTION

One of the most studied dynamical systems is a synchronized system. Recall
that a block m is synchronizing if whenever vym and vem are both blocks of X,
then vymuy is a block of X as well. If an irreducible system has at least one
synchronizing block, then it is called a synchronized system and its examples
are sofics. Synchronized systems, has attracted much attention and extension of
them, has been of interest since that notion was introduced [1, p. 36].

In section 3, we introduce the notion of a totally synchronizing generated sys-
tem. These systems are precisely a tool that enables us to create a bridge between
dynamical systems and other mathematical branches. By creating such a con-
nection, we are able to introduce the basic concepts linear independence and
dependence from the branch of linear algebra to dynamic systems and enter the
topic of applied mathematics. See [11, pp. 43-45]. Thomsen [13, pp. 3564-3575]
considered a synchronized component of a general subshift and investigates the
approximation of entropy from inside of this synchronized component by some
certain shift of finite types (SFTs). Indeed, many results in [13, Theorem 3.2,
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Propositions 4.5 and 4.6] are based on this result. Minimal synchronizing blocks
are main tools for our aim. The notion of minimal synchronizing blocks is intro-
duced in section 4 as well as is showed that a sofic space may have infinitely many
minimal synchronizing blocks. Thomsen proved that limy_,o, (X)) = heyn(X)
where

1
hgyn(X) = limsup — log (cardinal {a € W, (X) : mam € W(X)}), (1.1)
n n
in which m is an arbitrary synchronizing block in W (X) and Xj’s are SFT's
approaching X from inside. For the totally synchronizing generated systems,
give a simpler way to calculate synchronizing entropy. We cover this in section 5.

2. BACKGROUND AND DEFINITIONS

This section is devoted to basic definitions for our later work. The notations
has been taken from [4, pp. 10-17], [6, pp. 11-23], [3, pp. 139-141] and [9, pp.
2-4] for the relevant concepts. First, we present some elementary concepts from
[6, pp. 11-23]. Let A be a set of nonempty finite symbols called alphabet. The full
A-shift denoted by AZ, is the collection of all bi-infinite sequences of symbols in
A. Equip A with discrete topology and A% with product topology. A block over
A is a finite sequence of symbols from A. It is convenient to include the sequence
of no symbols, called the empty block which is denoted by . If z is a point in A%
and 7 < j, then we denote a block of length j — i+ 1 by z; ;) = w1 ... 25 If
n > 1, then u™ denotes the concatenation of n copies of u, and put u® = . The
shift map o on the full shift AZ maps a point z to the point y = o(x) whose ith
coordinate is 7; = 2;+1. The domain of the function o is the set AZ. If X C A%,
then the function o with the same rule is also defined on the subset of X.

By our topology, o is a homeomorphism. Let F be the collection of all forbidden
blocks over A. The complement of F is the set of admissible blocks or just blocks
in X. For a full shift A%, define Xr to be the subset of sequences in A% not
containing any block from F. A shift space or a subshift is a subset X of a full
shift A% such that X = X for some collection F of forbidden blocks.

Let W,,(X) denote the set of all admissible n-blocks. The language of X is the
collection W (X) = U, W, (X). A shift space X is irreducible if for every ordered
pair of blocks u, v € W(X) there is a block w € W(X) so that wwv € W(X).
It is mizing if for every ordered pair u, v € W(X), there is N such that for each
n > N there is a block w € W, (X) such that uwv € W(X). A shift space X
is called an SF'T (shift of finite type) if there is a finite set F of forbidden blocks
such that X = Xz. A shift of sofic is the image of an SFT by a factor code (an
onto sliding block code). Every SFT is sofic [6, Theorem 3.1.5], but the converse
is not true. For instance, if 7 = {10***11 :n € NU{0}}, then Xz is called the
even shift which is not SFT but it is sofic [6, p. 67].

Let G be a graph with edge set £ = £(G) and the set of vertices V = V(G).
The edge shift Xq is the shift space over the alphabet A = £ defined by

Xe={6=(&)icz € E” 1 1(&) = i(&i41)}-

Each edge e initiates at a vertex denoted by i(e) and terminates at a vertex t(e).
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A labeled graph is a pair G = (G, L), where G is a graph with edge set £, and
the labeling £ : £(G) — A assigns to each edge e of G a label L(e) from the finite
alphabet A. For a path m = 7y ... 7, L(m) = L(m) ... L(my) is the label of 7.

Let L£(§) be the sequence of bi-infinite labels of a bi-infinite path £ in G and
set

XQ = {Eoo(£> : 5 € XG} = ‘COO(XG>
We say G is a presentation or cover for X = Xg. In particular, X is sofic if and
only if X = Xg for a finite graph G [6, Proposition 3.2.10]. A labeled graph
G = (G, L) is right-resolving if for each vertex I of G the edges starting at [
carry different labels.

In this part, we collect some information from [5]. Let X be a shift space and
let w € W(X). The follower set F(w) of w is defined by F(w) = {v € W(X) :
wv € W(X)}. Let € X. Then, z; = (2;)iez+ (resp., x_— = (;)i<0) is called
right (resp., left) infinite X-ray.

For a left infinite X-ray, say z_, its follower set is wy(z_) = {xy € XT :
r_xy € X}

Consider the collection of all follower sets w, (xz_) as the set of vertices of a
graph. There is an edge from I; to I labeled a if and only if there is an X-ray
x_ such that z_a is an X-ray and [} = wi(x_), [ = wy(z_a).

This labeled graph is called the Krieger graph for X. A block m € W(X) is
synchronizing if whenever um and muv are in W(X), we have umv € W(X). An
irreducible shift space X is synchronized system if it has a synchronizing block,
or equivalently, if and only if it admit a countable generating graph G such that
L (X¢) is residual in X [3, Theorem 1.1]. If X is a synchronized system with
synchronizing m, then the irreducible component of the Krieger graph containing
the vertex wy (m) is denoted by X and is called the Fischer cover of X. If for
some m € W(X) there is a unique vertex I such that m € F_(m), then m is
called a magic block for the Fischer cover.

3. MINIMAL GENERATOR

A shift space which is the closure of the set of sequences obtained by freely
concatenating the blocks in a list of countable blocks, called the set of generators,
is a coded system. Equivalently, a coded system is a shift space that can be
presented by an irreducible countable labeled graph. For more information, see
reference [4, pp. 111-123].

Definition 3.1. Let X be a coded system generated by G. Then, G is called
minimal generator (resp., weak minimal generator), whenever u € G, then u ¢
W(Z), (resp., X # Z) where Z = <G\ {u} >. Such X is called minimally
(resp., weak minimally) system.

Here, < G > means the set of all concatenations of the elements of G. Clearly,
any minimal system is weakly minimal.

Example 3.2. (1) Let X be the Dyke system. Set

Gy = {0, (0), [0 (CON, WD, qOD, [0, - -3,
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FIGURE 1. A subgraph of Fischer cover X, there are two fi-
nite paths initialing at w, (*) and terminating at w, (z’_ax) and
wy (" ax), respectively. So u is not a strong synchronizing block

Go = {0, (1), [0 ({000 LD, 1D (), -3

Then, G = G; U Gy is a weak minimal generator for the subshift 7 =
<G >.

(2) Let § # S C N. Then, G := {10"1 : n € S} is a minimal generator for
subshift X = < G >.

Definition 3.3. Let X be a synchronized system. Call a block m strong syn-
chronizing for X if whenever there are two finite paths e, €’ in Fischer cover X
labeled m, then e = €'

An irreducible shift space with a strong synchronizing block is called strong
synchronized. Any strong synchronized system is a synchronized since any strong
synchronizing block is a synchronizing block. Every strong synchronized system
has a weak minimal generator [10, Proposition 3.4].

Let X be a strong synchronized system and let S;(X) (resp., S(X)) denote the
set of all strong synchronizing (resp., synchronizing) blocks for X.

The next example shows that there are weak minimally systems that are not
strong synchronized.

Example 3.4. (1) Pick S € NU{0} such that 0 € S. Set G := {10": n € S}
and claim that G is a weak minimal generator for S-gap shift X (5).

Let n € S. Since G is a generator, we are allowed to arrange its elements

in any order, which results in a valid block for the space generated by G.

Since 10",1 € S, Thus
(10"1)® = ...10"110"110"1... € < G >.

On the other hand, it is clear that (10"1)>* ¢ < G\ {107} > and so
<G >#<G\{10"} >. Also, < G > = X () is trivial and we are done.
(2) Let D be the Dyke system. Add a new symbol % (which will be a syn-
chronizing block) to the set of four brackets and let X be the subshift
that consists of all bi-infinite sequences of these five symbols such that
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FiGurE 2. The graph H for the cover of a synchronized system
such that G, is not a minimal generator for Xy. 2 € S;(X) but
012 & Sy(X).

any finite subblock that does not contain a * obeys the standard brackets
rules [, Theorem 3.4].

We claim that X is not strong synchronized system. Let u be a strong
synchronizing block of X. So it is a synchronizing block and * C wu.

We can write u = a % b where a, b € W(X). Since # is a synchronizing
block, there is a unique vertex 3 of Fischer cover X with this properties
x € F_(p) and wi(B) = wi(*) [14, p. 306].

Now, b € wi(x) = wy(f), because of *b € W(X). Hence there is
a finite path m, labeled b in X initiating at w, (*) and terminating at
w4 (xb). See Figure 1.

Pick @’ € W(X) such that for each z_ € X~, z_d'a € X~ and set
= ]]d, 27 = ]]](d. Since wy(2"_ax) = wy(*) = wy (2" ax) and
wy(x') # wy(2”), so there are two distinct finite paths 7/, and 7., in
the Krieger graph of X labeled ax such that i(m..) = wy(2), i(n,) =
wy(2”) and t(mes) = t(7l,) = wy(*). Indeed w,(x[a’) = wy(z") and
wy (x(a’) = wy(2”). So there are two finite paths initialing at w. (%) and
terminating at w, (2" ax) and w, (2" ax), respectively. Hence

{ws (2l ax), wy(a”ax)} S V(XT).

So there are two finite paths labeled a * b = u in Xj. This shows that u
is not a strong synchronizing block and we are done.

It is easy to see that G, = {xu : * € u € W(X)} is a weak minimal
generator for X.

Note that if m € S(X) and m C u, then u € S(X). Nevertheless, it is not true
when m € Sy(X). This can be seen by the fact that in Figure 2, 2 € S;(X) but
012 ¢ S;(X).

Let G be a minimal generator for a subshift X. Set G;, denote the set of all
v € G such that for all u € G, there are not non empty blocks a, b such that
vu = avb or wv = avb. All the elements of the set G5 are synchronizing [11,
Theorem 3.5].

Let G be a minimal generator for a subshift X with G = G;s. Then, G is
called a totally synchronizing generator. Such X is called totally synchronizing
generated system.

These systems are precisely a tool that enables us to show that for such sub-
shifts X, each € X can be written uniquely as x = ...v_1vgv 05 ..., where
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{...,v_1,00,v1,09,...} € G. In fact, these systems are precisely a tool that en-
ables us to create a bridge between dynamical systems and other mathematical
branches. By creating such a connection, we are able to introduce the basic con-
cepts linear independence and dependence from the branch of linear algebra to
dynamic systems and enter the topic of applied mathematics.

4. SYNCHRONIZED COMPONENTS

In this section, we introduce the notion of minimal synchronizing blocks and
exploit them to identify synchronized components.

Definition 4.1. A block m € S(X) is minimal synchronizing block, whenever
w & m, then w is not synchronizing. If a shift space X has finitely many minimal
synchronizing blocks and S(X) # (), then we say that X is a FmSyn system;
otherwise, it is called an ImSyn system.

Example 4.2. (1) The block 1 is minimal synchronizing for any S-gap shift
X (S) and no other minimal synchronizing blocks exist which means that
this system is an FmSyn even when it is not sofic. See [10, Theorem 3.13]
for criteria on S to have nonsofic X (.5).

(2) Let G be the graph as in Figure 3 and X = X = R(X). Then all blocks
in A= {2,101,10%1,10°1,...} are synchronizing blocks.

To this end, we first prove that the block 2 is synchronizing. Since the
terminal vertex of all edges with label 2 is vertex I, then if u2, 2v € W(X),
this means that there exists a path in the graph with label u2 and ending
at 7o and a path in the graph with label 2v and starting at I,. The
concatenation of these two paths introduces a path in the graph with
label u2v. The remaining cases are proven in a similar fashion.

However, blocks in

{1,0,100, 1000, ...} U {01,001, 0001, ...}

are not. To prove this part, it suffices to show that block 10" is not
synchronizing. The remaining cases will be proven similarly. Let n’ € N
such that n +n’ is even. It is clear that 10”,0"1 € W(X) but 10""'1 ¢
W(X).

Therefore, no blocks in A has a synchronizing subblock and so X is an
ImSyn.

The next proposition tells us that a sofic space may have infinitely many mini-
mal synchronizing block. First let the collection of all follower sets in X is denoted
by Cx.

Proposition 4.3. A sofic space may have infinitely many minimal synchronizing
block.

Proof. Consider sets of words V = {1" : n € N} and W = {1*""! : n € N}.
Also, consider the subshift X formed as the limit of concatenations of blocks of
the form aOv;0v50v3...0v, where v; belongs in V' and n is any positive integer
and aOw;0ws0ws . . . Ow,,, where w;’s belong to W and m is any positive integer
(in particular, notice the special symbol a at the beginning of all the blocks).
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Fi1GURE 3. Graph G for the cover of an ImSyn, all blocks in A =
{2,101,10%1,10°1,. ..} are synchronizing blocks and no blocks in A
has a synchronizing subblock.

The block 0 is not synchronizing, because 0110 belongs in the language of X
(0110 appears for example in the block a0vOv, where v = 11 belongs to V') and
010 belongs in the language of X (010 appears for example, in the block a0wOw
where w = 1 belongs to W), but 010110 does not belong in the language of X,
because the separator symbol “a” must appear between even and odd blocks of
the ones. Note that “a” is a symbol which is different from 0 and 1.

It is now sufficient to prove that X is a sofic. According to [6, Theorem 3.2.10],
it is enough to show that X has a finite number of follower sets. Since

Cx = {wy(a), wy(0),wy (1)},

as a result, the proof is complete.

OJ

5. COMPUTING SYNCHRONIZED ENTROPY FOR A TOTALLY SYNCHRONIZING
GENERATED SYSTEMS

Let X be a shift space. Set R(X) = PerX, and let S(X) denote the set of
synchronizing blocks for R(X). For s,t € S(X), we write s ~ ¢t when there are
blocks u,v € W(R(X)) such that sut, tvs € W(R(X)). Then, ~ is an equivalence
relation in S(X).

Note that s ~ ¢ if only if there is € R(X) such that s, t C z. Consider an
element a € S(X)/ ~.

Let z € X and p < s for integers p and s. Set the gap between two blocks
Tpp,q and x4 to be 0 when s < ¢ and s — g otherwise. Denote this gap by

gap(Zp, g Tfs,1))-
Definition 5.1. Let p < s, let ¢ < ¢, and let v = xp, g, v = 2[5, € @ € S(X)/ ~
be two minimal synchronizing blocks. If the only minimal synchronizing blocks

in 4 are u and v, then u and v are called the consecutive minimal pairs of o
m .

We recall that a is an equivalence class whose elements are synchronizing
blocks. See [9, p. 5] for details. Let x € X4, ¢, by (5.1),

{gap(u, v) : u, v are the consecutive minimal pairs of « in x}

is bounded and we denote the maximum by maxgap(x, ).
Let X(4,0) denote the set of elements z € R(X) as follows.



162 M. SHAHAMAT, O. YOUSEFIKIA

(1) For all ¢ € Z there are u;, v; € a such that u; C 2 i, Vi C T, 4o0)-

(2) There is M > 0 such that if u, v are the consecutive minimal pairs of «
in x, then gap(u, v) < M.

(3) A={w C x: wis a minimal synchronizing} N « is finite.

In particular, if z € R(X) is periodic point with a subblock in «, then x €
X(a,0)-

Thomsen [13, pp. 5-12] proved that X4, ¢) is the set of elements z € R(X) for
which

sup {inf {(j —1)>0: Jwea, wxy,}} (5.1)
i€z
is finite. Here, it follows from the convention that inf () = co. As demonstrated

in my paper [9], the two definitions are indeed equivalent.
Let X be a shift space. The entropy of X is defined by

1
hX)= nlggo - log [W,,(X)].

A shift space X is almost sofic if there are sofic shifts X,, C X such that
lim h(X,) = h(X).
n— o0

6. CHARACTERIZATION OF 0X AND THE ROLE OF MINIMALLY GENERATED
TOTALLY SYSTEMS

This section provides the rigorous characterization of the derived shift space
0X specifically for the minimally generated totally systems (a novel class
introduced in this manuscript).

The derived shift space 0X is central to understanding the nonsynchronizing
behavior embedded within the system X.

For general synchronized systems, the entropy decomposition

B(X) = max{hayn(X), A(O(X))) (6.1)

(see Thomsen [12, Proposition 4.5]) demonstrates that A(0X) quantifies the en-
tropy contribution from sequences lacking the structure necessary for synchro-
nization.

We introduce the minimally generated totally system class, defined by the
minimal generator G' and the property of unique generator decomposition.

This class plays a foundational role in describing the structure of the shift space
X, analogous to the role of basis vectors in linear algebra.

Just as each vector is uniquely expressed as a linear combination of basis vec-
tors, every word in the language W (X)) of our system can be uniquely decomposed
into a concatenation of words from G. This strong constraint allows for a precise
characterization of 0.X.

These systems, 0X, are defined by sequences x € R(X) whose blocks do not
admit a synchronizing subblock:

X ={zeRX):wCzrx=w ¢ SX)}. (6.2)
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IF vy € Si(X), then vyuvy € W(X) if and only if v is a finite concatenation
of elements in G, since there is exactly one path labeled vy in Hg = X . See
Lemma 6.1 for further details Furthermore, the equivalence vouvy € W(X) < u
is a G-concatenation is rigorously proven.

This result directly links the existence of a word in the synchronized space
W(X) to the unique decomposition property of u, solidifying the necessary and
sufficient conditions that dictate whether a sequence belongs to 0.X or not.

For any synchronized system X, the synchronized entropy hsym of X is defined
by

1
hsyn(X) = limsup — log (cardinal{a € W,,(Y) : mam € W(X)}), (6.3)
n

n

where m € W(X) is an arbitrary synchronizing block.

Lemma 6.1. Let G be a minimal generator for the coded system X and let
vy € Gys. Then,

) 1
hgyn(X) = hmsupﬁlog H{(v1, ... o) € GF: 3F ui| = n}l.

Proof. First, we prove that if v € Gy and av, vb € W(X), then a and b are
terminal segment and initial segment of a finite concatenation of elements in G,
respectively.

There is {vy,vs,...,v,} C G, since av € W(X) in which av C vjvs...v, as

well as

Y A /) . / " A/
VIV ... Uy = V]V V... Vj ... Up_oUp Uy 1 UpU,

where v; = vjv! for i =1,n—1,n, v =2_,v/, and a = v{vy... v, 2V, ;.

On the other hand, v C v,_v,, then v, = v or v,_; = v. Suppose now v,, = v;
then v,_1v = v,_1v, = v),_;vv, and therefore v}, ; = cor v, =e. lf v, _;, = ¢,
"
then a = v{vy ... v,_o.
Now, let v/,_; # €. Then, v/ must be an empty block and so v/, = v, = v =
/! / " / /"
v, _,v,,. Hence v, | = . Thus v,_; = v;,_; and consequently a = vjvy...v,_1.
Similar reasoning works for v, = v.

If vb € W(X), then by the use of the same routine as it was seen in the before
case, we can show that there is {uy, us, ..., uy} C G such that b = uy ... upy_qul,
where w,, = u/,ul,.

Now, assume that v € Gy and av, vb € W(X). Then, it follows that av =
vy ... v and vh = vug .. Uy U,

Thus

avb = v{vg ... 00Uy Uy _qul, C VIV L U VU - Uy

Finally, avb € W(X) is obtained. Moreover,
1
heyn (X)) = limsup — log |[{u € W,,(X) : vouvg € W(X)}|,
no N

since vy € Sp(X). Also, vouvy € W(X) if and only if u is a finite concatenation
of elements in G, since there is exactly one path labeled vy in Hg = X, so we
are done. O
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We recall that the elements of S(X)/ ~ are equivalence classes, since ~ is an
equivalence relation on S(X). For every v € Gy C S(X), the equivalence class
containing v is denoted by the symbol [v]. Also, we recall that, a point z € X is
periodic if 0" (z) = x for some n € N.

We consider PerX to be the set of all periodic points of the shift space X.
The minimal period of a periodic point z € PerX is denoted by period(x). Thus
period(X) is the greatest common divisor of period(z) : © € PerX.

It is important to note that Thompson [12] established the existence of a sub-
sequence. This subsequence allows us to replace the limsup by an actual lim
thereby justifying the use of a true limit rather than only a limsup.

Proposition 6.2. Let G be a minimal generator for the coded system X and let
v € Gys. Then, hgy,(X) is equal to

nh—{{olo — R log [{(v1,...,v) € G" : Ei_ |vi| = nperiod(L(X(),0)))}-

Proof. Since v € S(X) (see [7, Theorem 5.2]), so X is a synchronized system.
Let a € W(X). There are blocks by,by € W(X) such that vbjabv € W(X).
Consequently, (vhbiaby)™ € R(X) as well as a € W(R(X)). Therefore we con-
clude that X = R(X). From the fact all elements of S(X) are equivalent then
S(X)/ ~=A{[vl}.
Note that the periodic element (vbiab2)™® € X0y, since a € W(X) was an

arbitrary. Thus by [13, Lemma 3.5], X0y = X, and

h/s n X — 1 .
yn(X) i nperiod (X[, 0))

log [{u € Wnperiod(X([u],O))(X) vuw € W(X)},

(6.4)
by [13, Proposition 3.2]. However,
{u e Wy(X): vuv € W(X)} = {(v1,...,0) € G": F_ |vs| = N},
where N = nperiod (X, 0)), by Lemma 6.1. O

An implication of the above proposition is the fact that if X is mixing synchro-
nized, then by [13, Lemma 3.6}, period(X(p),0)) = 1. Therefore,

o1
heyn(X) = lim —log [{(vy,...,v) € GF : X5 |v;| = n}|.

n—oo M,

7. COMPUTING DERIVED SHIFT SPACE

Let 9(X) be asin (6.2), and denote the set of synchronizing blocks for R(9%(X))
by S(0%(X)).

Define the depth of X to be Depth(X) = sup{k € N : 9%(X) # 0}. If a €
S(0F(X))/ ~, then (0*(X))(a,0) is denoted by X4 ). Recall that when X is a
sofic shift with nonwandering part R(X), we can consider the shift space

0X ={xz € R(X) : x consists of no blocks that are synchronizing for R(X)},
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b b

FIGURE 4. The graph G,,,,,; merged graph Hs from G,,,,, have
two irreducible components {6>} and {¢>} at lavel 0 for (< G >).

which is called the derived shift space of X Since 0X is a shift space we can
continue and consider 9(0X) = 9*X, 9(0?°X) = 9*X, etc.
We define the depth of X to be

Depth(X) =sup{n € N: 9"X # (}.

The irreducible components at level 0 of 9*X are called the irreducible compo-
nents of X at level k. They are denoted by X (4, &) [2, Proposition 2.1.2].

Recall an internal subblock of u = ajas ... a; is a subblock of as . .. ag_1, which
is denoted by u°.

Proposition 7.1. Let X be a coded system generated by G. Then
OX = {Usu; © u; Sy ...v, 8.t v € Goug = (ui1)° and u; & S(X)}.

Proof. Set z := Uyu;, where u; € W(X), u; = (u;11)° and u; € S(X). If there is
am € S(X) such that m C x, then m C u; for some ¢ € N.

In this case, u; is also a synchronizing block, since any block that contains
a synchronizing block itself becomes synchronizing. Consequently, the space X
contains no synchronizing blocks and so z € 0X. Let x € 0X. Then, for
each i € N, z_; 7 € W(X) is a block with no synchronizing subblock. Since
GG is a generator for X, then by the definition, every block is constructed by
the generating elements of GG. Therefore there are subblocks v;, ...v;, for some
v;; € G such that r; ;) C vy ... v;,. Set u; := z[; 4; then the conclusion is
obtained immediately. O

A minimal synchronizing block is a block whose proper subblocks are not syn-
chronizing.

Corollary 7.2. Assume that all elements of the generator G of a coded system
X are minimal synchronizing block. Then,

0X = {Unty : up S v for some v € G and u,, = (tns1)}
Example 7.3. Let X be a subshift over A generated by G := {u; := ab'c'a: i €
N}, where a € A, {b, ¢} C W(X) and a ¢ bc. Then,
(1) G = Gis.
(2) W(X) = S(X)={bc: 4,7 >0} U{a} and so 90X = {b>, ¢, b>c>®}.
Example 7.3 gives a cover of a strong synchronized system of depth 2, that
contains one irreducible component X at level 0 and two irreducible components
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{6>°} and {c>*} at level 1 (Figure 4). One can easily do this for infinitely many
irreducible components.

In fact, let P = UP; be the set of all prime numbers such that |P;| = oo and
P,NP;=0foralli,jeN. Set G; :={2(10*7'1)"2: n € P}, where i € N and
Suppose that X is a subshift generated by G := U;G;. Then, it is not hard to see
that G = Gy, and 0X = {(10%711)>*: 4 > 1} U {0~}.

Corollary 7.4. Suppose that X is a subshift with a minimal generator G and
that v € G. Then, |V, :={l € V(H¢g) : t(m,) =1}] < oc.

Ifwy(Iy) = wy(I) for all I € V,, then v € Gys and so is a strong synchronizing
block.
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