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ABSTRACT. The main object of the present paper is to study the behavior
of the approximated solutions of the Caputo fractional Volterra—Fredholm
integro-differential equations by using modified Adomian decomposition method.
Moreover, we discuss some new existence, uniqueness, and convergence results.
Finally, an example is included to demonstrate the validity and applicability
of the proposed technique.

1. INTRODUCTION

In this paper, we consider the Caputo fractional Volterra—Fredholm integro
differential equation of the form:

‘D%(z) = a(z)u(x) + g(x) + /01 Ky(z,t)Fy(u(t))dt + /0 Ko(x,t) Fy(u(t))dt,
(1.1)

u(0) = o, (1.2)

where D¢ is Caputo’s fractional derivative, 0 < o < 1, and v : J — R, where
J =10, 1] is the continuous function which has to be determined, g : J — R and
K;:JxJ— R,1 = 1,2, are continuous functions. F; : R — R;i = 1,2, are
Lipschitz continuous functions.

with the initial condition
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An application of fractional derivatives was first given in 1823 by Abel [2]
who applied the fractional calculus in the solution of an integral equation that
arises in the formulation of the Tautochrone problem. The fractional integro-
differential equations have attracted much more interest of mathematicians and
physicists, which provides an efficiency for the description of many practical dy-
namical arising in engineering and scientific disciplines such as, physics, biology,
electrochemistry, chemistry, economy, electromagnetic, control theory, and vis-
coelasticity [5, 7, 8, 9, 10, 13, 17, 18, 23].

The idea of ADM is originally emerged in a pioneering paper by Adomian [3].
Researchers who made most significant contributions in the applications and de-
velopments of ADM are Rach [19], Wazwaz [21], Abbaoui [1], among others. The
modified decomposition method was introduced by Wazwaz [21]. In recent years,
many authors focus on the development of numerical and analytical techniques for
fractional integro-differential equations. For instance, we can remember the fol-
lowing works. Al-Samadi and Gumah [6] applied the homotopy analysis method
for fractional SEIR epidemic model, Zurigat et al. [26] applied HAM for system of
fractional integro-differential equations. Yang and Hou [23] applied the Laplace
decomposition method to solve the fractional integro-differential equations, Mit-
tal and Nigam [18] applied the Adomian decomposition method to approximate
solutions for fractional integro-differential equations, and Ma and Huang [17]
applied hybrid collocation method to study integro-differential equations of frac-
tional order. Moreover, properties of the fractional integro-differential equations
have been studied by several authors [4, 6, 12, 14, 22, 24, 26].

The main objective of the present paper is to study the behavior of the so-
lution that can be formally determined by analytical approximated method as
the modified Adomian decomposition method. Moreover, we proved the exis-
tence, uniqueness results, and convergence of the solution of the Caputo fractional
Volterra—Fredholm integro-differential equation.

The rest of the paper is organized as follows: In Section 2, some preliminar-
ies and basic definitions related to fractional calculus are recalled. In Section 3,
modified Adomian decomposition method is constructed for solving the Caputo
fractional Volterra—Fredholm integro-differential equations. In Section 4, the ex-
istence and uniqueness results and convergence of the solutions have been proved.
In Section 5, the analytical example is presented to illustrate the accuracy of this
method. Finally, we will give a report on our paper and a brief conclusion is
given in Section 6.

2. PRELIMINARIES

The mathematical definitions of fractional derivative and fractional integra-
tion are the subject of several different approaches. The most frequently used
definitions of the fractional calculus involves the Riemann—Liouville fractional
derivative, Caputo derivative [12, 15, 16, 20, 25].
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Definition 2.1 (Riemann-Liouville fractional integral, [15]). The Riemann—
Liouville fractional integral of order av > 0 of a function f is defined as

« o 1 ‘ a—1
Jof(z) — m/o(x—t) F)dt,  1>0, acR*

Tf(x) = f(a),
where R is the set of positive real numbers.

Definition 2.2 (Caputo fractional derivative, [15]). The fractional derivative of
f(z) in the Caputo sense is defined by

‘Dif(x) = J" D" f(x)

I x m—a—1d"
F(’ml—a) Jo (@ —1) l%ngt)dt, m—1<a<m,

- (2.1)

dm
%ﬁf‘”), a=m, meN,

where the parameter « is the order of the derivative and is allowed to be real or
even complex. In this paper, only real and positive o will be considered.
Hence, we have the following properties:
(1) JYJvf =Jtf,  «a,v>0.

a8 _ _D(B+1) a
(2) J Qfﬂ—mxﬂ+ 5

(3) DexP = F(Fﬁ(fzfl)xﬁ_a, a>0, f>-1, x>0.

(4) JeDf(z) = f(z) — Spy fB 0N, >0, m—1<a<m.

Definition 2.3 (Riemann-Liouville fractional derivative, [15]). The Riemann—
Liouville fractional derivative of order o > 0 is normally defined as

D f(x)=Dm™J" % f(x), m—1l<a<m, meN.

Theorem 2.4 (Banach contraction principle, [25]). Let (X,d) be a complete
metric space; then each contraction mapping T : X — X has a unique fixed
point x of T in X; that is, Tx = x.

Theorem 2.5 (Schauder’s fixed point theorem, [15]). Let X be a Banach space,
and let A be a conver, closed subset of X. If T : A — A is the map such that the
set {Tu : u € A} is relatively compact in X (or T is continuous and completely
continuous), then T has at least one fixed point u* € A : Tu* = u*.

3. MODIFIED ADOMIAN DECOMPOSITION METHOD

Consider the equation (1.1) with the initial condition (1.2), where *D® is the
operator defined as (2.1). Operating with J* on both sides of the equation (1.1),
we get

u(z) = ug + J* (a(x)u(x) +g(x) + /Om Ki(z, t)Fy(u(t))dt

+ /0 1 Ko(a, t)FQ(u(t))dt).
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Adomian’s method defines the solution u(x) by the series

U= iun, (3.1)
n=0

and the nonlinear function F' is decomposed as

n=0 n=0

where A,,, B,, are the Adomian polynomials given by

An = [d¢n Zd)“} 40

The Adomian polynomials were introduced in [1, 3, 7, 11] as:
AO = F1 (Uo),
A = wF(up),

1

/ 1
Ay = ugFi(ug) + éu%Fl (wo),

111

1
Ag = U3F (UQ) +U1U2F (Uo) —+ 3U?FI (Uo),

and

BO = FQ(U()),

Bl = UlFQ/(Uo),

/ ]_ 1
B2 = UQFZ(UO) + EU%FQ (UQ),
1 11

Bs = usF,(ug) + ugusFy (ug) + 3u:1)’F (uo),

The components ug, 11, Us, ... are determined recursively by

up(x) = u0+Ja(g(m)>,
U1 (1) = J“(a(x)uk(x)>+J°‘ ( /0 " Ko 1) Aydt + /0 lKg(x,t)Bkdt).

Having defined the components ug, uy, us, ..., the solution u in a series form
defined by (3.1) follows immediately. It is important to note that the decom-
position method suggests that the Oth component ug is defined by the initial
conditions and the function g(x) is as described above. The other components
namely uq, us, ..., are derived recurrently.
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The modified decomposition method was introduced by Wazwaz [21]. This
method is based on the assumption that the function J%g(z) = R(z) can be
divided into two parts, namely, Ri(x) and Ry(x). Under this assumption we set

R(x) = Ry(x) + Ra(x).

We apply this decomposition when the function R(z) consists of several parts
and can be decomposed into two different parts [1, 3, 10, 21]. In this case, R(x) is
usually a summation of a polynomial and trigonometric or transcendental func-
tions. A proper choice for the part R; is important. For the method to be more
efficient, we select R; as one term of R(z) or at least a number of terms if possible
and Ry consists of the remaining terms of R(x). In comparison with the standard
decomposition method, the MADM minimizes the size of calculations and the
cost of computational operations in the algorithm. Both standard and modified
decomposition methods are reliable for solving linear or nonlinear problems such
as Volterra—Fredholm integro-differential equations, but in order to decrease the
complexity of the algorithm and simplify the calculations, we prefer to use the
MADM. The MADM will accelerate the rapid convergence of the series solution
in comparison with the standard Adomian decomposition method. The modified
technique may give the exact solution for equations without the necessity to find
the Adomian polynomials. We refer the reader to [21] for more details about the
MADM. Accordingly, a slight variation was proposed only on the components g
and u;. The suggestion was that only the part R; is assigned to the component
ug, whereas the remaining part R is combined with the other terms to define u;.
Consequently, the following modified recursive relation was developed:

up(z) = wo+ Ri(x),

ui(z) = Rg(x)+Ja<a(x)u0(x)>+Jo‘( /0 " K, D) Aodt + /0 lKg(x,t)Bodt>.

wen(@) = I (al@us(a)) +J° ( /0 " Ko, D) Apdt + /D 1K2(m,t)Bkdt> k>

4. MAIN RESULTS

In this section, we shall give an existence and uniqueness results of equation
(1.1), with the initial condition (1.2) and prove it. Before starting and proving
the main results, we introduce the following hypotheses:

(H1): There exist two constants Lp,, Lp, > 0 such that, for any wu;,us €
C(J,R)
| Fi(ur(x)) = Fi(uz(2))] < Lp Jur — s
and
| Fa(ur(w)) — Fa(uz(2))] < Lp, [uy — ugf -
(H2): There exist two functions K7, K; € C(D,R"), the set of all positive
function continuous on D = {(z,t) e Rx R:0 <t <2 <1} such that

Ki = sup [ |Ki(x,t)]dt < oo, K3 = sup fol | Ky (z,t)] dt < oc.
z€[0,1] z€[0,1]
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(H3): The two functions a, g : J — R are continuous.

Lemma 4.1. If ug(x) € C(J,R), then u(z) € C(J,R") is a solution of the
problem (1.1) — (1.2) if and only if u satisfies

+ﬁ /0”<x_s>a_1</05 Ki(s,7)F) (u(r))dr
+/01 KQ(S,T)FQ(U(T))dT)dS

forx € J.

Our first result is based on Schauder’s fixed point theorem for studying the
existence of the solutions.

Theorem 4.2. Assume that Fy, F» are continuous functions and (H2), (H3) hold.
If

lallo
m <1, (41)

then there ezists at least a solution u(x) € C(J,R) to problem (1.1)—(1.2).

Proof. Let the operator T': C'(J,R) — C(J,R) be defined by

1 ' a-l 1 mx—sa_l s)ds
) = ot e [ =9 au(s)ds + s [ o= tglend

+ﬁ /Om(x — 8)0‘_1</0S Ki(s,7)Fi(u(r))dr
[ Rt )i

First, we prove that the operator T'is completely continuous.
(1) We show that T is continuous.
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Let u, be a sequence such that u, — u in C(J,R). Then for each u,,u €
C(J,R) and for any = € J, we have

[(Tun)(z) = (Tu)(x
1
(@)
1

)
o = ) ) — uto)l s
e [ =9 ([ I RG) = Rl
+ [ 1Kol 7 Pan(7) = Pl ) ds
1" -
< T / (z — )" sup a(s)] sup [un(s) — u(s)| s

seJ seJ

1 z a1
o, e
Sup/ K (5.7) 509 P (un(7)) ~ Fi(ulr)] dr

s,TeJ

T sup / Ko )] s [Fa(ua (7)) = Fafu()| dr ) ds

s,7eJ JO

<l o) =l gy | =)
KT IF((0) = Bl oy | =9 ds

LG (| Falun() — Fa(u()) ﬁ / (o — 5 ds.

Since ['(x — s)* 'ds is bounded, JL%un(x) = u(x), and Fy, Fy are continuous
functions, we conclude that [|Tu, — Tu||, — 0 as n — oo, and thus, 1" is contin-
uous on C(J,R).
(2) We verify that 7" maps bounded sets into bounded sets in C'(J, R).
Indeed, we just show that, for any A > 0, there exists a positive constant ¢
such that for each v € By = {u € C(J,R) : ||u||, < A}, one has || Tul| < ¢

Let uy =  sup  Fi(u(z)) + 1, and let uo =  sup Fy(u(z)) + 1. Also for
(w)eTx[0,\] (W)ex[0,)]
any u € B, and for each x € J, we have

[(Tu)(z)] = )/ (2= )" a(s)] u(s)| ds

a
/x—sawg (s)|ds
Wl

—o( /|Klsf||F1<<>>|dr

=
’—J ’—J o
— — +

/ K, )| | Fa(u(r))| dr ) ds
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«

s
< Juol + [lull llall« Tlat1)
x Kpx® K3 pox®

g + lalloo A+ 191l + KT i1 + K3 po
0 T(o+1)

IN

l.

Therefore, ||[Tu|| < ¢ for every u € B,, which implies that TB, C B,.
(3) We examine that 7" maps bounded sets into equicontinuous sets of C'(J, R).
Let By be defined as in (2), and for each u € By, 1,25 € [0,1] with 7 < o,
we have

(Tu)(22) = (Tu)(a1)]
1

(w2 — 8)* ta(s)u(s)ds — /Oxl (z1 — 5)*a(s)u(s)ds
1

(@) /12@: —s) (S)ds_/:l(x —5)*g(s)ds
gl [ o
(/ Ki(s,7)Fi(u )d7+/1 KQ(S,T)FQ(W))C;T) is

_/ 1 — ) (/KlsTFl )dr
/KQSTFQ ))dr)ds‘

La)( /0 (22 — $)*a(s)u(s)ds — /0 h (z2 — s)*a(s)u(s)ds
+/0x1 (22 — 8)* ta(s)u(s)ds — /Oxl(:vl — 3)“’1a(s)u(8)d5‘
+ﬁ) /0 s — 5)* 1 g(s)ds — /O " (s — 5" Lg(s)ds
+/0x1 (29 — 8)* 'g(s)ds — /0 (z1 — )" 19(3)613‘

T

+F—a) (ZL’Q — S)

(/ Ki(s,7) P (u )d7+/01 KQ(S,T)FQ(U<T))dT) ds

O\é
(V]

Z

,1

-1
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Consequently,

(Tfes) = (T
WU 22— 5)"" |a(s)| [u(s)| ds
+F(o¢)</xl (w2 = 5)*7 |g(s)| ds

+/oxl(x1 )"t = (a2 = 5)* Jg(s)] ds)

" 1)</T<x2 9+ /!K157>|\F1<<>>|dr

/|K2ST||F2 |d7’

(s — 5 OS K (s, 7)] | Fi (u())| dr

+ | Ko(s,7)| ]Fg(U(T))|d7->ds>

0
:[1+12+[3,

where

29
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I = féa(lfma—ﬁalmwnm@ﬂw

b [ = (= 9 ) o) s )

< +$\H|A+F( 5 lallo A+ {2 ol
“Tlat >|| all s A
= Al 2 o) 4 o - )
< %2@2—%)@, (4.2)
1 2 a1
b= (] 9 o)
o= = ) ()] ds)
(xg — a1)” (xg — a1)” x§
S Tagny Wt mgy e + Ty 19l = m 1y 190
_ gl o
T T+l (2 (22 — 21)" + (2] — 27))
191l o o
< F(a—l—l)Q(wQ x1)", (4.3)
and
1 T2 . s
b= g @t ([ 1 R @)
+/0 K. )| | Fo(u(r) | dr ) ds
+/“@h_@ = u@—sal‘/lKlsﬂHﬂ((»Vh
/ | Ko(s,7)| | Fa(u |d7'>ds
(Klﬂl +K2M2)
< (2 (2 — 21)" + (2f — 23))

['(a+1)
(K + K o)

< ST 20 ) (1.4)
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We can conclude the right-hand side of (4.2), (4.3), and (4.4) is independent of
u € B, and tends to zero as o — 21 — 0. This leads to |(Tu)(z2) — (Tu)(z1)| = 0
as r9 — x1, that is, the set {TB,} is equicontinuous.

From I; to I3 together with the Arzela—Ascoli theorem, we can conclude that
T:C(J,R) = C(J,R) is completely continuous.

Finally, we need to investigate that there exists a closed convex bounded subset
By = {u e C(J,R) : |lul|, < A} such that TB; C Bs. For each positive integer
A, By is clearly a closed, convex, and bounded subset of C(J,R). We claim that
there exists a positive integer € such that 7B, C B.. If this property is false, then
for every positive integer A, there exists u; € By such that (T'uy) ¢ TBy, that is,
HTUX(t)Hoo > \ for some x5 € J, where x5 denotes z depending on A. But by
using the previous hypothesis, we have

gl e ST Bajor
*T(a+1) *Ta+1) Ia+1) I'(a+1)

all A+ + K{pu + K3
S (|U0| + H ||oo ||g||oo 1,U1 2:“2)’

Juo| + Jlull ol

D(a+1)
and hence
A< | Tusll
= sup |(Tus)(z)|
xzeJ
< sup{ |uo| + ‘L /m(x —5)* " a(s) lu(s)| ds
zeJ F(Oé) 0
1 /x 1
+ = [ (xz—35)*'g(s)ds
[(a) Jo
1 v 1 °
- _5)™ K F d
e [ @=om ([ 1Kl A ar
1
+ / [ols, )| | Fa(u(r) d7 ) ds }ds
0
x® x Kipz®
< v
< leég){ luo| + ||U||oo ||a||oo T(o+1) + “gHO@ INa+1) + MNa+1)
K3 pax® }
L(a+1)
lall X+ gl + K + Ko
< &) > .
< sup (’“O' - Dla+1)

Dividing both sides by X and taking the limit as A= +00, we obtain

lallo

1< —7=
(a+1)

which contradicts assumption (4.1). Hence, for some positive integer X, we must
have TB; C Bs.
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An application of Schauder’s fixed point theorem shows that there exists at
least one fixed point u for 7" in C(J,R). Then wu is the solution to (1.1)-(1.2) on
J, and the proof is completed. O

Now, we will study the uniqueness result of the solution based on the Banach
contraction principle.

Theorem 4.3. Assume that (H1)-(H3) hold. If

||aHoo + KTLFl + K;LF2
<1,
INa+1)

then there ezists a unique solution u(x) € C(J) to (1.1)—(1.2).

Proof. By Lemma 4.1, we know that a function u is a solution to (1.1)—(1.2) if
and only if u satisfies

1" . 1" .
u(z) = uo—i-m/o (x —s) a(s)u(s)ds—l—m/o (x — ) "g(s)ds

+ﬁ /0 (= s ( /O K (s, 7) Py (u(r))dr
+ /0 1 Kz(s,T)FQ(u(T))dT) ds.

Let the operator T : C'(J,R) — C(J,R) be defined as in Theorem 4.2. We can
see that, if u € C'(J,R) is a fixed point of 7', then w is a solution of (1.1)—(1.2).

Now we prove T has a fixed point w in C(J,R). For that, let uy,us € C(J,R)
such that, for any = € [0, 1],

1 ’ a-l 1 xas—so‘_l s)ds
u(r) = uo+m/0 (x —s) a(s)ul(s)ds+r(a)/()( ) g(s)d

+ﬁ /Ox(x - 8)(11(/03 Ki(s, 7) Fy(u (7)) dr
[ s, i) s,

and

1 ' a-l 1 373:10—30‘_1 s)ds
@) = w0+ e [ =) (s + s [ =T gt

tig | @ ([ Kt R a(r)ar
+/01 K2<5,T)F2(u2<7))d7)ds.
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Consequently, we get

(Tuy)(z) — (Tlug)(xgl
< / (= ) |a(s)] Jui(s) — ua(s)| ds
tigm | @ ([ I B ) = R dr
+/01 | Ky (s, 7)] | Faui (1)) — Falus(7))] dT)ds
< F(”O‘j’kol) s () — wa()] + % s () — s ()|
e () = (o)
(Hanoo +§iLf1>+ KSLFz) s (2) — s ()]

From the inequality (4.5) we have

[Ty — Tus|| o, < [lur — uzl| -

This means that 7" is a contraction map. By the Banach contraction principle,
we can conclude that 7" has a unique fixed point v in C'(J,R). O

Now, we will study the convergence theorem of the solutions based on the

MADM.

Theorem 4.4. Suppose that (H1)-(H3) and (4.5) hold, if the series solution
u(z) = Y2 ui(z) and ||ur]lee < oo obtained by the m-order deformation is
convergent, then it converges to the exact solution of the fractional Volterra—
Fredholm integro-differential equation (1.1)—(1.2).

Proof. The notation (C]0, 1], ||.||) denotes the Banach space of all continuous func-
tions on J with |u;(z)| < oo for all z in J.

First we define the sequence of partial sums s,,, and let s,, and s,, be arbitrary
partial sums with n > m. We are going to prove that s,, = > ., u;(x) is a Cauchy



34 A.A. HAMOUD, K.P. GHADLE AND S.M. ATSHAN

sequence in this Banach space:

|Sn — Smlle = max|s, — sp|
VaeJ
= §12§ :E;lh(aﬂ —-:E;'uiﬁv)’
n
= pax| 3 wie)]
- 1 ¢ a—1
= 3| 2 (g | o0 a0

/ Ku(t,5) ds+/1 Kot s)BZ-(s)ds]dt)‘
iy, =0 2“
/Klts ds+/K2ts dsdt(

From (3.1) and (3.2), we have

= Inax
VzeJ

ZAZ- = F1(sp—1) — Fi(Sm-1),
Z B; = Fy(sp-1) — Fa(sm-1),

n—1
Zui = u(Sp—1) — u(Sm—1).
So,

1 : a—l —u(s
& /0 (@ — ) Va(®)(u(sn1) — u(sm1))

Isn — Smllee = max (
Vxed

/ Kyt 5)(Fy(sn1) — Fi(sp1))ds
/ Kolt, 5)(Fa(sn1) — Fa(sm_1))ds]dt

s

Ki(t, s)||(Fi(sn-1) — Fi(Sm-1))

)

u(Sn-1) — u(8m-1)

a— 1
a

ds

ds} dt) ,

/01
+z

Kot 5)’

(Fo(Sn-1) = F2(Sm-1))
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—1 *
S F(Oé I 1) |:Ha<t)HooH$n—1 - Sm—luoo + KlLF1HSn—1 — Sm_l”oo

+K§LF2||S7‘L—1 - Sm—luoo} )

_ ||a||oo+KTLF1 +K;LF2 ||S s ||
F(Oz—i—l) n—1 m—11|oco;

= 5H3n71 - Smleooa

where

5= ||a||oo+KTLF1 +K§LF2
['(a+1)
Let n =m + 1; then

Hsn - Sm”oo < 5H3m - Sm—1||oo < 52H5m—1 - Sm—QHOO <-- < 6m||81 - SOHOO;
SO,
Hsn - SmHoo S H3m+1 - SmHoo + H3m+2 - 3m+1HOO Tt Hsn - SnleOO

< [0+ 8™ 8" ]Is1 — Solleo

< OIS+ 8T s = sollee

IA

5 (A e

Since 0 < § < 1, we have (1 — 0™ ™) < 1, and then

5m
1—-9¢

But |uy(z)| < 00, 0 [[$p — Smllec —> 0 as m — oo.

[5n = Smlloo < |21 ] oo

We conclude that s, is a Cauchy sequence in C[0, 1]; therefore u = lim,, o Uy,.
Thus the series is convergent and the proof is complete. [

5. ILLUSTRATIVE EXAMPLE

In this section, we present the analytical technique based on MADM to solve
Caputo fractional Volterra—Fredholm integro-differential equations.

Example 5.1. Consider the following Caputo fractional Volterra—Fredholm integro-
differential equation.

1'0'5 $2 l.Qem

r(15 2 3

DY u(z)] = u(zr) + /Of e“su(s)ds +/0 u(s)ds, (5.1)

with the initial condition
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and the the exact solution is u(z) = x. Applying the operator J°® to both sides
of equation (5.1)

0.5 2, ,x

u(@) = 0+ [Ffm) - %] 7 [ N %“(x)]

+J0? [/Ox e“su(s)ds + /01 x2u(s)ds].

Then,

0.5 2 .z

ulz) = JO'B[F:(C1.5) - %] + ‘]0'5[_ x3e u(x)]
+J%° [/Ox e“su(s)ds + /01 a:‘%(s)ds]. (5.2)

From equation (5.1) we see g(z) = FOE) % Suppose R(z) = J%5¢g(z), from
equation (5.2) we have

RB(z) = J7g) = JO'S[Pg(El'.f)) -3
1 ’ —-0.5 0.5 1 ’ —0.5.2
- W/ (R d8_2r<0.5)/0 (o) s

1 v S
_ 1 5y-05,-05.05,
r(1.5)r(0.5)/0 (1= ) s ds

1 v S
_ 1 — 2y-05,-05.24
2F(0.5)/0 (1= e sds,
1

1 1 1
— 1— —0.5,.0.5 dr — / 1— —0.5,.2.5 2d
r(1.5)r(0.5)/0( )T adr 2T (0.5) | (L=7) e,
X

2.5

— mﬁ(o.a 1.5) — m5(0-5,3)>

2.5

= T —

I'(35)

Now, we apply the modified Adomian decomposition method,

R(x) = Ry(x) 4+ Ry(x) = J°[
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The modified recursive relation
up(z) = Ri(x)=x.
u(x) = Ro(x)+ J% (f(x)uo(x))

T 1
+JO5 </ Ki(z,s)Aods +/ Kg(x,s)Bods)
0 0

. FQ(J::Z) + JOs (— et uo(x)>

T x3€x xxS !12‘2

— J0’5 J05 i
T(35) ( 3)+ (3 +2)
I2'5 05 I3€x 6961’3

— _ J0'5 J05
r@s) ( 3)+ (3)+ <

us(x) = 0,

un(z) = 0.

Therefore, the obtained solution is
u(z) = Zul(x) = .
i=0

6. CONCLUSIONS
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The modified Adomian decomposition method is successfully applied to find the
approximate solution of Caputo fractional Volterra—Fredholm integro-differential
equation. The reliability of the method and reduction in the size of the computa-
tional work give this method a wider applicability. The method is very powerful
and efficient in finding analytical as well as numerical solutions for wide classes of
linear and nonlinear fractional Volterra—Fredholm integro-differential equations.
Moreover, we proved the existence and uniqueness of the solution. The conver-
gence theorem and the illustrative example establish the precision and efficiency

of the proposed technique.
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